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In this article we begin a study of the relationship between separation of variables and the conformal
symmetry group of the wave equation {, —A;p =0 in space-time. In this first article we make a detailed
study of separation of variables for the Laplace operator on the one and two sheeted hyperboloids in
Minkowski space. We then restrict ourselves to homogeneous solutions of the wave equation and the
Lorentz subgroup SO(3,1) of the conformal group SO(4,2). We study the various separable bases by using
the methods of integral geometry as developed by Gel'fand and Graev. In most cases we give the spectral
analysis for these bases, and a number of new bases are developed in detail. Many of the special function

identities derived appear to be new. This preliminary study is of importance when we subsequently study
models of the Hilbert space structure for solutions of the wave equation and the Klein-Gordon equation

Y — Ay = M’

INTRODUCTION

In this article we continuel-3 the investigation of the con-
nection between separation of variables for the principal
equations of mathematical physics and the associated
symmetry groups of such equations. The object of our
study in this current series of articles is the wave equation
in space-time,

we — Ay = 0. (%)

The motivation for such a study stems from the inherent
physical importance of this equation as well as its in-
trinsic mathematical interest. In this article we initiate the
study with a detailed investigation of separation of vari-
ables for the Laplace operator on the one and two sheeted
hyperboloids [X, X] = —1 and [X, X] = 1, respectively.
Here X = (¢, x, y, z) = (xo, X1, X2, x3) and [X, X] = 12 —
x2 — y2 — 22 s the usual Lorentz space-time scalar
product. In doing this we are also concerned with the
corresponding problem on the cone [X, X] = 0. Here
we are dealing only with the Lorentz subgroup of the
SO(4, 2) symmetry group of (x).” A detailed study of these
manifolds is however of importance when the full symme-
try group is utilized to study separation of variables for
(+). This will be shown in a subsequent article where we
introduce a Hilbert space structure for solutions of () and

discuss various equivalent representations of this structure.-

The problem of separation of variable for the Laplace
operator on the upper sheet of the two sheeted hyperboloid
has been investigated by Olevski* who found 34 coordi-
nate systems. In this article we perform harmonic analysis
on the space L2(H;) of square integrable functions on the
upper sheet A of the two sheeted hyperboloid for the ma-
jority of coordinate systems given by Olevski. In a num-
ber of cases we give the harmonic analysis for coordinate
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systems which are representative of a particular subclass
of coordinates. We specifically exclude the treatment of
elliptic coordinates which requires the solution of multi-
parameter eigenvalue problems. This analysis is performed
using the methods of integral geometry as developed by
Gel'fand, Graev, and Vilenkin. The resulting spectral
problems are then reduced to spectral problems on the
cone (X, X] = 0. The contents of this article are arranged
as follows: In Sec. 1 we present all the mathematical pre-
liminaries and notations necessary for subsequent sections.
These include the formulas for harmonic analysis on
L2(H,) and the space L% H;) of square integrable func-
tions on the single sheet hyperboloid H;. In Sec. 2 we give
explicitly the 34 coordinate systems, due to Olevski, to-
gether with the pair of operators which specify each system,
expressed in terms of the generators of the Lorentz group.
In Sec. 3 we compute the spectral decompositions cor-
responding to the various coordinate systems. In the cases
where this is already known the result is merely listed. Sec-
tion 4 is devoted to a presentation of the appropriate basis
functions on L2(H,) and some comments on overlap
functions. Finally, in Sec. 5 we compute various expansions
on L2(H;).

1. HARMONIC ANALYSIS AND THE LORENTZ
GROUP

The homogeneous Lorentz group SO(3, 1) consists of
those proper real linear transformations which leave [X,
X] invariant. The Lie algebra of SO(3, 1) is six-dimen-
sional, and is generated by the rotation generators

M]_ = yaz e Zay,
M2 = xaz —_ Zaz, (1.1)
M3 = x0y — yog,
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and the Lorentz transformation generators

K1 = fax + xat,
Ko = tdy + yo., (1.2)
K3 = taz + Zat.

The communtation relations are

[Mi, Mj] = eyx M,

My, Kj} = e4eKk, (1.3)
[Ki, Kj] = — eykKx.

The group SO(3, 1) has two Casimir operators 4 =
M2 — K2 and 4’ = M K. The irreducible representations
of the identity component of SO(3, 1) are labelled by two
numbers. (jo, 6), where jo is an integer or half-integer and
¢ is in general complex. If wj,, transforms according to
the irreducible representation (jo, o) then

Aw.',od: - [.ig + G'(O' + 2)] Wjow

. 1.4
A'yip, = — jolo + 1) yjy, (-4

If the irreducible representation is in addition unitary then
o must have the one of the forms:

.o = —1+1is, s& R. Thisisthe principal series.

2. -1<€6<£0, R andjo=0,+1, - .

This is the complementary series.

Further details concerning the representation theory of
the Lorentz group can be found in Naimark® and Gel’fand
et al.® We now give the basic formulas necessary for the
harmonic analysis of functions defined on the spaces
L2(H;) and L2(H;) mentioned in the introduction. These
formulas are due to Gel'fand et al.?

A. Harmonic analysis on L2(H.)

The space L2(H.) consists of functions f(X) defined on
the upper sheet of the hyperboloid {X, X]=1, t > 1,
satisfying

flf(X)ide< oo, (1.5)

where dX = dxdydz/(1 + x? + y2 + 22)1/2, The harmonic
analysis of a function f(X) € L%(H+) requires only the
unitary irreducible representations ¢ = —1 + is (0 <
s < o), jo = Ocorresponding to the principal series.

It is readily verified from the coordinate representation
of the generators that 4’ = 0. The formulas which yield
the harmonic analysis of f(X) are

1 ope .
fX) = Wfo s2ds frF(Y; )X, Y]t ldw,

(1.6)
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where I is any contour on the [Y, Y] = 0 cone which in-
tersects each generator of the cone once and dw is the dif-
ferential form defined by dY = dPdw where P(Y) = | is
the equation of I" and dY = dy\dyedys/ye is the invariant
measure on the cone. Here

F(Y,s) = f AIX)[X, Y)e-1 dX. (1.7)

The function f(X) is then decomposed into components
which transform according to the unitary irreducible rep-
resentations ¢ = —1 + Js,

O<s< oo, jo=0.
B. Harmonic analysis on L2(H;)

The space L%(H;) consists of functions f(X) defined on
the single sheet hyperboloid [X, X] = —1 and satisfying

SX) = f(—X), (1.8a)

f\f(X)lde< oo, (1.8b)

where dX = dxdydz/(x2 + y? + 22 — 1)V/2, The harmonic
analysis of a function f{(X) € L% H,) requires the unitary
irreducible representations

() o= —14+1is, (0<s<o0), jo=0, and

(ie=—1, jo=2n n=12, ..,

The reason we choose the condition (1.8a) is that the
harmonic analysis of a function satisfying this symmetry
condition has been studied in detail by Gel'fand et al”
An example of an expansion which does not exhibit the
property (1.8a) has been given by Zmuidzinas.? We should
also mention the work of Limic ef a/.? who have examined
the general problem of the expansion of square integrable
functions defined on the transitivity surfaces of SO(p, q)
in the canonical reduction. The expansion formulas for
L2(H,) are
1

fX) = 3 f: 2 ds frF(Y; ) [[X, Y]|~t5-1 dw

+ & 2 [ Ry, B; 2mjextns 5(1X, YY) dw,
n=1 r

with w and I” as in (1.6). This expansion can be inverted
via the formulas

F(Yis) = [ f0)|LX, Y1)~ dx,
(1.10)
F(Y, B; 2n) = f f(X)e-2n0 §([X, Y]) dX.

In both these formulas B is a four vector satisfying
(B, Y]=1[Y, Y]=0.

The first component of B is zero. The angle 6 is given by the
relation cos @ = [X, B). For further details concerning these
formulas we refer the reader to Gel'fand et al.”

(B, B] = —1,
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2. SEPARABLE COORDINATE SYSTEMS FOR
4y = — o(c +2) ON THE UPPER SHEET
OF [X, X]=1
We now study the differential equation

M2 — K3 y(X) = —o(o + 2) y(X), (+)
where X ranges over the upper sheet of [X, X] = 1. As
follows from (1.6), an arbitrary f = L2(Hy) can be de-
composed as an integral over solutions of (+). Further-
more, (+) arises when one looks for solutions of (x) which
are homogeneous in x, y, z, t.

Equation (+) has been studied by Olevski* who showed
that it admitted exactly 34 separable orthogonal coordinate
systems. Here we give Olevski’s results in a somewhat more
explicit form. We also give for the first time a characteri-
zation of each separable system in terms of a pair of com-
muting second-order elements L;, L in the enveloping
algebra of the Lie algebra of SO(3, 1). The corresponding
separated solutions are eigenfunctions of L; and L» and the
eigenvalues are the separation constants. (Smorodinski
and Tugov10 have computed L; and Ls earlier but only in
the form of differential operators.) For each set of separ-
able coordinates {p, v, #} we list the metric

ds? = H}dp? + H}dv2 + H%dp?, = Hilp,v, n).
In terms of the metric coefficients, (+) becomes

I (H2H3 H1H3a )

HiH:Hs %\ H, W

+ a, (_1{1{1_3 6,,://)} = —o(oc + 2.

o) + 0,5

Setting w = A1(p)A2(v)A3(y) in this equation, one can
easily derive the ordinary differential equations satisfied
by the separated solutions 4.
l. ds? = dp? + cosh2p dv? + sinh2p dn?,
t = coshp coshy, x = sinhp cosy, 2.1
y = sinhp siny, z = coshp sinhy
—o0 << p<Loo, —oo<y<<oo, 0LKn<2n
The operators are
Li =K} L= M3
2. ds? = dp® + e‘zl’(a'u2 + dn?),
t=dler+ (1 + 2+ nD)e?], x=er, (2.2)
y=ety z=fler+ (~1+12 4 p2)e),
—0o0 < Py, < o0,
The operators are

Ly = (K1 + M3)2, L = (Ks — My)2

3. ds? = dp? + sinh2p(sn(y, k) — sn(y, k))(dv? — dn?),
t = coshp, x = (1/k) sinhp dn(v, k) dn(n, k),
y = (ik/k’) sinhp cn(y, k) cn(v, k),
z = k sinhp sn(v, k) sn(y, k), 2.3)
O0<k<l, k' = (1 — k)12,
—o0 < p << o0, v e [—=2K, 2K],
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n € [—K, - K+ 2iK’).
The operators are
L= M2+ M% + M3,
4. ds? = dp? + cosh?p (sn2(y, k)
— sn¥(y, k)) (dv? — dn?),
t = ik coshp sn(v, k) sn(n, k),
x = (k/k’) coshp cn(v, k) cn(y, k), 2.4)
y = (i/k’) coshp dn(y, k), dn(y, k),
v e [K, K+ 2iK],

= M} + kM3

z = sinhp,
— 00 < p<C 0o,
n < [iK", iK' + 2K].
The operators are
Li=K? + K} — M3, Ls = k?M3} + k'?K3.
5. Differential form as for system 4
t = (ik/k’) coshp cn(v, k) cn(n, k),
x = ¢gik coshp sn(y, k) sn(y, k),
y = &'(ifk’) coshp dnly, k) dn(y, k), 2.5)
z = sinhp, ¢ & = =+,
— oo < p< oo, v e [iK, iK' + 2K], n [0, 2iK'].
The operators are

Li=K}+ K} — M3,  Ly=K}— kM3

6. ds?2 = dp? + 1 (v — n) cosh?p {Ev——-_a%——_b_);
_ __éﬁ_}_
(n—a)(n— by

The coordinates are given by the equations

(¢t + iy)? = v—a) (n—a) cosh2p,

ala — b) (2.6)

X = y/—yn/ab coshp, z = sinhp,
wherea=b*=a + i, a,fc R, — oo <v<0,
0 < << oo. The operators are

= K} + K3 — M3,
= f(M3 Kz + Ko M3) + aK3.
7. ds? = dp? + cosh?p <c032u -~ coshziy) (dv? + dn?),

= eoshy (T + ).

x = coshp tanhy tany, 2.7

y = coshp [coshnl cosy % (EC%S:T’Y cco(;i:n)J

z = sinhp,

—o << p<Loo, =—oo<<hy<<oo, 0Lv<2n
The operators are

Ly = K} + K} — M3,

Ly = K} + K} + M} — MsK, — 1<)M3

; 1
8. ds? = dp? + cosh?p (“‘IHHZ“ + S’l‘I:lZ ) (dn? + dv?),
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t = coshp [ 1 (sinhr] _ siw )],

sinhy siny © 2 \'sinp _ sinhy

x = coshp cothy cotv,

— 1coshp( Simv _ sinhy 2.8
Y=z p(sinhn siny )’ (2.8)
z = sinhp, —00 < p < co,

—00 < < 00, 0<v < 2n.

The operators are
L= K} + K3 — M},
Ly = — K} + K§ + M3 — M3K> — KaMs.

9. ds?2 = dp? + cosh?p (# + ”Lz) (dv2 + dn?),

_ 2+ +4 4 no_ v
t = coshp 87 ,x—zcoshp(—v———?),
— (2 22
y=coshp[ 02 + 79 +4], z = sinhp, 2.9)
8uy
— o< p<Loo, —oo <y oo, — 00<LH< o,

The operators are
L = K} + K% — M},
L, = KiKe + K2K1 — KiM3 — M3Ki.
10. ds? = dp? 4+ sinh2p (? + sin?y dn?)

t = coshp, x = sinhp sinv cosz, (2.10)
y = sinhp siny siny, z = sinhp cosy,
— 00 < p << 00, O0gv<m, 0<y<2n
The operators are
Ly = M} + M% 4+ M3, Ly = M3.
11. ds? = dp? + coshZp (dv? + sinh2v dy?),
t = coshp coshy, x = coshp sinhv cos, (2.11)
= coshp sinhy sinz, z = sinhp,
—o0 < p << o0, —o0 <y < oo, 0<gy<2n
The operators are
Ly = K%+ K} — M3, Ly = M3
12. ds? = dp? + cosh?p (dv? + cosh?v di?),
t = coshp coshy coshy,
x = coshp coshy sinhz, (2.12)
= coshp sinhy, z = sinhp,
—oo <y, p, < oo,
The operators are
Ly = K} + K§ — M3, L = K3.
13. ds? = dp? + cosh?p(dv? + e~ dn?),
t = % coshp[er + (1 + n?) 7],
Xx = ne~* coshp, (2.13)
y = Lcoshper + (—1 + %) e™), z = sinhp,

—00 < v, p,n < o0
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The operators are
L, = K2 + K} — M}, Ly = (K1 + M3)2.
14. ds? = dp? + e~2,(dv? + v2 dn?),
1= et + (1 + vD)e),
z=}[er + (-1 +rv2)e?], (2.14)
—oo <y<<oo, 0K ny<2n.

X = e~ ?ycosny,
y = e Pusing,
—o0o < p < 00,
The operators are
Ly = (K1 + M3)2 + (Ke — M1)?,  La= M3}
15. ds? = dp? + e"2¢(cosh2v — cos2y) (dv? + dn?),
t = [er + (1 + cosh?y — sin2y)e7],
x = e~* coshy cosy, y = e ?sinhv siny,

z = 4[e? + (—1 + cosh? — sin%y)e7],

(2.15)
—co < p<C oo, —oo<v<<oo, 0 ny<2n
The operators are
L1 = (K1 + M2)? + (K2 — M1)?,
Lo = M3 + (K1 + M2)2
16. ds? = dp? + e 2r(n2 + v2) (dn? + dv?),
t=4er + (1 + $0r2 + )9 e,
x1=4e (2 —v2), y=ern,
z = Her + (=1 + $(n? + 3P e7],
—00 <L p <L o0, —00 <L 00, —00 <Y< 00,

(2.16)

The operators are
L1 = (K1 + M2)2 + (Kz — M1)?,
Ly = M3(K1 + Ms) + (K1 + M2) Ms.
17. ds? = (sn2(p, k) — sn2(y, k))(dp?® — dv?)
+ (k2/k'®) cn¥(p, k) cn®(v, k) dn?,
t = k sn(p, k) sn(v, k),
x = (kjk’) cn(p, k) cn(v, k) cos,
y = (k/k") en(p, k) cn(v, k) sinn,
z = (ifk’) dn(p, k) dn(v, k),
pelK K+ 2K, vel[iK, iK' + 2K],
0y <2n.

2.17)

The operators are
L1 = M3, Ly = K? + K% + k2K% — k'2M%.
18. ds? = (sn(p, k) — sn2(y, k)) (dp? — dv?)
— (1/k"?) dn¥(p, k) dn®(v, k) dn?,
t = k sn(p, k) sn(v, k),
x = (i/k’y dn(p, k) dn(v, k) cosn,
y = (i/k") dn(p, k) dn(v, k) sinn,
z = (k/k’) en{p, k) en(y, k),
p € [K, K +2iK'), v < [iK', iK'+ 2K],
0<n<2n

(2.18)

The operators are

Li= M}, Le = K} + k2(K} + K3) + k'2 M3.
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19. ds? = (sn2(p, k) — sn2(v, k)) (dp? — dv?)
+ k2 sn2(p, k) sn2(v, k) dn?,
t = k sn(p, k) sn(v, k) coshn,
x = k sn(p, k) sn(v, k) sinh,
y = (k/k') en(p, k) cn(v, k),
z = (i/k") dn(p, k) dn(v, k),
p € [K, K + 2iK’], v € [iK', iK' + 2K],
—0o < f << o0,
The operators are

L, = K%,
Ly = K — M3 + k(K3 — M3 — (1 + k) K3

20. Differential form the same as in system 17 with
t = (ik/k’) en(p, k) en(y, k) coshy,
x = (ik/k’) en(p, k) cn(v, k) sinhy,
y = (i/k) dn(p, k) dn(v, k),
z = ik sn(p, k) sn(v, k),
p € [iK’, iK' + 2K],
—oo < < oo.

(2.19)

(2.20)

v e [—iK’, iK),

The operators are
Ly = K3, Ly = K% — M% + k2(K} — M3).
2]1. Differential form the same as in system 18 with
t = (ik/k") en(p, k) en(v, k),
x = (ifk") dn(p, k) dn(v, k) cosn,
y = (i/k’) dn(p, k) dn(v, k) siny,
z = ik sn(p, k) sn(v, k),
p € [iK', iK' 4+ 2K],
The operators are

2.21)

v € [0, 2iK’), 0 < n < 27,

Li= M3,  Ly= K} + M} — k(M3 + M?).
dp?
22, ds? = 1(p — [—_—
i =) (p—a)p—Db)y
dv?
[t (R 2
6~

The coordinates are given by the equations
(t +i2)2 =2(p — a)(v — a)/a(a - b),

x = (V= pv/ab) cosn, 2.22)
¥ = (¥ = pv/ab) siny,
where
a=br=a+if, afcR, -—oco<y<(,
0 < p < oo, 0<n<2n
The operators are
Ly = M},

Ly = a(K} + K — M} — M) — B(KaiMs + M3:K;
+ KoM, + M1K3) — 2aM3.

L S S

cos?p  cosh2y

.

cos2p cosh2y

23. ds? = ( )(dp2 + dv?)
dn?,
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_ L(coshv cosp> n?

~ 2\cosp ' coshy/ = 2coshv cosp’

=-—"1 3 —tanh 2.23
X = cosp’ y = tanhv tanp, (2.23)

_ 1 _ L(coshv i cosp )J
2= | coshv cosp 2\cosp  coshy/|

n?
" 2coshv cosp’

O0<p<2n, —oo <<v<Coo, —oo<n < 00,

The operators are
Ly = (K1 + M»)?,
L2=2K% + K% + K§ -+ M% — KiMs — MKy

— KoMy — M1Ko.
1 1
2 — —_ 2 2
24. ds <sinh2u sinzp) (dp? + dv?)

1

= dn?
+ sinh2y sin2p ar,

_ 1 L(sinhv _ sinp) n
'= |sinhy sinp ' 2\sinp  sinhy 2sinhy sinp’

- " =

X = sinp’ y = cotp cothy,
_ l<sinhv _ sinp) _ n (2.24)
T 2\sinp  sinhy/ sinhv sinp’

0<p<2n, —o0o <v<{oo, —oo<<n<oo.

The operators are
L1 = (K1 + M32)?,
Lo = 2M3% + M3 4+ K — K3 — KoMy — M1Ks
- K1M2 — M2Kl.

1 1
2 — -~ _ 2 2
25. ds (coszp COShzv) (dp? + dv?)
1 jcoshy cosp
2 2 2 = =
+ tan®p tanh?y dy?, 2 (cosp coshv)’
x = tanp tanhv cosn, y = tanp tanhv sing,
_ 1 1 /coshv = cosp
2= coshy cosp 2 (cosp coshv)’ (2.23)
0< p<2nm, —o00 < y < 00, 0<n<2n
The operators are
Ly =M, L= M3+ M?+ K} + K§ + K3

— MKy — KiMy — M1 Ky — KaM;.

1 1
2 _— 2 2
26. ds (sinhzv sinzp) (dv? + dp?)
+ cot2p coth?y dp?,

_ 1 1 sinhy sinp

~ sinhv sinp ' 2 (sinp B sinhv)’ (2.26)
X = cotp cothv cosy,

_ . _ 1y sinhy  sinp
y = cotp cothv siny, ) (sinp - sinhv)’

O p<22n, —w<yv<oo, 0gLn<2m
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The operators are (p—Dv—Dr-—1

L= M3, = amne-n 0 P a
Ly = M3 + M} + K} + K2 — K2 + KiMs + MK, n<0<v<l<op.
+ Mi1Ks + KoMj. The operators are
27. ds? = (# + v%)(dpz + dv?) + %2 dne, Li= — (a? + fOM} + a(K§ — M}) — B(KsMs + M3K3),
v Ly = — 2aM3} + (a + 1)K} — M} + a(K3 — M3)
‘= W PRI 2.27) + B(KzMs + M3Ky — M>Ks — KsMy).
- 20 Py 31. Differential form as in system 28 with
y=%(%_.%), z=_(/ﬂ_§h§)2~“‘—2ﬂ—;- P(2) = (z — a)(z — 1)z,
The operators are (t + x)? = pun/a,
L = (K1 + M), (12 — x®) = (1/a®) [alpv + pn + vi) — (a + 1) pun),
Ly = M3(Ki1 + Ms) + (K1 + Ma)M3 + Ka(K; — Mh) y2=—(p = D= Dir = Dila = 1), (2.31)
L (K — MDKs. 2= (p— a)v — a)y — a)jad(a — 1),
. do= YO oy =D =) Penslsv=ase
4 P(p) P() The operators are
" v —=pC —n dan, Ly = (K3 + M3)? — a(Kz + M3)? + a K},
Pn) Ly = (a+ )K? + K2 — M} + a(M% — K3)
P@E)=(z — a)(z — b)(z — 1)z, + (K2 + M3)? + (K3 + M>)>.
12 = /:1_‘27’ X2 = (p —Eall(vl)_(blﬁnl)_ 1)’ 32. Differential form as in system 28 with
(t + x)2 = — pv/a,
po - @ .li)(Z)(; b_)ml); 2, (2.28) (12 — x2) = (1/a®) [a(pv + v + pn) — (@ + 1) pun],
e (G a— A —a) W= (p—De—Dor—Dia=1, (232
(@a— b)a — Da 22 =(p — a)v — a)(n — a)/a*(a — 1),
O<l<pnp<b<v<a<p. —n<0<l<v<a<op.
The operators are The operators are
Ly =ab K%+ a K%+ b K3, Ly = — (Ks + M2)? + a(Kz + M3)? + a K},
Ly = (a + b)K} + (@ + DK% + (b + 1)K? Ly = (a+ ) K? + M} — K} + a(K} — M3)
—aM3—bM3;— M2 — (K2 + M3)? — (Ks + M2)2.
29. Differential form as in system 28 with 33. Differential form as in system 28 with
a_ _=De=Da-1 L, pn P@)=(z—a)z+ D2,
@-ne-1n - ab’ (t + X2 = — vpy/a,
= - (P D b), (2.29) (12— x2) = —(1/aDla(pn + p» + n¥) — (@ — 1) vpr,
y2=(p — a)v — a)(n — a)/a¥(a + 1), (2.33)
= 0l ), 2= — (p+ D + Din + Dita + D,
n<0<l<b<v<a<p. n<-l<l0<v<a<p
The operators are The operators are
Ly =abK?—aM}—bMj Ly = aK} — (K2 + M3)? + a(Ks + M2)?,
Ly = (a+ B)K? — (a + M2 — (b + 1)M3 Ly = (a — 1) K} — (Ko + M3)? + (Ks + M2)?
+aK}+bKi— M + M?% — K} + a(M§ — K2).
30. Differential form as in system 28 with 34. Differential form as in system 28 with
a=bt=a+if, aofcR, Pz)=(z— D28,  (t—x)2= —vpn,
x4 i)t = 2p — a)v — a)y — a) 2.30) 2y(x — t) = vp + v + pn — vpn,

(@a—bb—-1b ~° X4y —12=—vpp+vpt+vnt+pp—v —p—1
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2= —Dp-=DHin-1,
n<0<v<l<p. (2.34)
The operators are
L1 = (M3 — K3)? — Ki(Kzs — M3) — (K2 — M3)K>,
L= M} — K§ — M} — (M2 — K3)2 — Mi(M2 ~— K3)
— (M — K3) M.

3. THE SPECTRAL ANALYSIS OF SEPARABLE

BASES ON L%(C)

Following VilenkinZ! we construct a Hilbert space
L%(C) of homogeneous functions f( ¥) on the forward light
cone C: [Y Y] =0, Y = (yo, y1, 2, ¥3), o> 0. In par-
ticular we require that f be homogeneous of degree o = is
-1,

fpY) = pis1 f(Y),  p>0. (3.1
Let " be a contour on the cone C which cuts each genera-

tor exactly once. If Y(v, n) is a parametrization for I'
then every Y on C can be expressed uniquely in the form

Y =pY(,n),

Now the measure on C which is invariant under the
identity component of SO(3, 1) is well known to be dY =
dyidy2dys/ye. We define a measure dw on I” by dY =
pdpdw, le.,

dw = |det 4] p~2 yo~! dvdp,

» ooy 9n
A= y2 av)'Z aﬂyz ’

p>0.

(3.2

Y = (yo, y1, y2, y3).

)3 av}‘a 6,,y3
Then LYC) is the space of measurable functions f(Y), in
(3.1), on C such that

f IAY)|2 dw < oo.
r
The inner product on this space is
Sinf> = [ A Fo Vb,
r

{It is easy to verify from (3.1) and (3.2) that the value of the
inner product is independent of the contour I

fie LYC). (3.3)

Note that the function
X, Y)=[X, Y])s-1 3.9)
belongs to L«(C) for each X & H.. Furthermore, the

function F(X) defined by
FX)= (X ) = [ SONIX YFetde  (35)

is a solution of equation (+) for each f & L%(C).

The action of the identity component of SO(3, 1) on the
functions F(X) as defined by operators (1.1) and (1.2) in-
duces via (3.5) a corresponding action of SO(3, 1) on
LZ(C) given by

My = y23y3 - y3ay21
- yzayp
Kz = yody, + 28y,

Ms = y19y, — yad,,,
K1 = yod,, + y18y,, (3.6)
K3 = yo0,, + yady,.

M3 = y1d,,

7 J. Math. Phys., Vol. 18, No. 1, January 1977

The associated group action is unitary and irreducible.
More explicity, if o is the sphere Yo = (1, &1, &, &3),
3+ & + ¢2 =1 so that Y = pVY, then the action of
SO(3, 1) on elements of L2Z(C) restricted to [ is

My = —(30;,, Mz = — C30y,, M3z = 10, — {20,
Ky = (is — D& + (1 — &oy, — &1820,,
Ko = (is — 1){2 ~ 1820y, + (1 — £3)0;,,
K3 = (is — 1){3 — {1830, — $2{30,,.
(We are taking ¢; and & as the independent variables on
Ip.) If I' is another contour related to loby I': ¥ = (Y,
then the operators Lo, in (3.7), are replaced by operators

L=1Lo+ (1 —is) £t (Lo &), where Lo is the purely
differential part of Lo.

3.7

The 34 commuting pairs of operators L1, Ls defined in
the preceding section can in an obvious manner be defined
on L2(C) as commuting pairs of self-adjoint operators and
the spectral resolution can be determined explicitly. For
each of these systems we list a convenient contour I” and
in the most tractable cases a basis for L2(C) consisting of
simultaneous eigenfunctions of L, and L. In the case of
new results we give a full development of their derivation.

1. The contour I"is given by
Y = (coshw, cospy, siny, sinhv),
—oo<C vy < 00, 0<y<2n
The basis functions are
o= (1/2m) et etmn, —00 < T < oo,
m=0,+1,+2+.., (3.8)
S i S = 0t — ) O

The eigenvalues of Ly and L; are —12 and —m?, respec-
tively,

2. Y =G 4+24 72,00, U~1+ 2+ 72)

—00 < v < o, —00 < N < oo,
The basis functions are
2 = (1/2n) et etrn,
—~00 < T < 0o, — 00 < K << o0, 3.9

213> =60t — 1) 8k — K'),
The eigenvalues of L1 and Lj are —12 and —«?2, respec-
tively.

3. Y = (1, (1/k') dn(v, k) dn(n, k), (ik/k’) en(v, k)
x cn(n, k), k sn(v, k) sn(n, k)),

v € [~ 2K, 2K], ne[—K, —K+ 2K’
The basis functions are

Fia? = ERYMEZM,  1=0,1,2,- ..,
a product of Lamé polynomials,1213 Here p and g are the
eigenvalues of the rotation ¢!*M3 and the reflection P x
e'*M1, respectively, where P is the parity operator and m
is the number of zeros of the Lamé polynomials in the
interval [0, K). For /even, 0 < m < H+1ifp=gq =
+1, and 0 < m < 4/ otherwise. If / is odd, 0 < m <

(3.10)
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W —NDforp=qg=—l,and 0 < m < 3 + 1) other-
wise. For further details on this see Ref. 13. The eigenval-
ues of L1 and L are /(/ + 1) and ABg respectively.

4. Y, = (ik sn(v, k) sn(y, k), (k/k') en(v, k) en(n, k),
(i/k’) dn(v, k) dn(n, k), £1),
v e [K,iK + 2iK", n € [iK’, iK' + 2K]}.
The orthonormal basis functions are
FHR 0, m) = CEEB O EI(n), e= %, (.11
where C+=(l>, C_=(O>,
0 1

and j = —%4 + ig, 0 < ¢ < oco. These basis functions
are a product of periodic Lamé functions,

Herem =0, 1,2, - .. and p and g are eigenvalues of the
operators P et*Mz and P ei"M1 respectively. The integer
m denotes the number of zeros Ny, of the basis functions
EF2(z) in the interval [0, 2K] according to the table:

Nopq p q
2m 1 1
2m + 1 —1 1
2m + 2 1 —1
2m + 1 -1 —1

The eigenvalues of L; and Lz are j(j + 1) and A;57 re-
spectively.

5.y, = (;{i‘ en(v, k) en(y, k), & ik sn(v, &) sn@ k),

¢ % dn(s, &) dn(rn, ), £1),

g, &=+, v € [iK', iK' + 2K], n € [0, 2iK'].
The basis functions are

&8 = Cop F™(v, k) F™(n, ), (3.12)
where

CowClapr = 60y j= —k+ig, 0<gq < oo.

The basis functions are products of Lamé Wangerin or
finite Lamé functions.}4 The label m = 0, 1, -+« specifies
the number of zeros of these functions in the interval
[iK’, iK' + 2K]. The eigenvalues of Ly and Ls are j(j + 1)
and Aj; respectively. There is a Dirac &(j — j') normali-
zation on the parameter j and a Kronecker normalization
on the remaining parameters.

6. Y, = (Re{z(v ;(aa)—(-”b; a)} ”2, (—;,;),7)1/2’
Im{g‘%@_fn_b;_ﬂ)} + 1),

—oo <y <0<y < oo,

_ {1 /coshp cosy
7 Y= ( 2 ( cosv ' coshn

>, tanhn tany,

1 1 /coshy cosv
coshyy cosv 2 <COSv + coshn>’ - l)’

8 J. Math. Phys., Vol. 18, No. 1, January 1977

—oo < n < o0, <v < 2m,
3 _ ( <smhn _ siny
T smhr; sim T sinv  sinhy/’
1 / sinv sinhn
cothy coty, - 2 <sinhn T siny )’ = 1)’
— 00 < v < 00, 0<n<2n
_ (62 +n2+4] 1 (1 v
9. ¥, = | 8vrt ’2’ —n}’
ertmeed )
8un -r
— 0 <y < oo, — o0 << oo,

These last four coordinate systems have been treated to
some extent in Ref. 13 and we refer the reader to that work
for further details.

10. Y = (1, sinv cosn, sinv siny, cosv),
0Ly <, 0<n<2n

The orthonormal basis functions are

204+ 1 (I — Wz
o = (—71-{7[;' %T}Tnnl%) P}™ (cosv) etmn, (3.13)
=012, ..., m=—I, -1+ 1,...,1 The eigenvalues

of Ly and L are /(! + 1) and —m?, respectively.
11. Y = (coshy, sinhv cosy, sinhy siny, =1),
— 0 <y < oo, 0 n<2n
The basis functions are

I'j+1—m

S8 = TG+ (3.14)

P (coshv)etmn,

where j= — 14+ ig, 0 < g << oo,

which are normalized according to
2n
<f(+1717!n’ fs—l]l')m> =

q tanhng
The eigenvalues of L and Ly are —j(j + 1) and —m?,
respectively.
12. Y =

— 00 <y, < 0O,

5(q — q") omm.

(coshy coshy, coshu sinhz, sinhy, +1),

The basis functions are

IF'(j+ 1+ i) I'(—j + it)

a2 = C,
75 rg+1 (3.15)
X P73 (e tanhy) e'™,
where
1 0
ms (i) en(%)
j=—4%+1,
0 < g << oo, and — 00 < T < 00,
These basis functions are normalized according to
og = q) oz — )
12 A2 e\ —
<fi]‘rBr fi]'r’) qtanhnq
£.G. Kalnins and W. Miller, Jr. 8



The eigenvalues of L; and Lz are —j(j + 1) and —172, re-
spectively.
13. Y=@Ger + (1 + 7De], ne™,
Fle + (=1 + nRe] £1),

—co <y < o0, —oco << < 0.
The basis functions are
1
Ay = = /2 - v it’], 316
It F(]+ l)e Kf 1/2(?8’")3 ( )
where
j= —++ig, 0<g<oo, and —o00 < 7 << oo,

These functions are normalized according to
(12, f93) = d(q — q)o(r — T')'

g tanhng
The eigenvalues of L; and L2 are —j(j + 1) and —12,
respectively.

14, Y = (3 (1 + v2), v cosny, v sing, 4(—1 + v2)),
0<<n<2n.

0L v< oo,

The basis functions are

X 1/2
;17;‘& = <2”7;> Im (xv) ™,

m=0, +1, ---, 0 < y < co. The eigenvalues of L, and
Ly are — % and —m?2, respectively,
Sy Sy = 0 — X') Omme.
15. Y = (4 (1 + cosh?y — sin2y), coshv cosy,

(3.17)

sinhy siny, 3(—1 + cosh? — sin2y)),
—o00 <y < o0, 0 < np<2nm.
The orthogonal basis functions are
o [Cenlo, x214) cenn, 23/4),
T (Sen(s, 22/4) sen(n, 1%/4),

products of Mathieu functions. Here n = 0, 1, 2, - - - is the
number of zeros of the periodic Mathieu functions in the
interval 0 < 7 < 4=.

(3.17)

The eigenvalues of Ly and Lg are — x2 and a, (even),
by (odd), respectively, where even and oddness refer to
the periodic Mathieu functions under the interchange

n——n.
16. Y = (G [1 + 4% + v, $(2 — v?), mv,
=1 + (7% ++?)?),
— oo <y, < 00,
The basis functions are
1

aele = C ———~__[D_,._ 3
2 * 77 coshril [D-13-1/2 (ean) Dij—1/2 (0v)
+ D_y-1/2 (—&0n) Djy—y/5(—av)], (3.18)
where
- — Jind S5y 1 0
e= =+, 0=¢e"V2y and Cy = o) C-= 1),
—00 < A <C o0,
] J. Math. Phys., Vol. 18, No. 1, January 1977

The eigenvalues of L; and L are — x2 and 24,
fIRe fA8) = 0(x — 1) 64 — A) 6,0

17. For this coordinate system a suitable choice of con-
tour on the cone is

Y = (k snv, (ik/k") cnw cosn, (ikfk’) cny sinn, (1/k') dny),
where

v e [K, K + 2iK’),

The basis functions have the form

0<n<2n

cosmy
¥ = &)

sinmn

where m = 0, 1, 2, - - - and @ satisfies

L (e, 0 %2) - [ 22
cn(y, k) dv s cni(v, k)

+ (1 + s2)en(p, k) — 4 — (1 + s2)} =0, (319

where 1 is an eigenvalue of Lj, the eigenvalue of L; being
—m2, If we write ®(v) = [cn(v, k)" EZ(v) then Z satisfies
the equation

d2E  (2m + 1)sn(v, k) dnv, k) d=
dv? en(y, k) dv
+ [— k(1 + 52+ m(m + 2)) cn(v, k) + H4) E=0,

(3.20)
where Hy = k24 + k2(1 4 s2) + (k2 — K'2)m(m + 1).

There are then four types of solution to thisequation and
the imposition of periodic boundary conditions requires
A to assume a distinct set of discrete values 1,. We now de-
velop the solutions.

V) & = & 4r fen(s, ],
the boundary condition is
E(K + iK') = E(K + 2iK’) = 0.
The recurrence relations for the coefficients 4, are
k2H 4 A + 4k'2(m + 1)41 = 0,
KAr—Dr+m—1)+ (1 + 52+ m(m + 2))4r-1
+ [(k2 — k2) 2r2r + 2m + 1) — H,) Ay

4k’
— S (4 DO+ m+ D =0,

(3.21)

where H4 = A + (1 + s2). We write this solution as

L0, k) = 5 Aden(s, O™, n=0,2,4, .
r=0

(2) £ =dn@, k) 5. By[cn(v, k)]?", the boundary con-
=0

=
dition is £'(K + iK’) = E(K + 2iK’) = 0. The recurrence
relations for the coefficients B, are

k2HpBy + 4k'2(m + 1)B1 = 0,

E.G. Kalnins and W. Miller, Jr. 9



K2[2r — DQ2r + 2m + 1) + (1 + 52

+ m(m + 2))] Br—1 + [(k'2 — k2) (3.22)

’2
X 2r(2r 4+ 2m + 1) — 4rk? — HB]B,—%(r-p 1

X (r +m+ I)Br+1 = 0,
Hp = Ha + 2k2m + 1).

The solutions are written

Lyt (o, k) = dn(s, k) X Bilen(v, K)m+2r, nm=1,3, ...,
r=0

(3) £ = sn(, k) dn, k) g;o C,len(y, k)2, the boundary
condition is Z(K + iK’) = Z(K + 2iK’Y = 0. The re-
currence relations for C, are
k2HcCo + 4k'3(m + 1)C1 = 0,

KQ2r — DQ@r + 2m + 3) + (1 + 52 + m(m + 2))] Cr-y

+ [(k'2 — k) 2r(2r + 2m + 3) — H¢) G (3.23)

4k’
k2

(r+Dr+m+1)Crap =0,

He= Ha + 2(k% — k'2)(m + 1).

The solutions are written
Lizn(v, k) = 00, &) dn(s, k) T Colen(v, K,
r=0

n=24,. ...
4) = = sn(y, k) g Drlen(v,k)]?r, the boundary con-
dition is
E'(K + iK'y = Z(K + 2iK") = 0.
The recurrence relations for the D, are
k*HpDy +4k'2(m + 1)D1 = 0,
k4(r — D(r + m) —22m + 1) + (1 + s2
+ mm + 2D Droq + (K2 — k) 2r(2r + 2m + 1)
dk'?

+ 4rk’? — Hp|Dy — 3 r+D(r+m+ 1)Dp1 =0,
(3.24)
Hp = Hq — k'2(4m + 3).
The solutions are written
L (v, k) = sn(s, k) ¥ Dyfen(y, K)Jm+2r,
r=0
n = 1,3,5,---.
The general solution can be written as
, , cosmn
o = L, (v, k) sinmy (3.25)

where ¢ and &’ are the eigenvalues of the operators PeinMs
and ei*M3. The number # is the number of zeros of the
basis functions = in the interval [K — iK', K + iK']. We
will call these solutions associated periodic Lamé functions
of the first kind.
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18. Y = (k sn(v, k), (1/k") dn(v, k) cosy, (1/k') dn(v, k)
x sing, &(ik/k’) cn(v, k)), where

v e [K, K + iK'),

The basis functions have the form

e= =1, 0<n<2n

cosm
Y= () 7

sinmn’
- and @ satisfies

| d Ao ok’
dne, k) (d“"“’ k) EZ) + {an(y, k)

where m = 0, 1, 2, - -

— (1 + s8)dn2(, k) + 2 + (1 + sz)J @ = 0. (3.26)

The solutions to an equation similar to the above, have
been investigated in Ref. 15. The development of solutions
to the above equation proceeds in direct analogy with the
procedure used in Ref. 15 to obtain finite solutions. In the
case of interest here however we have the solutions ex-
pressed as an infinite series. We denote the solutions of
(3.20),

@ = [dn(v, k)I™ K&, (dn(y, k),
in analogy with the solutions in Ref. 15. The superscript
P = A, B, C, or D indicates the form of the solution as
an expansion in Jacobi elliptic functions, viz. P = A4 cor-
responds to the function

KA, (dn(y, k) = Z::OAr[dn(v, K.

The recurrence relations for the expansion coefficients are
those in Ref. 15 with 2F(2F + 2) replaced by (1 + s2) and
k by k’. Similarly we have that P = B gives

K (dn(s, k) = en(v, &) 35 Brdns, O,
P = C gives
KS (dn(y, k) = sn@, &) g;o C, [dn(, K7,
and P = D gives
KPe (dn(v, k)) = sn(v, k) en(, ) gop,[dn(v, Ky,

In each case the spectrum of L is discrete and is labelled
by the positive integer #. The basis functions are then of
the form

(3.27)

cosmn
1% = C,ldn(, K™ KE,, (dn(y, k) [ .
sin

where

c~(p) e c=()

The K£¢,, functions we have introduced here will be called
associated periodic Lamé functions of the second kind.

21. Y = ((k/k") en(v, k), (k/K’) dn(s, k) cosy,
(k/k") dn(v, k) sing, ik sn(v, k)),

where v € [—-iK’, iK'}, 0 < n < 2r. The basis functions
then have the form

E.G. Kalnins and W. Miller, Jr. 10



with m=20,1,2, -

where @ satisfies the same equation as in system 18. The
corresponding boundary value problem is singular at both
ends v = + iK’. The spectrum is however discrete and
suitable boundary conditions are as follows.

(1) dn(v, k) ®(v) bounded at v = + iK', &(0) = 0.
Solutions satisfying these conditions can be developed in
the form

D) = goA,[dn(v, k))-1-is-er,

Such solutions are denoted by W2z(v, k) and correspond
to an eigenvalue Asy, of La. This solution has 25 zeros in the
interval [—iK’, iK’]. The recurrence relations for the
coefficients 4, are '

[H+ (1 + k'2Xi — s)s]do + 4(1 + is)A41 =0,
k2[m2 — 2r — 1 4 i5)2] Ap-1 + [A2n + 1 + s2
+ 2r + 1 + is)2r + is)] Ay
— 4+ 1)(r + 1 + is)Ays1 = 0.

(2) dn(v, k) &(v) bounded at v = + iK’, &'(0) = 0.
Solutions satisfying these conditions can be developed in
the form

@D (v) = sn(y, k) go B, [dn(v, k)]-2-ts-2r,

Such solutions are denoted by W21 (v, k) and correspond
to an eigenvalue A2x41 of L. Each such solution has 2n +
1 zeros in the interval [—iK’, iK']. The recurrence relations
for the coefficients By are

[H + (1 + k'?)(i — s)s]Bo + 4(1 + is)B1 =0,
k'2[m2 — 2r — 1 + is)?] B—1 + [H' — 4k’?r
+ (1 + k2 (s + 2r + 2)(is + 2r + 1)]B,
—4(r+ D+ 1+ is)Br1 =0,
H = --2k'2(1 + is) + (1 + 52) + Agpt1.
The complete set of basis function is
[20 = wn (v, k) etmn, m=0,+1, ...
(3.28)

22. For this coordinate system suitable coordinates on
the cone are given by the relations

2(v — a) _ \/:_v
ala = by x =[5 cos
=y
with —oo < v << 0.
23. Y = (4 [coshv + n2/coshy], #/coshw, tanhv,
l/coshy — % [coshy + n%/coshv]),

(f + I.Z)2 =

—co <y<oo, —o0 <N < oo,

If we write the basis functions as ¥ = coshy @ & then
& satisfies

1 J. Math. Phys., Vol. 18, No. 1, January 1977

dazo do 52
« e 2
P + tanhy y [‘c cosh?y +

+l:|¢'=0,

(3.29)

cosh?y

where A is the eigenvalue of Ls. The spectrum of 4 is dis-
crete and the corresponding eigenvalues are denoted by
A, r=0,+l, - .. (This is the notation adopted by
Meixner and Schidfke?®) We note that (3.29) is a form
of the spheroidal equation. The basis functions are then

23, . = coshy S129.(i sinhy, 1) &',
where —oo <7 << o0, r=0, +1, +2, and v#1

(mod 1). The eigenvalues of Ly and Lz are —12 and A%,,,.

24. Y = (1/sinhv+%[sinhv + »2/sinhy),
$[sinhy — p2/sinhy]),
—oo <y << oo, —oo<Lp< 0o,

n/sinhy, cothy,

The basis functions have the form
/3%, . = sinhy S} (coshy, 1) e'™, (3.30)

where —co << 7 <<oo, r=0,=+1, +2,- - ., and v #
4(mod 1), and the eigenvalues of L and L; are —172 and
% o Tespectively.

25. Y = (4 coshy, tanhv cosy, tanhv sing,
1/coshy — § coshy),
—oo <<y<<oo, 0K py<2n.

The basis functions are

29 = (2a3)12 F(m +1+ik+ iS)r(m + 14 ik— is)

2 2
X [I(m + 1) I'(1 + ix))-1 (tanhv)™ (coshy)—tk

><2Fl(m+1—|2-ix—{—is, m+1—;ix—-is’
cosmy
m+ 1; tanh%) ] , (3.31)
sinmn

where m = 0, 1, - - - and 0 << k < o0. The eigenvalues of
the operators L; and Ly are —m? and —«2, respectively,

SEG B> = 6(k — K) Smm.
26. Y = (1/sinhy + ¥ sinhy, cothv cosy, cothy sing,
1 sinhv),
—oo <y < 00, 0<n<2n
The basis functions are

oy = +/21 72 (tanhy) 1%+ (coshy)-ix

o TGIm + 1+ i(s + ©))
FGlm+1—iG+x)
FGm 4+ 1+ i(x — ) T(—in)
TFGim+14+i(s — I A + ix)

X 2F1[M_m+ 12+l(IC+S)’

E.G. Kalnins and W. Miller, Jr. 11



m—14+ikx+s),

5 s 1+ ik
1 ) cosmn
cosh2y sinmr]’
wherem =0, 1,2 - - - and 0 < k¥ < oo. The eigenvalues
of the operators L; and Ly are —m?2 and — &2 respectively
where m =0, 1, . . - and 0 << k¥ < 0. The normalization

is the same as for system 25.

(4 P n 1 it g

27. Y—( 8v 2 v 2” 8v —2_1))’

—00 < v < oo, —00 < < oo.

28. From this point on the spectral problems that have
to be solved involve more than one eigenvalue simul-
taneously. We therefore give only the coordinates on the
cone in these cases,

2= e G- Da=D
ab’ (a— )p-—1y
s =D =B L, G-ar-a
Y= @b - Hp (a— b)Ya— DHa

l<n<b<v<a

=D -1 o
29 12 - - (a _ 1)(b _ 1), x2 _ ab,
s =0}y —b)
V"= T @-bb - HpY
o W— a)n—a)

z_(a—b)(a—l)a’ 7]<0<1<b<v<a

30. (x + ity = 2= A = a)

@—bb-1Db
_=Dln—-1 _
FEa-me-y T

n<0<v<l.

3. 1+ x)2 = ﬂ, (t2— xz)____v’*"?_(a-*- Dy

a a 2
zz=(L;2(aL)(_ﬂT—)E_), O<n<l<v<a.
32. (t+x)2=_”;’7, (,z_XZ):%_'r_gq_%;pir’
y2=—(”—(a——11(’7—1):9,
Z2=(La:2(%)£_’7—1_)—a—), —p<l0<l<v<a.
3.+ x2= _%,
¢ —a@n—a _+ D+

22=
a¥a+1) ° @+1 °

1< —-1<0<y<a

y:=
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M. (t—x2=—w, y(x—t)=v+n—y
Z2=-D-1, n<0<v<l

4. SEPARABLE BASIS FUNCTIONS ON L2(H.)

In this section we present the basis functions for L2(H)
corresponding to the coordinate systems presented in Sec.
2. This is done using (3.5) and the spectral resolution of the
operators L and Lz computed in the previous section. The
basis functions are listed with the minimum of duplication
necessary. Some of these basis functions which correspond
to subgroup reductions were given by Vilenkin and Smor-
odinskil® (see also Kalninst?). In each case the integral
is relatively easy to evaluate because we know in advance
the form of the separated solutions in the appropriate coor-
dinate system such that variables separate in the integral.
The 34 integral identities (3.5) corresponding to the
separable coordinates for 4y = g(o + 2)y are nontrivial.
Indeed many of the following results appear to be new.

al([m|+ 1 + i(s + 1)]/2)
r(jm|+1)

r{im|+ 1 +i(s— 12
X T+ is)

X efvetmi(tanhp)' ™! (coshp)—1-ts

1. FO =

y 2F1(|m| + 1 ; i(s + 1),
Mj'_]._zﬂs_'*_l)’ {m|+ 1; tanh2p>.

2. F2 = Vs s;nhns e Kis((12 + x2)V/2 o7p) gitvetnn,
n

, I (i)
Bgg — 2\
3 F™ = Fs — 1) veinbp

x PZH3 (coshp) EgE(v) EE ().
4. F9¢ = C,H(p) EZI() EFY (),
where

Hg(p) = rég +ig+y9) ' +i(s—9q)

I'(1 + ip)coshp
X PZ{$y.4 (e tanhp).
5. FBg = C.wHi(p) FJ'(v, k) FJ(n, k).

6. Fao — ((21 + DU ~ IMI)!)"Z__&)._
Chm = 4+ [m)! I'(is — /) Ysinhp

x Pifit (coshp) PT{(cosy) e™.

r—m+iq) .
= -
7. Fc(lz‘}rL - Cng(P) 27!1—(% + lq) P1n1/2+1q(coshv) etm,

(o TG+ i+ )G +i(t~q)
8. F1A, = C, Hyp) —2 rg fqu

X P4, ;.(¢' tanhv) ¥,

9. F3? = C,H} Kig(te™) e,

e~ v/2
Pra=+ip
10. F;},‘t’ = /sy sinhzs e ?Kis(ye=?) Jm(xv) etmi,

11. F19 = Jssinhns e ?Kis(e™)

E.G. Kalnins and W. Miller, Jr. 12



{Ce"(v, X2/4) cen(n, x2/4)
Sen(v, x2/4) sen(n, x2/4)

12. FA9 = C, ¥s sinh(zs/2) e~PKis(ye?)
* cosh 7

X [D_jz—y/2(e0m) Diy_ys5(0v)
+ D_i3—1/2(—&0m) D3y /2(—ov)].

, , , cosmn
13. FaDee' = [ (p k) Lt (v, k) sinn”
14. FU8¢P = [dn(v, k) dn(p, k)J™ KE: (dn(v, k))

cosmn
X Kfa(dn(p, k)1 .
sinm

15. F2V = wn (p, k) W2,(v, k) e,

16. F23. . = T, coshy cosp Si4)(i sinhy, 7)
X Psis(sinp, 12) e,

where T, , is a normalization constant.

1. F3%, . =1,

x Psis(cosp, 12) €™,

sinhy sinp S%P (coshy, 1)

where ¢, , is a normalization constant.
18. F29 = M, (tanp tanhy)m(coshy)~*(cosp)l+m+is,
1+ 1+ i(k —
x 2F1(m + —;1(1\7 + s)’ m + zz(rc s)’
m + 1; tanh?2 v) oF1 (m + 1 _;l(x + s)’

m+1+i(s — k)
2

Mxm = ;22 Bm+is—w +21/2
Fagr®ra@a+m-—Hra+is+m
T+ i) Ga + m+ DIGa + m + HIA + is)
X sFaa, b;a+m—4%,ta+m+ 4,

la+m+4, )

. o2\ [cosmn
»m+ 1 Smp)[sinmr]’

X

where
a=[m+ 1+ i@+ 52,
b=[m+ 1+ i@k — 9))2.
19. F28 = M/, (tanhy)!*i %+ (sinhy)~**(cotp)m

—m+1+ik+5)
2 >

X (sinpyltm+is , by (
m+1+ilk+s)
2

m4+l+ik+s) m+1+i(s—x),
2 ? 2 ’

;o 1+ is; tanh%)

X 2F1(

cosmn

- 2
m+4+1; —cos p){sinmry’

where

;o I'(1 +is + ix/2) I'(ay) I"(az) I (as)
M., =2n2 N Tb1) [(ba)

- 1),

ai, az, a3

X 3F2( by, be

where
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_—=m+14+ik+s)

_m—1+is+x)

ay = 5 , dg = )
613=m;m+1+l(x+s),
b1 =1+ ix,
b2='i’+—i2(s+—")+2+2is+ix,
and
N=Lfm+1 + s+ )2 IF(fm + 1 + i(x — 5))/2)

IF'(m+1—is+x))/2dI'(m+1+i(—x)]72)
(=) I'(1 + is + m)
r+ikyrdd +is) °

Let {f;,} be an ON basis for L2 (C) consisting of (gener-
alized) eigenfunctions corresponding to a commuting pair
Ly, Lo,

Llf;lu = A'.fl;n Lzﬁu = /‘f).;n

and let {Fy,} be the associated separable functions on
H+a

Fi(X) = {fap h(X, ) ). 4.1)
It follows that
(X ¥) =X, Yot = 22 /,(7) F X)) 42

with convergence in L2 (H,) for each X & Hy. A direct
computation yields

Xy, « ), h(Xz, «)) = 4maFa(1 — is, 1 + is;

£ 1 - X, X)) (4.3)

and, from (4.2),
B, =), h(Xe, 2 ) = 5 F,(Xe) F (X)), (4.9

Thus, (4.3) is a bilinear generating function for products
of separated solutions F, ,.

If {f,.g} is ON basis for L2 (C) consisting of eigenfunc-
tions of another commuting pair Lj, L; and F, 8 = Jups
h> we have the pointwise convergent expansion

F;,(X) = ;: Cf,’fFA,,,(X),
Ny

where the sum or integral is taken over the spectrum of
Ly, L2.! Furthermore the expansion coefficients can be
computed in LZ(C). Indeed

Cef =<Jup Lo 4.6
so all overlaps can be expressed as integrals over a contour
I'on C.

A number of these coefficients can be found in the liter-
ature. In particular, systems 3 and 10 correspond to the
subgroup reduction SO(3, 1) D SO(3) and the overlaps
relating these systems can be found in Ref. 12. Systems
4-9 and 11-13 correspond to the subgroup reduction
SO@3, 1) D SO(2, 1) and appropriate overlaps are com-
puted in Ref. 13. Systems 2 and 14-16 correspond to the
subgroup reduction SO(3, 1) > E(2) and overlaps are con-
tained in Ref. 18. The overlaps relating systems 1 and 3 can

4.5)
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be expressed in terms of Clebsch—-Gordan coefficients for
SO(2, 1).

5. EXPANSIONS ON L2(H;)

In this section we give the expansions on L2(H,) for
coordinate systems on the single sheeted hyperboloid H;
which cover one half of Hs. This is the imaginary Lobachev-
ski space of Gelfand et al.? Only some of the coordinates
given in Sec. 2 correspond in a natural way to such coor-
dinates on H;. The spectrum of 4 is both continuous and
discrete for L2(H;) and there are therefore two sets of basis
functions for each of the coordinate systems we discuss.
We now list the basis functions for the coordinate systems
on L2(H;) together with the coordinates. The orthonor-
malization is always Kronecker delta for discrete spectrum
and Dirac delta for continuous spectrum. The discrete
spectrum basis functions are obtained from (1.9) and (1.10)
exactly as in the example worked out in Ref. 19.

=4[ — (1 4+ 2+ n2e,
z=14[er + (1 — 2 — e,
— o0 < P, v, ] < 00,

X = e Py,

y=e’n,

The basis functions are

- 1/2 L
Fc(z) = ?.f (_,_s - ) [Jts(xeﬁ") + J-u(xe‘ﬁ)] eltvetnn

2 sinhzs
where y? = 12 + K2,

\/n

Fd? = e~? Jan(xe?) eirveinn,

The superscript refers to the system in Sec. 2 to which the
coordinates correspond via analytic continuation.
2. t = sinhp, x = (1/k") coshp dn(v, k) dn(n, k),
y = (ik/k’) coshp cn(v, k) en(y, k),
z = k coshp sn(v, k) sn(n, k),
—co < p < 00, v € [—2K, 2K],
nel[—-K, —K + 2K'].
The basis functions are
4————~ni€§r; is) [Pfs(tanhp)

Fd+1+is) . e
- 1-(1 + 1 — lS) Pl zs(tanh p)]ﬁn *,

(2n — 1)!)1’2 1
(2n + )}/ coshp

where for the discrete spectrum part ! =0, 2, ..., 2n.

Fe l(':r;t) s’ —

Fd@e = Z(n Ppr(tanhp) £,

3. t = sinhp, x = coshp sinv cosny,

y = coshp sinv sin, z = coshp cosy,

—o0 < p < 00, o<vgm, 0 n<2n.
The basis functions are
4ns1"(is)[ ;
10 - 227 V77 S
Fefid =~ ooy | P (tanhp)
M is } a0
“Ti+1-= )P (tanhp) | fiih
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Fdo = 2(,.

—_ 1, 1/2
Gn = D L ppuitanp) /.

(2n + DY coshp
4. t=14[(er— (1 +19) e,  x = e Pucosy,
z=1%[er + (1 —v?)e7],

O<v<oo, 0<

y = e Py siny,
— oo < p< oo, n < 2m.

The basis functions are
1/2
) e?[Jis(xe™?) + J-is(xe P f 28,

Fdp = 2y'n e? Jan(xe ?) 30

5. t = 4fer — (1 + cosh? — sin%y) e77),

K
a4 — [ .
FC (2 sinhzs

x = e~? coshv cosy, y = e~?sinhv sing,
z = 4[e? + (1 — cosh?v 4 sin?n) e~7],
—0 Ly << 00, 0L

—00 < p <o, n<2m.

The basis functions are

Fepf =3 sirsahns)m e Jis(xe™?) + J-1s(xe ) S,
FdRy = 2/ e Jon(xe?) 9.

6. 1 = }ler — (1 + {(n* + )P e77),
x=4%er(nt -2, y=erm,

= $ler + (1 — (72 +v)D) e,

—o00 < p << o0, —o0 <y << 00, —o0 <5 < o0,
(16 s 1z -
¢ — |— - —p ~ —p .
Fexi (2 sinhns) e ?Jis(xe™) + J-1s(xe P}

Fd{{o's = 2/ 'n 7P Jan(xe™?) f19°.
7. The coordinates are as for coordinate system 17 with
pe[0,2iK'), vel[iK,iK'+2K], 0K

The basis functions are

n << 2m.

cosmn

Fullh = Lg:,'m(p, k) Lfgr’m(”’ k) [sinmn ’

where t = s for the continuous spectrum basis functions
and ¢ = 2in for the discrete spectrum functions. These
solutions are obtained by solving the recurrence relations
for system (17) with s replaced by 2in.

8. The coordinates are as in system 18 with
pe[0,2iK), vel[iK,iK'+2K], 0<

The basis functions are
Fufl® = [dn(v, k) dn(p, K)J™ Kfe,(dn(v, k))

n<2m.

cosm
X Ko ) | oo

with 7 as in system 7.
9. The coordinates are as in system 19 with
p € [0, 2iX'], v € [iK', iK' + 2K],
0<n<2n
10. The coordinates are as in system 21 with
p € [0, 2iK"), v € [0, 2iK"], 0 < n<2n

The basis functions are

E.G. Kalnins and W. Miller, Jr. 14



Fur(zzrr]z) = tm(p’ k) Wt (V, k) eim’),

where ¢ has the same significance as in system 7 of this
section.

11. The coordinates are as in system 22 with

0 < p<< oo, 0<v<< oo,
12 f= 1 [coshy sinhp n?
© 7T 2 |sinhp  coshy| ' 2coshy sinhp’

R | _
* = Coshy sinhp’ y = tanhy cothp,
S + L sinhp _ coshv
~ coshy sinhp 2 {coshv  sinhp

7
2coshy sinhp’
—00 <L p<L oo, —o0<y<Loo, —0f<o.
The basis functions are
Fs@¥ = Kﬁ, sinhp coshy S%%) (coshp, 1)
S#) (sinhy, 1) €™,

with ¢ as in system 7 and K, a normalization constant.

1 1 2
13 1= 4 ‘[i”l’i S_l_rm} _n”

sinvsing ~ 2 |sinp  sinv 2 sinp siny
x = 7_’1’7"‘, y = cotp coty,

siny sinp

1 siny | sinp n?

zZ= & = -
2 sinp  siny

~ 2sinv sinp’
Fs29 = xt_sinv sinp Psi(cosy, 72)
x Pst(cosp, 12) ei*,

with 7 as in system 7 and «%, a normalization constant.

14, ¢t = 1 [(_:_O_sz — smhp]’ x = cothp tanhv cosz,

~ 2 |sinhp coshy
y = cothp tanhy sing,
;= 1 . [smhp coshv]
coshv sinhp ~ 2 [coshy ~ sinhp)’
—00 < p << o0, — o0 < v < 00, 0 < n<2n,

Fel29 = N,,(tanhy)™ (tanhp)!*i%+9 (coshy sinhp)~*

szl(m+l+z(x+S) m+ 1L+ ik —s5).

2 ’ 2 ’
~m+ 1+ ik +s)

mt L tanhzv) 2F1< . ,

|+
?’l:f*,i;_(jki‘j)’ 1 + is; tanh2p> [C.osmn,
sinmn

where

N,

xm

Il +is+ m)
I'(l +is) (1 + ix)

=, (@) (az)y (as), (ae)s
X 2 b0, o) (e P

ar =3m+ 1 + i(x + 5,
az=4%[m+ 1+ i(x — 3),

= 4p2 A1-m+its+xl/2

az = —Iis,
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ag=3m—-1+i(s—x), bi=m+l,

by = 4[m — 1 — i(s + ),
and
by = tlm + 1 — i(s + K)],
Fdyz9 = (tanhy cothp) ™ dlt_,.1 ey (cOShy)

cosmy

X db_oni mian (i sinhp) sinmn”

Here /m =0, 1, 2, - - - and df; (cosh) is the matrix ele-
ment of a hyperbolic rotation in the compact basis of the
positive discrete series of SL(2, R) as given by Bargmann.1!
Explicitly these functions are
d}4(coshz)
= Npg(sinhz)-»+0(coshz)?~¢
X oFil+1—¢g, —1—¢q;1 +qg—p;—sinh?z),g >p
= Npg(sinhz)-(»+@(coshz)e~»
x eFi(l+1—p, =1 ~p; 1 +p— gq; —sinh?z),
p>49
where

|
Npg = (= )2~ "qu-—(“ Y

y (1"(—1 ~rid+1 -~ q))“f”2
r—=l—-prd+1-p
if p > gq. (Note: We have at the time of writing not com-

puted the normalization constant for discrete spectrum
basis functions.)

D — wﬁ,l,{s_n_ngrs_{n“,;},
sinv cosp 2 {sinp ~ siny

X = cotp coty cosy,
= L [w + SL“_/ZJ

y = cotp coty siny,

2 |sinp = siny)

Fc28 = N,(cotp cotv)™(sinp siny)l+m+is
x oF1 ('" +t1l+ik+s) m+l4ils—x),
2 2
m+1; — coszp) oF1 (ﬂj 1"'%'1"(“’€ + ‘;),
m+1+i(s - x) mot 1 ——cos%) {cpsmq,
2 sinmy
where
, @) M(a2)MNa3z) T'(—m + ix)
N =22
wm = 225N T () T (b2)
ay Qs as
X 3F2( by be 1)

with a3, ag, and b; as for system 12 on L2(Hj),
az=ix + L(is+m— 1),
b2 = 2ix 4 L(is — 3m — 1),

and N is as given for system 26 on L2(H).

Fdj28 = Nj,(cosv cosp)™(sinv sinp)2n+!
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cosmy
sinmn’
where P{=# (z) is a Jacobi polynomial and

x P (sin2v) P2 (sinzp){

N = (n["(m +I14+DIr2n+1+ 1)2"'4'2"“)1’2 /
m = 2allI'm 4+ 2n + 14 2)
Pyr2m(0),
_@optd 2
16. 1 = 8pv + 2pv *= v’
L, 2 =P +4  n
y= 2[p+ v]’ z= 8pv 2p’

—o0o <y, p,n < o0,

We have not given any mention of the coordinate systems
which require the solution of multiparameter eigenvalue
problems.
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Structural stability of the phase transition in Dicke-like

models*
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The free energy for a general class of Dicke models is computed and expressed simply as the minimum
value of a potential function ® =(E — TS)/N. The function E/ N is the image of the Hamiltonian under
the quantum—classical correspondence effected by the atomic and field coherent state representations, and
the function S is the logarithm of an SU(2) multiplicity factor. The structural stability of the second order
phase transition under changes in the functional form of the Hamiltonian is determined by searching for
stability changeovers along the thermal critical branch of ®. The necessary condition for the presence of a
second order phase transition is completely determined by the canonical kernel of the Hamiltonian. The
sufficient condition is that a first order phase transition not occur at higher temperature. The critical
temperature for a second order phase transition is given by a gap equation of Hepp~Lieb type.

1. INTRODUCTION

For sufficiently large values of the coupling constant
A, the Dicke model Hamiltonian! can support a second
order phase transition, 2 Several recent studies®® have
shown that the phase transition disappears when the func-
tional form of the Hamiltonian is changed. It is therefore
of interest to inquire about the structural stability of the
second order phase transition under changes in the func-
tional form of the Hamiltonian describing the interaction
between a simple field mode and N identical two-level
atoms. Extension to finite mode systems is
straightforward.

We describe the general class of nonlinear extensions®

of the Dicke model under consideration in Sec, 2. In
Sec. 3 the free energy F/N is computed for any model
Hamiltonian in the class studied. The result is surpris-
ingly simple, The free energy is expressed as the mini-
mum of a potential function ® = (E — TS)/N, The function
E/N is the P or @ representative of the Hamiltonian in
the direct product atomic coherent state-field coherent
state representation. The function S is the logarithm of
an SU(2) multiplicity factor. The minimum is taken over
the space of atomic and field coherent state parameters,
Evaluated at the coherent state parameters which mini-
mize &, the functions &, E/N, and S/N are equal to the
free energy, energy, and entropy per particle.

In Sec, 4 we discuss first and second order transitons,
Each model Hamiltonian must be. investigated separately
to determine whether or not first order phase transitions
exist, since these involve global stability changeovers,
Since second order phase transitions involve local prop-
erties, it is possible to give both necessary and suffi-
cient conditions for their occurrence. The necessary
condition does not involve the entire Hamiltonian, but
only a particular piece of it, The critical temperature
for a second order phase transition is determined from
the “canonical kernel” by a gap equation of Hepp~ Lieb
type. The sufficient condition for a second order phase
transition is that it is not preempted by a first order
transition at higher temperature, The transition is ex-
tremely insensitive to the functional form of the Hamil-
tonian, provided the Hamiltonian possesses a particular
kind of symmetry. In general, when the symmetry is
violated, the second order transition disappears,
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2. MODEL HAMILTONIANS

To study the effect which the structural form of the
Hamiltonian has on the presence or absence of a second
order phase transition in models of the Dicke type, we
study the general class of Hamiltonians of the form

H/N=h,, 2.1)
Throughout, Z=Fh(u,v) is a function of the two three-
component quantities u= (us, u,,4_) and v= (v3,v,,v.).
The operator g is obtained from the function % through
the operator substitutions indicated in Table I, and sub-
sequent symmetrization, if necessary. The function k.
is obtained from % by the c-number substitutions shown
in Table I,

We impose the following assumptions on %:

1. h is a finite multinomial in all arguments with
finite coefficients;

2. hg is Hermitian;

3. h¢ has a finite lower bound as a function of e C
for v in a sphere of radius 1/2;

4, hug et ; 3, 0,0 )=h(tus,—u,,—u_; +v3,—v,,—v.);

5. hc assumes its minimum value for g =0 when
v=0;

6. 8h/8vy>0 for u=0, v=0;

7. k(0; —7,0,0) is a monotonic decreasing function
TABLE 1. The operator substitutions and the c-number sub-
stitutions which transform k(u,v) to the operator kg and the
c-number function %..

Parameter
h—hg=H@,a".\J)/N h—ho=E({u,r0¢)/N properties
u3 n/N=a'a/N pp=a*a/N aEC,uEC
u, alNN u*=a*/ NN a=uvN
u. a/NN w=a/NN
N
vy J3/N= (Ei%cr?)/N ¥ cosé r<l(0,3]
N
v, J/N=(Zad%)/N v* =7 sing e*i® e<(o, 7
i=1
¢o<(0, 27
N
v. L/N=(Z05)/N v=7ging e"t?® (6, p)ES?
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for < [0,7,], where 7, is the value of ¢ [0, ], where
this function assumes its minimum value.

Examples: Multinomials & which yield Hamiltonians
H=Nhq previously studied include:

a, hp=uzterg+afuy_ +ur,), (Refs.1,2)
b, heg=hp+t (e, tur), (Refs. 6,7)
. hepoa?=hep+ ke, +u ), (Refs, 3, 8)
d. h=hp+QG -} +K(G+1y), (Ref, 9)

e, h=us+ flevy + a0 +ur,), (Refs, 4,10)
(Ref. 10)

Nolalion: Through we set Vyli=9h/0u,, V5=3h/dr,,
ete. We also set by =1.

f. h=ug+ery+gnu,o.+u_r).

3. FREE ENERGY

Lower and upper bounds on the free energy F/N de-
termined from

exp[— BN(F/N)|=TrsTr, exp(- BNhg)

can be computed using the method introduced by Hepp
and Lieb, "' The Hilbert space 4 = (€*)®¥ for the atom-
ic subsystem is first decomposed into its (2J + 1)-dimen-
sional SU(2) irreducible invariant subspaces, Within
each J-invariant subspace upper and lower bounds on

the restricted partition function are obtained by replac-
ing the irreducible spherical tensor operators gf,(J) in
hq by their P and @ representatives in the atomic co-
herent state representation, ' and replacing the trace
in the (2J +1)-dimensjonal space by an integral over the
atomic coherent state!®!® parameters (6, ) c S

2J +1
Tr.r(-)‘"zﬂ_‘

(3.1)

dasi() (3.2a)
Here dQ=sinfd0d¢ is the invariant measure on the
Bloch sphere, ! For multinomial k (assumption 1, Sec,
2) the atomic coherent state P and @ representatives of
hg are equal to (J(1/N), and are obtained simply by
making the c-number substitutions for v shown in Table
I,

The summation over the different J-invariant sub-
spaces, including multiplicity Y(N,J)=N1(2J +1)[(N/2
+J+1)1(N/2 - D) is estimated by the integrall? over
¥=J/N:

1\5142 1/2

2 Y(N,J)(-)*Nf dv exp[Ns(r)](+). (3.2D)
J=s) or 1/2 0

The asymptotic logarithmic behavior for Y(N,J) is the

same as that of the binomial coefficient (y5,,) and is

s0)=S0)/N==[G+nG+7)+ G- (-7l
(3.3)

The remaining trace over Fock space can be estimat-
ed using the method of Wang and Hioe. ¢ In this method,
the operator kg is replaced by its P or @ representative
in the field coherent state!® representation, and the Fock
space trace is replaced by an integral over the field co-
herent state parameter «:

2
Tra()=f S22 [auo, 3.20)

s
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Here d’a =d(Rea)d(Ima) is the invariant measure on the
harmonic oscillator phase plane. For multinomial &, the
field coherent state P and @ representatives of hg are
equal to ()(1/N), and are obtained simply by making the
c-number substitutions for u shown in Table I,

For multinomial %, the @ and P representatives of
hg in the direct product atomic-coherent-state—field-
coherent-state representations are equal to O(I/N) and
are simply given by k.. From (3.1), (3.2), and (3.3),
the free energy F/N is given by a five-dimensional in-
tegral with integrand N% exp(~ SN®)(u, 70¢; B), The
asymptotic form of such an integral is easily computed
by Laplace’ s method!’

F/N= m;n@(u,r&p; 8) + () nN/N), (3.4)
uy rée

(1, 780;B) =hc - Bls(r) (3. 5a)

={E(u,v8¢)~ TS#)}/N, (3. 5b)

Since 2 is a multinomial and (»6¢) belong to a compact
domain, 7. is bounded below (asuumption 3, sec, 2).
Therefore, the minimum in (3.4) exists, is well defined,
and is greater than - « for any finite temperature 7,

0« T <o,

When computed at the values of the parameters u, v8¢
which yield the minimum value in (3, 4) for fixed 8,
lm[F/N-a(u,r6¢;8)]=0,

N=-

lim [(hg - E(u, 76¢; 8)/N]=0,

N-+ =

lim [{(S/N) = s(¥)] =0,

Ne o

lim (<a/m> - u) :0’

Ne

lim (o3 - v)=0.

N~ o

(3.6)

Thus, on the minimal branch &, /., and s(r) are the
free energy, the energy, and the entropy per particle
[¢f. (3.5b)], u is the intensive order parameter!® for
the field, and v the intensive order parameter for the
atomic system,

Remark 1: The function %, is the classical represen-
tative of the operator /g under the quantum-classical
correspondence effected by atomic and field coherent
state representations, From (3, 5) and (3. 6) it is clear
that the construction of the free energy F/N described
above amounts simply to making the quantum—classical
mapping ko —~ ke, and adding as entropy term the loga-
rithm of the SU(2) multiplicity factor Y(N,J).

Remark 2: To simplify the computation of the mini-
mum in (3. 4), either the field parameters u, p* or the
atomic parameters (#8¢) may be eliminated. When the
field parameters are eliminated the resulting expression
reduces to that obtained by Hepp and Lieb!? using atomic
coherent states! alone. When the atomic parameters
are eliminated the resulting expression reduces to that
obtained by Wang and Hioe® using field coherent states!®
alone,

Example: For the Dicke Hamiltonian (example a, Sec.
2)
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® (1, v0p; B)=pu*1 +ercost
+ a7 sinb(u*exp(-id) + u exp(id))
- Bls (). (3.7a)
Eliminating p, u* results in [cf. Ref. 12, Eq. (2.12)]

& ,(r6¢,B)=crcosb— |rrsind|? - gls(r), (3.7b)
Eliminating (86) results in [cf, Ref. 6, Eq. (27)]
@ p(i; B) = n*p - 8~ 1n2 coshB{(e/2)* + [ ap |2} /2,
(3.7¢)

4. PHASE TRANSITIONS

The potential ®(u,#6¢; B) is a function of the five real
state parameters u, (#6¢) and the single control param-
eter B, At any temperature g~! we define the critical
points of & as the set of points in the five-dimensional
state parameter space where the differential of & is
zero, At fixed temperature the critical points are either
isolated or form isolated submanifolds on which a gauge
symmetry group acts transitively. Each isolated solu-
tion set u(8), v(B)=(B)siné(B) exp[- i® ()] is called a
critical branch, ®

The critical points at which the Hessian!? of ® is non-
singular are called normal, nondegenerate, or Morse
critical points. !® Non- Morse critical points are isolated
along any branch consisting of an isolated critical point
at fixed B, This is also true, with minor modifications,
for critical branches consisting of an isolated
submanifold,

According to Thom’ s theorem, ?° for a potential de-
pending on an arbitrary number of state parameters but
only one control parameter, the generic non-Morse
critical point is the 4, or “fold catastrophe,”?! At such
a critical point two critical branches coalesce and dis-
appear as a function of decreasing (or increasing) con-
trol parameter. From another point of view, one critical
branch “folds over” at the A, critical point to become,
in its continuation, the other critical branch, %23

However, if the potential has a symmetry which re-
moves odd terms in its Taylor series expansion about
some critical branch, the 4, catastrophe is suppressed
and the generic catastrophe along that particular branch
is the A;, or “cusp catastrophe.” At such a non-Morse
critical point, a new critical branch bifurcates from
the original branch, which suffers a changeover in its
stability type as the control parameter passes through
its critical value B,. If the original branch is stable for
T~ T, it is unstable for T< T,, and the bifurcating
branch is stable or unstable depending on whether the
catastrophe is A;, or A;_[cf. (6.8) and (6.9)]. The 4,,
catastrophe is isomorphic to the Ginzberg— Landau
potential. #

A phase transition occurs at 8, if the global minimum
of & jumps from one critical branch (i, 76¢; 8); to an-
other (u,76¢;B), at B,. The transition is first order if

lim (1, »8¢; B); #lim (u, 76¢; B),; 4.1)
8+ 8, 8~ 8,

otherwise it is second order, Second order phase tran-
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sitions occur when an A;, catastrophe occurs® on a cri-
tical branch which is globally stable for 7> T,.

From the invariance of /. under the symmetry u

— - u, v——v (assumption 4, Sec. 2) we see that u =0,
v=0 (=0 and 6=7) are critical points for all 3. Fur-
ther, the symmetry forbids the A, catastrophe along
both these branches, Therefore, second order phase
transitions are possible from either of these branches,
but from no other critical branch, since no other sym-
metries are assumed for 4,

In the high temperature limit the entropy term in (3. 5)
becomes more important than the energy term, As a
result, the minimum of ¢ is given by » ~0as 3 —0. To
determine the values of the parameters u,78¢ which
minimize & in this limit, we expand @ in increasing
powers of 7 about »=0. The leading term, not contain-
ing 7, is k(u,v), v=0, This is minimized at © =0 (as-
sumption 5, Sec. 2). The term linear in ¥ can contain
terms linear in 23, but the v, terms must be multiplied
by odd powers of #,. As a result the term linear in 7 is
uniquely V3/(0, 0) cos®. This is minimized at 6 =7 since
Vih(0, 0) -~ 0 (assumption 6, sec. 2). The critical branch
which minimizes & at high temperature is u =0, 0=7,¢
arbitrary., Along this critical branch the value of #(B) is
obtained by minimizing ¢ according to

1 1+2r
= e VU _—
0 3IH—Bln(l_ 21}).

The derivative is evaluated at u=0, v=(-7,0,0).

(4.2)

The model Hamiltonian (2, 1) exhibits a phase transi-
tion if the global minimum of & leaves the thermal
branch, In general, nonlocal jumps from one branch to
another must be investigated for each model Hamiltonian
separately. However, transition from the thermal branch
to a bifurcating branch is a local phenomenon. It is suf-
ficient to look for a changeover in stability along the
thermal branch,

Stability of the thermal branch is investigated by ex-
panding & in powers of u, pu* and 5, 5*, where 5= (6
- m)exp(-i¢). In terms of the matrices M"= (u*, u),
D'= (6%, 5) and their adjoints, the second order term in
this expansion is
sML,VSRM + (D Ly vihD
+gM'AM - M'yBD + $D"CD. 4.3)

Here A, B, C are 2 X2 matrices composed of second
derivatives of & with respect to u, v, e.g.,
B ViR VEOY A0 | R 7
ViR VIR vl v

“4.4)

All derivatives are evaluated at 8 on the thermal branch:
w(@)=0, 0(8)=m, ¢(B)=undetermined, »(8) determined
by (4. 2).

Eliminating either u, u* or 8, 6* from (4.3) leads to
the following expressions for the quadratic term (4. 3):

27 D'[3VShDhIy + vC — vB' (VihI, + A)"1B]D (4.52)

or
sM[V¥hI, + A - vB' (3 Vi3I, + vC)B)M, (4. 5b)
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Stability on the thermal branch is determined by in-
vestigating the eigeunvalues y,(r), ¥,(#) of either of the
matrices in [ |. Both eigenvalues are positive for »—~ 0’
and each has a finite number of zeroes, Let 7, be the
smallest positive zero of either of the eigenvalues ¥ ().
Then there can be a second order phase transition if
7, (0,7,). The parameter » actually assumes value 7,
(assumption 7, Sec. 2), Without this assumption, » can
“jump past” 7, along the thermal branch, and by so
doing, bypass the non-Morse critical point, the bifurca-
tion, and the second order phase transition altogether.
In fact, assumption 7 can be relaxed simply to the re-
quirement that » pass through value 7, at some critical
temperature 8,.

The gap equation for the critical temperature B, is
simply obtained by setting =+, in (4. 2), The Hepp—
Lieb gap equation immediately results:

(4.6)

Swmmary: From the preceeding analysis it is possible
to formulate necessary and sufficient conditions for the
existence of a second order phase transition in models
(2. 1) of the Dicke type obeying assumptions 1—7, Sec,
2.

7, =73 tanhzB, vk, u=0, v=(-~7,0,0).

1. The first positive zero for either determinant in
(4. 5) oceurs for v < (0,7,), where 7, is defined in as-
sumption 7, Sec, 2;

2, A first order phase transition does not occur at a
temperature T - T, where T, is defined by (4. 6).
Example: For the Hamiltonian of example ¢ (Sec. 2):
vi=1, Vi=e¢, A=2x{l +o.),
B =)L +\'o,,
Y1) = S =~ 7O+ N/ (1 + ),

Yo ()= de = r(n~ A7),

c=0,

This Hamiltonian has been studied extensively. *® For
A" =2, the only zero occurs for 27y =¢(1 +4x)/(2))%. The
Thomas—Reich—Kuhn sum rule requires (21)%/e(1 + 4k)
<1, ° Since », has no zero in the interval [0, z], there is
no second order phase transition. For X’ =0, y; has a
zero at 27'2:e/>\25 Thus, for »’=0 a second order phase
transition is possible at a critical temperature deter-
mined from 1= (1%/¢) tanhéﬁcg, contrary to the claims
made in Ref, 3.

5. CANONICAL KERNEL

If there is a second order phase transition, then the
only terms of # which are important for determining the
critical temperature are those appearing in (4, 5), Since
all derivatives in (4, 5) are evaluated atu=0, v
=(-17,0,0), it is sufficient, to determine the critical
temperature, to reduce an arbitrary multinomial % to
its canonical kernel

RO = us fi (v3) + fo(vg) + 3UTAU+ UTBV +3VICV,  (5.1)

Here U=col{u.,u,), U'={u,,u), A, B, C are 2X2 matrix
functions of v3, and fi, f; are functions of the single va-
riable 3, Then the value of » for which there is a
changeover of stability on the thermal branch is deter-
mined from
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det(z fil, + vC - ¥BY(f,I, + A)"'B] =0, (5.2)

The functions and matrices in (5. 2) are to be evaluated
at 73=- 7. The critical temperature is determined from
(4.8).

Example: For example d (Sec. 2), fi=1, fy=cv;
+Q(i~v§)+K(é+03)2, AZCZO; B:)‘IZ; and (5- 2) re-
duces to

det[3( + K +2¢(Q - K|), - mA’L] =0,

" —min[l _€_+_K_] +K~0. K >0
TP raR-Q ) TR0 Koerl
2l + K)

" —

CNHE-)
There is a phase transition if »,<1/2,°
Example: For example e (Sec. 2), the canonical kernel
is
RS =ug+ flevs) + A flevy) ULV,

In the special case fx)=x + ax® (&~ 0)

’rm:min(L ,l>
2ae’ 2
The smallest positive root q_f (5.2) is
S
There is a second order phase transition if!°
4{ae)e/2%) <1 and ez 1/2,
(ae) + /2% <1

Example: For example { (Sec. 2), the canonical kernel
is

and ae<1/2,

hE =uy +evy +2g" Q)U'LV,

At the critical temperature, this model is equivalent to
a Dicke model (example a, Sec. 2) with coupling con-
stant xg’(0).

Remark: The canonical kernel 2gX of an arbitrary kg
is the inverse operator image, under the quantum—
classical correspondence, of the 2-jet®® of &, around
#=0, v=0,

6. DISCUSSION

We now discuss the three recent studies®® of the
structural stability of the phase transition under a change
in the functional form of the Dicke Hamiltonian,

1. Rzasewski, Wodkiewicz, and Zakowicz® studied the
Hamiltonian Agp,,2 (example ¢, Sec. 2) with A=21’. On
the basis of physical arguments involving the Thomas—
Reiche—Kuhn sum rule, they showed that, for this par-
ticular model a phase transition did not occur, They also
claimed their results were valid for »’ =0, This claim
is incorrect, »%¢ as was shown in the Example of Sec. 4.
Since resonant and nonresonant atom—field interaction
terms are expected to couple to the thermal bath vari-
ables with different time constants or even through dif-
ferent relaxation mechanisms, it is expected that 1’
<« for the description of any two-level system in therm-
al equilibrium with a single field mode.
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2. Gambardella* studied a class of nonlinear exten-
sions of the Dicke model obtained from the function
h{u, v)=u; +[f(u, Nv)/N]. The lack of a phase transition,
except in the case of the Dicke model itself, can be
traced!’ directly to the inhomogeneous structure of the
nonlinear extensions which were considered.

3. Provost et al,® studied the model obtained from
(6.1)

In this model the terms c,u_ and c_«, represent inter-
actions between the field mode and external classical
currents, With these extra terms (6. 1) no longer obeys
the symmetry assumption 4 (Sec. 2). Therefore, the
generic non-Morse critical point is the A, catastrophe,
and no second order phase transition is possible. Pro-
vost et al, ® showed that there is no phase transition if
c,#0,

h=uytevg+Aalup. tuv,)+cu +cou,

A second order phase transition is possible when the
symmetry breaking terms are added to a model Hamil-
tonian without the gauge invariance of the Dicke model,
e.g., Example b, Sec. 2. However, the bifurcation is
nongeneric®”?? and can occur only under very special
circumstances, Writing u, = (u, = iuv)/ V2 and similarly
for v,, c,, the function 2 can be decomposed as follows

h_—:u3+€y3+px+py,

b=+ 2V, +eu,, (6. 2)

—_ ’
Py=0 =N up, +cpu,.
If c,=0, & retains a reflection invariance under
(u31 Uy, uy; U3s vx’ Uy) - (+ Uzy — u,, +uy; + U3y = Uy, + vy)-
(6.3)

If, in the absence of currents, it is possible for the
branch #,#0, v,#0 to bifurcate from the thermal branch
at a higher temperature than the branch «,#0, v,#0,

the addition of the particular (nongeneric) current with
¢, =0 will not destroy this bifurcation, %26

The effect of including linear terms of the form c,u_
+c_u, on the bifurcation diagram is summarized in Fig,
5.7 of Ref, 27. Thompson and Hunt®® discuss other con-
sequences of the structural instability of the bifurcation
in the cusp catastrophe in the presence of linear sym-
metry breaking terms,

In addition to the three extended Dicke models which
study the structural stability of the phase transition,
three other model Hamiltonians have been studied which
do not satisfy all assumptions 1—7 (Sec, 2) but which
nevertheless possess second order phase transitions,
Each of these three models involves multiple boson
processes,

4. Hamiltonians describing double photon emission
and absorption processes are obtained from the functions

(6. 4a)
(6. 4b)

The Hamiltonian obtained from h, describes absorption
and emission of photons into the same mode; 4;,; de-
scribes processes involving two different modes. For
both functions in (6, 4), the canonical kernel is obtained
by setting A=0. The absence of interaction terms in-

By =1y +evy + A @lo_+ ulv,),

Ry =wg + waly +evg At Fute,).
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dicates the absence also of phase transitions, Never-
theless, both models can exhibit'® second order phase
transitions for a sufficiently large., This comes about
because the Fock space trace leading to the partition
function is restricted. For (6. 4a), the Fock space trace
involves only states with an even or an odd number of
photons. In the case (6.4b), the Fock space trace in-
cludes only those states in which the difference in the
photon number in modes ¢, # has a constant integer val-
ue, The methods for computing the free energy present-
ed in Sec. 3 are applicable only when the Fock space
trace is unrestricted.

5, Thompson29 has proposed the following model to
describe phonon aided photon processes:

h=ug+ Qg+ evg+ 2o +u v, )1+ kb, +1*t), (6. 5)

Here u, v refer to the photon mode and the atomic sys-
tem, as usual, and t refers to the phonon mode. The
function % is not invariant under the expected symmetry
group:

Ug, U3, tS - +u3y +U3r + [3’

Uyy Uy t* T Uy, Uy, - tt“ (©. 6)
Instead, % and ¢ are only invariant if /, —+/,, Thus the
order parameter /, is an even function of the order pa-
rameters #, and v,, The canonical kernel of (6, 5) is ob-
tained by setting x =0, As a result, there can be a sec-
ond order phase transition at the usual Dicke
temperature,

The potential ¢ can easily be computed in terms of
i, #*, 7, 7 and (0¢). Eliminating the photon and pho-
non parameters leads to a simple expression for the re-
duced potential

(A7 sin8)? 1
1- Q1 Q2xx7sind)? Fs ).
6.7)
When this is expanded about the thermal branch 8=,

the first three terms in the Taylor expansion are (&
= 9— ﬂ')

®,(rb¢p;B)=¢rcost—

Q,(r0p; ) =~er-Bls(r) + 521 - %t )8t

N _.5_1:+>«272_ (2K}\21’_2f_>64
4! 3 Q ¢

(6. 8)

At the bifurcation point » =¢/2x* <1 and the coefficient
of 6% is

(5) (- 25).

Therefore, the non-Morse critical point is of type A,
if (2ke/1)* <Q and the phase transition is of second or-
der. If (2ke/x)* ~ R, the catastrophe is of type A, and
there will be a first order phase transition for », <¢/
2)* and T, > T,. In fact, it is possible for a first order
phase transition to exist even if there is no bifurcation
provided the minimum of &, (»6¢; ) occurs for 645 at
low temperatures.

(6.9)

7. CONCLUSIONS

We have presented a simple method for writing down
the free energy F/N for a large class of Dicke-like
models:
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1. replace iy by its classical image hg;
2. include the entropy term - Ts(¥);

3. minimize the resulting potential & over the atomic
and field coherent state parameter space,

The critical properties associated with kg are then
easily determined from the potential ¢, constructed as
described above, First order phase transitions occur
when there is a nonlocal transfer of stability from one
critical branch of & to another. The phase transition is
second order if the transfer is local. A necessary con-
dition for the occurrence of a second order phase fran-
sition is given in (4, 5), The sufficient condition is that
a first order phase transition does not occur at a higher
temperature, The critical temperature for any Hamil-
tonian kg exhibiting a second order phase transition is
determined entirely from its canonical kernel 25¥, The
gap equation is given in (4. 6),

The second order phase transition is remarkably
structurally stable against changes in the functional
form of the model Hamiltonian, provided a certain sym-
metry (assumption 4, Sec, 2) is conserved. When the
symmetry is absent, the phase transition is not struc~
turally stable and generically disappears,

The importance of the symmetry is not that it is
broken at the phase transition (the potential & always
retains the symmetry while the free energy F/N does
not), but that it suppresses the 4, catastrophe and allows
the Ginzburg—Landau Aj, catastrophe to occur,
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A metastable analytic continuation of the Ising model free energy is conjectured to follow from certain

analyticity properties of the eigenvalues of the transfer matrix. The resulting description of metastability is
applicable to any system whose phase transition is associated with eigenvalue degeneracy. Motivation for
the conjectures concerning the Ising model is provided by the study of eigenvalue continuation in several

simpler systems.

1. INTRODUCTION

For finite systems, the partition function gives no
evidence of metastability. Even if it should happen that
the free energy, in the thermodynamic limit, can be
analytically continued to a metastable region, such
multivaluedness cannot appear in the finite system par-
tition function which is entire. We accordingly replace
the usual thermodynamic functions derived from the
partition function with other functions which have the
same thermodynamic limit but which already for finite
systems have nontrivial multivalued branch and sheet
structure. The analysis in this paper of the analytic
structure of these functions is intended both to facilitate
an eventual rigorous proof of the existence of such an
analytic continuation in nontrivial models and also to
provide some new motivation for the physical interpre-
tation of the continuation as metastability.

Phase transitions, long range order and eigenvalue
degeneracy have long been associated with one
another. I? The approach to metastability proposed here
applies to those models in which the free energy can be
obtained, in the thermodynamic limit, from the mini-
mum eigenvalue of some linear operator and in which a
phase transition corresponds to the asymptotic degen~
eracy of that eigenvalue; examples include Ising models
and quantum field theories with broken symmetry. The
metastable phase is found in the finite system, accord-
ing to our view, by allowing certain thermodynamic
variables to be complex and then analytically continuing
a particular eigenvalue from a region where it is the
minimum eigenvalue to a region where that is no longer
the case. With the appropriate analytic continuation, the
eigenvalue thus obtained determines the metastable free
energy.

In Sec. 2 we explain our proposal in more detail by
giving a series of conjectures for the Ising model.
These conjectures are motivated by properties of sim-
pler models which we present in Sec. 3. The relevance
of these simpler models to the Ising model is discussed
in Sec. 4, and finally a general discussion of metasta-
bility is given in Sec. 5.
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2. ISING MODEL

We consider a two dimensional nearest neighbor Ising
model with energy —J3’0,0;~ kY 0, (where 3’ denotes the
sum over nearest neighbors and J > 0 is fixed), at tem-
perature T. For an »m Xn lattice with periodic boundary
conditions, the self-adjoint transfer matrix L,() de-
fined in the standard way,® is related to the partition
function Z,, (k) by Z,, ,(h) =Tr{[L,()]"} and the limiting
free energy is

M =~ li _1._ ——1i _1. 0
T = m,lanao p—-— logZ ,, n(h) = ,ET . logh (),
where A1) > A k() = Xh)zeeez Af,"(h) = 0 denote the
eigenvalues of L,(k) listed in decreasing magnitude (for
real Ii); we define Ei (h) =~ (1/n) loghl (k).

It follows from the fact! that the zeros of Z ,,n(h) all
lie on the imaginary & axis that E3(z) and (k) are
analytic in the right (or left) half-plane of complex /.
The eigenvector associated with E3() is positively
magnetized for &> 0; our first conjecture concerns the
analytic continuation of E? into the left half-plane in
such a way that the positive magnetization is preserved
when T is below the critical temperature T,. Since we
wish the continuation of EY to cease being the minimum
eigenvalue of — log(L,(k))/n, it is necessary that the
path of continuation avoid the neighborhood of certain
real values of i, such as & =0.

Conjecture 1: For T <T_, there are positive constants
a,n>0 and ¥,—~ 0 such that EJ can be analytically con-
tinued to a function, E,(/), analytic and single valued on

FIG. 1. Region Dy, (shaded)
in which EY(k) can be analyti-
cally continued according to

Conjecture 1.
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D,={h:Reh>0}U {n: Reh> ~ a,¥, < |Imh| <n}
(see Fig. 1).

E, (1) converges uniformly on any fixed D, as - = to
an analytic function f*(k); f*() =f°(%) for Reh > 0,

The restriction to [Imh| <% in D, is due to the fact
that L,(k + 27i/B) = L, (k) (where 8=1/kT) so that any
singularities occurring near the negative real axis also
appear near the lines, Imiz =+ 2 72T. The restriction to
Rel >~ a is based on the loss of metastability discussed
below in Property 4. The restriction to {Imk| >y, is
partially removed in the next conjecture which analyzes
the singularity structure of E,(k) near the negative real
axis.

Conjecture 2: There exist positive p,’s and 0 =x,(n)
> xq(n)> see > %y, > — @ such that E;() is analytic and
single valued on

D,={n:Reh>0}U {n:Reh > - a, |Imk| <n, |h=-x,0)]
> p, Vk}; in addition, p — 0

sufficiently rapidly that p,/ming{lx,, ()~ x402)i}— 0.

EX(k) can be further continued into {f: 1k = x,{n)| < p,}

for each k except for a pair of (square root) branch

points at x,(n) £iy,n) ([y,(r)] < p,) connected by a branch
cut {see Fig., 2).

The intuitive picture behind Conjecture 2 is that, ex-
cept for certain exceptional (real) values of i, the
eigenvectors of L,(h), corresponding to EXs within a
finite (z-independent) distance from Eg, can be naturally
divided into two groups according to the sign of their
magnetization (order parameter). As k varies, one set
of eigenvalues moves past the other much as two stacks
of chips (of different thicknesses) can be moved vertical-
ly relative to each other. The exceptional values of It
are those for which there would be exact degeneracy
between one state from each group if there were no
coupling between the groups, In the presence of
coupling, no matter how small, the previously degen-
erate levels mix strongly resulting in two approximately
degenerate actual eigenstates, each with a small value
of the order parameter. Such an approximate (for real
h) level crossing in an essentially two-level system
gives rise to a pair of square root branch points at the
location of actual level crossings in complex k. The
size of the region in & around an exceptional value in
which level crossing effects are important is determined

FIG. 2, 13,, ? according to Conjecture 2 with branch cuts drawn
to indicate where one can leave the metastable sheet. In parti-
cular the sheet reached through the cut at =0 takes one to the
staEle ground state for k< 0. The circles are {h: |k —x,(a) |

= Ppf-
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by the matrix element of the relevant symmetry break-
ing operator between the two states or equivalently by
the amount of “wrong” magnetization found in an eigen-
state predominantly of the “right” magnetization. In or-
der for the foregoing picture to be valid, it is necessary
that the spacings in real & between {(approximate) level
crossings be much larger than the size of the level
crossing regions themselves,

Conjecture 2 describes our prescription for following
the bottom chip of one stack as it passes by successively
higher chips of the second stack. The points x,(n) cor-
respond to approximate level crossings and our method
of analytic continuation is to make a short excursion into
the complex plane each time the positively magnetized
metastable eigenfunction is about to have one of these
crossings with a state of negative magnetization. The
conjecture that p,/min,ix,. #) - x,02) i}~ 0 is the as-
sumption that our picture of independent stacks of chips
is correct for most real values of I (with (! <a).

Analytic continuation through one of the branch cuts
of Fig. 2 would correspond to an adiabatic (infinitely
slow) variation of 2 while our choice of analytic contin-
uation around the branch cut is analogous to the “fast”
approximation of quantum mechanics; it preserves the
eigenvector rather than the eigenvalue label and thus
E;(h) for real negative k away from the level crossing
regions will equal EX#) with 2 dependent on k. It con-
sequently is natural to associate E} (k) with a “super-
cooled” or “superheated” metastable state which is
formed and exists for times short in comparison to the
relaxation time of the system so that the system tends
to retain its former state (sign of magnetization) rather
than to adiabatically move to the absolute minimum of
free energy.

Before stating the next conjecture, we note that Con-
jecture 2 could be weakened to the extent of allowing
more branch points (of perhaps higher than second or-
der) in each level crossing region, {h: k- x4l < p,}
without seriously affecting our picture of metastability.
Of course, in that case, the two-level systems described
above would be replaced with multilevel systems.

The relation of the next conjecture to our previous
ones and its possible invalidity will be discussed in more
detail in Sec. 5 below,

Conjecture 3: For any — o <x =0, lim,..f*(h) exists,
independent of the (complex) path along which i —x; f*(I)
is analytic and single valued on {i:Rek > - a, ;Imhi <n}
including % =0.

We propose some further properties of f*(%2) which,
while not essential to our basic picture of metastability
and less strongly implied by our later models, never-
theless may shed more light on the structure of
metastability.

Property 4: The first singularity of f*(2) on the nega-
tive real axis corresponds to the asymptotic vanishing
of n times the gap between E;, (1) and the energy of the
first excited metastable state [obtained by an analytic
continuation of E! (1) from large positive k]. This sin-
gularity thus corresponds to infinite correlation length
in the metastable state, a characteristic of second or-
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der phase transitions. The location of this singularity
as a function of T defines the spinodal line, hy(T),
where metastability is lost; 2(T)—~0as T ~T,.

Property 5: The functions f*(h), defined for k> hg and
the corresponding f~(k), defined for & < [k [by analytic
continuation of (k) from k < 0] are branches of the
same analytic function, The two branches can be con-
nected by a (symmetric) analytic continuation path
which winds around the spinodal singularities at 2 =4,
{on the f* sheet) and % = |%,| {on the f~ sheet); on the
“connecting” branch there are no real singularities for
hy<h<lhgl.

Property 5 is suggested both by mean field theory
models (see Sec. 3 below) and by the fact that, barring
special factorization properties, all eigenvalues of the
transfer matrix should be branches of a single analytic
function of %. In the mean field models, there is a
unique “connecting” branch which corresponds to a local
maximum of the free energy; it seems that in the Ising
case this uniqueness is lost.

3. MODELS

We present a series of models bearing varying de-
grees of resemblance to the Ising model and susceptible
to varying degrees of explicit solution and rigorous
analysis,

Each model consists of a sequence of (finite system)
Hamiltonians, H,(k)=H,(0) +hS, with an infinite system
(stable) free energy, F%h) =lim,..E k), where EXh)
< EXh) < E3(h) < -~ denote the eigenvalues of H,{k) (for
real k). H,(k) is the analog of —(1/n)log[L,(k)] for the
Ising model with % the external magnetic field and S a
symmetry breaking term. Z,, ,=Tr{exp[-mnH, ()]} is
the analog of the Ising partition function and f°
=lim,, . .(—1/mmn)logZ,, ,. The first two models are
further similar to the Ising model in that the zeros of
Z,.,»(h) are pure imaginary®® so that f%(k) and EY(k) are
analytic for Rek > 0 (or Rek < 0); they also share with
the Ising model the feature that ground states for differ-
ent temperatures {(or different values of #) become
asymptotically orthogonal as n— <,

In each case an explicit formula for f°(k) implies that
f° can be analytically continued from % > 0 past & =0;
the continuation f*{(k) determines the metastable free
energy for 42 <0, Our main interest concerns the analy-
ticity properties of the eigenvalues EX(h) and the validity
of the analogs of the conjectures of See, 2 for these
models.

A. The Lipkin model

Lipkin et al. """ studied the “phase transition” asso-

ciated with the onset of deformation in nucleii. Starting
with a many-body problem they arrived at a Hamiltonian
equivalent to the following:

Hy(h) == (1/22%)J% ~ (1/0)T I~ (1/n)hd,, (3.1)

where J,, J,, J, are standard quantum mechanical spin
operators acting on the (2n +1)-dimensional space of
eigenstates of J2=J2+J 2 +J2 with eigenvalue n(n +1)
and T is a parameter playing the role of temperature.
For T <1 there is a phase transition at #=0, as n— =,
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with a breaking of the symmetry described by the opera-
tor exp(ind,).

Using results of Lieb,!! the limiting free energy can
be written in terms of an integral over the surface of a
sphere,

FOn)=1im (1/n?) logZ,,,

=~ lim (1/n?) log f:' dg f.i dz

n=c

X exp[n?(z?/2 + T(1 -2} 2 cos¢ +hz)].
It follows that

7R = inf V,(2) (3.2)
1%g%]
with
Viz)=—=32° =T =2)2 = pz, (3.3)

For T <1 and sufficiently small %2, V, has two local
minima; the global minimum (for & #0) is the one with
2/h>0. The analytic continuation of f° to f* clearly
exists with f* being the value of V, at the local minimum
with z > 0, The first singularity encountered as & moves
along the negative real axis occurs when this local mini-
mum disappears, namely at

hy==(1— T2/3)3/2 (== zg)’

marking the end of metastability (the spinodal line). Con-
jecture 3 and Property 4 of Sec. 2 are thus immediately

verified for this model; Property 5 is also valid with the
“connecting” branch of the free energy equal to the value
of V, at its local maximum.

We now turn to the eigenvalues and eigenfunctions of
H_(h) so as to investigate the analog of Conjecture 2,

To study EX(k) near =0, we define vectors ¥(m, 8)
m=-n,-n+1,...,n) which are normalized eigenvec-
tors of Jy=exp(~i8J,)J,exp(8d,), Jo¥(i,8)=m¥(m, 8),
and seek 6 so that ¥(m, 8) is approximately an eigenvec-
tor of H,. Writing A(u,m') for (¥(n’,0), A¥(,0)), we
have

(¥(n’,8), H¥(m, 8)) = - 5, A(1/2n")m? cos®d + T (m/n) sind
+ h(n/n)cosé + (1/2n?) sin®8[n(n +1) = m?]}
+[Jg(m, m’)/n] {sinb cosbl (n +m’)/2n)
- T cos6 + ki sind}

- (1/8n2) sin®6(JE +J 2 Yo, m"). (3.4)

If m =n-0(1) as n— <, off diagonal elements in (3. ¢)
vanish to order l/n if we demand that

sinf cosf - T cosb + I sinf =0, (3.5)

This equation is identical to that for the location of the
minimum of (3. 3) (with z =cos6), while the diagonal
element of (3.4) yields, as n~ =, the same f° (i) as
given by (3.2). We thus regard ¥(z, 8;) and ¥z, 6,) (for
I#0) as (approximately) the stable ground state and
“metastable ground state” of H, where 6, and 6, are the
two solutions (for T <1 and small :%!) of (3.5) corre-
sponding to the global and local minima of V,.

We now consider an idealized two level system ob-
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tained by restricting H,(k) to the space spanned by
{¥@,6,), ¥k, 7-86,)} for small |kl; here 6, =sin"'T
<1/2 corresponds to the minimum of V, with z > 0. The
2 X2 matrix approximation to H,(k) is

[-Pofl] (9 (015 _.2)

where a =(¥(n,8,), [J%/ 20+ TJd /n +hd/n}¥ (n,7~46.)
can be calculated using rotation matrices'? and is ex-
ponentially small in n:

a~dr (7T -286,) = (sind,)*" = exp[ - (- 2 logT )]
(to zeroth order in &).

The relevant h dependence of E%(#) and EL(h) near &
=0 is approximated by the eigenvalues of

0« (1—T2) 0
Wz:—<a 0)-”1( 0 _(1_T2)‘/2)’

where we now consider o to be a fixed, small, .z-inde-
pendent constant. The eigenvalues of W, are ¢
=-{a?+n*Q1 -TH]'/? and ¢, =—¢,. In place of a level
crossing for real &, there is at 2 =0 an eigenvalue gap
(€1~ €p) of size 2¢ and a level crossing at h =xia/(1
~TY'2, For real h> a, the eigenvectors are

approximately
N 1 o w [~ /2= THE
Uy a/2h(1 _ T2)1/'l - U 1 H

for real h < - ¢, the formulas are interchanged. Thus
as h varies along the real axis, u; changes from one
polarity {corresponding to ¥, 8,)] to the other [corre-
sponding to ¥, 7 - 8,)] with an associated change in the
“magnetization, ” - 3¢,/ 9k,

A central theme in this paper is the prescription for
continuing an eigenvalue into the complex plane so as to
minimize the change in the corresponding eigenvector.
In the 2X2 matrix case, the analytic continuation goes
around the branch points at k=xda/(1 - T%/2 i e., we
fix the sheet of the continuation by connecting these two
points by a branch cut (see Fig. 3). The eigenvalue
e,(:) defined on this sheet starts on the positive real
axis as ¢; and ends on the negative real axis as ¢, but
the corresponding eigenvector u, retains (for (2> a)
the form

_ 1
“*"(a/zh(l - T2)‘/2)
*Imh

E{h)

FIG. 3. Two level system eigenvalue crossing. (a) E() for
real k. (b) Passage around the branch point in the complex &
plane.
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FIG. 4. Near level crossings for real 2. The “metastable
level” is the analytic continuation of ¥ (n,©,) around the
crossings.

As n— =, the size of the necessary excursion into
the complex % plane, being proportional to @, tends ex-
ponentially to zero. In order to justify our two-level
system approximation, we must show that there is a
range of {21 > o in which levels other than ¥(s, 6,) and
¥z, m— 6,) can be ignored. This follows from the fact
that the energy difference between (e.g.) ¥, 6,) and
¥(e-1,6,) is 1 -TY/n+0(1/n?), which is exponentially
larger than o as n— =<,

The level crossing at z =0 is just the first of many.
As we move to the left on the negative /1 axis the meta-
stable level [approximately ¥{(n, 8,)] decreases in energy
while the first excited state of opposite polarity {approx-
imately ¥(n - 1, 7- 6,)] increases until at some negative
value of real 1 on the order of 1/ there is a second ap-
proximate level crossing analogous to the one described
above between ¥(n, 8,) and ¥(n, 7~ 6,). Our picture of
successive near level crossings for /i real and negative
is shown in Fig. 4. In each case, states of opposite
polarity (sign of the expectation value of J,} do not signi-
ficantly mix unless their energies are close on the order
of the matrix element of S =J, connecting the states.
This matrix element is analogous to the a of the first
crossing and decreases exponentially with n so that each
level crossing is well approximated by a two-level sys-
tem as above.

As n—~ © the number of crossings needed to continue
to finite 2 also tends to infinity. Our earlier approxima-
tion for the “stable” excited states is not valid since
l-m/n does not approach zero. Instead we note that as
1 —~ = the eigenvalue equation for H has the form of a
difference approximation to the differential equation

1 ¢ 04 g \
-L 5;((1_ 22)8_5) F V) () + Vo) 9e) = Epz), (3.6)

where 2 =wu1/n, m is the eivenvalue of J,, =12z =1,
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V,(z) is given by (3.2), and 17,,(z)=0(1/n). This large

n approximation is analogous to the WKB approximation
in quantum mechanics with l/n playing the role of
Planck’s constant. In the next model, we consider the
WKB limit for an anharmonic oscillator and the qualita-
tive conclusions obtained there apply here as well.
Namely, the spacing between approximate level cross-
ings (in Fig. 4) remains of order 1/n, even for finite %,
while the size of level crossing regions is of order e™;
thus the two-level system approximations remain valid
and the combination of Figs. 3 and 4 leads to Fig. 2—
i, e., the validity of Conjecture 2. The absence of addi-
tional singularities away from the negative real axis
(Conjecture 1) is based on a simple argument concerning
polarization which we give below for the anharmonic
oscillator.

B. The anharmonic osciliator
In this model, we take

1 xt bat
H"(h)z_ﬁc_{;-,_‘l__—;—_hx’

acting on L*(IR,dx). This Hamiltonian arises as an ap-
proximation to Kac’s model® of a one-dimensional ferro-
magnet with long range interaction. It may also be
thought of as a simple model for symmetry breaking in
@' quantum field theories. It is clear that

Foh) = inf V,(x), V,(x)=3ix'-3bx?-px

walx o

(3.7)

so that a phase transition occurs at k=0 (for b > 0) cor-
responding to a breaking of the x = - x symmetry. For
b>0, F%h) can be analytically continued from k>0 past
the origin to give f* (1), equal to the value of V, at its
right-hand local minimum. The spinodal line is I

=- 2(b/3)2/3. The spinodal points =+ h; are square
root branch points and the branches of f*(k) and the
corresponding f~(h) are connected by an “unstable” sheet
corresponding to the value of V, at its local maximum.
At b =0, these two square root branch points coalesce
to form a cube root branch point at =0 (the critical
point), which then separates again into two square root
branch points for b <0 (above the critical “tempera-
ture”), except that these are now located on the imagi-
nary /1 axis.

Again for this model, we are primarily interested in
the validity of the analogues of Conjectures 1 and 2. We
base our arguments on the WKB approximation since this
is equivalent to the n -+ < limit. The picture of two mov-
ing stacks of chips, described in Sec. 2, corresponds
here to two groups of WKB eigenvalues—one group for
each of the two “allowed” regions of V, (for b> 0 and
small I ) calculated as though the other region were
absent, In this approximation there could be exact de-
generacy between eigenfunctions in different regions.
The degeneracy is broken because of the exponentially
small (in #) tunneling probability between the regions
(this has been rigorously shown for the first level
crossing®®). The spacing between level crossing regions
as k varies along the negative real axis is seen by WKB
calculation to be O(1/V#n),

Thus Conjectures 1 and 2 and the corresponding pic-
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tures of Figs. 2 and 4 are valid provided that no singu-
larities occur in the right half-plane away from the nega-
tive real axis. To verify this, we note that in the “inde-
pendent wells” approximation discussed above, if we
take k2 =h, 4+ th, with |hyi much greater than the tunneling
probability, the energy eigenvalues of each well develop
an imaginary part approximately proportional to Zy{x ),
where (x) denotes the expected value of x in the corre-
sponding eigenfunction. Since (x) has different signs in
the two wells, the (real z) degeneracies between levels
from different wells is effectively broken and no degen-
eracies between levels of the same well can develop
since the real parts of their energies are nondegenerate
(away from the spinodal points).

C. The square well model
On the space L*{[- 7, 7],dx), let

1 d
W +A6(x) —h sgnx

H"(h) :—’—1

(3.8)
with Dirichlet boundary conditions at x =+ 7 and A >0.
This Hamiltonian serves as a crude approximation to the
anharmonic oscillator Hamiltonian discussed above, as
well as to the Lipkin model via Eq. (3.6); the A8(x) term
serves to separate the square well into two “allowed”
regions and S=sgnx is the symmetry breaking term.
Despite its simplicity, this model possess, as we shall
show, most of the main features of the more complex
models of phase transitions, including, as n—+ *, two
(asymptotically) independent sets of eigenvectors with
all level crossings occurring in a small neighborhood of
the real Iz axis. It thus provides a useful model of the
relation between metastability and eigenvalue
continuation.

The global analytic structure of the free energy is
trivial for this model in that f°(z)= -~ k , so that f*(n)
==h and f~ (i) =k. There is no spinodal point %, so that
f*and - are entire functions and are not branches of a
single function; thus Property 5 of Sec. 2 is invalid and
this model is most analogous to an Ising model at zero
temperature whose free energy is also - I .

For this model, we can rigorously prove Conjecture 1
and parts of Conjecture 2 for EJ(%), the minimum eigen-
value of the Hamiltonian of (3, 8).

Theoren:: For D any open bounded neighborhood of
the origin in complex / space, there exists K >0 and
functions E} (k) with the following properties:

(i) E4(r) is defined and analytic on D\B,(K), where
B(K)={h: k=1 -m%/2n < Km*/n* for some m
:1,2,3, '°'},

(ii) E}(h)=Eh) for h>1/2n,

(iii) E;(h)— - k uniformly on compact subsets of
D\(- =, 0].

Proof: Let w =nEYh) - 1 +nh and z =2nk; then, for
nh >3, w is the unique solution of the eigenvalue
equation

Vw +1 cotnviw +1 +vz —=w — 1 cothnvz — 20 — 1+ux =0
(3.9)
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such that — 1 <w <0. This equation may be rewritten as
a fixed point problem,

w:G(w,z):g(lj-lziiw——F(z— w)), (3.10)

where g{z) =[1 + (arctanz)/7 — 1 and F(z) =[1 +f{z)/nr]"!
with f(z) = vz — 1 cothnvz - 1. Now f(z) is analytic except
for simple poles at {1 —=m?:m =1,2,3, «++}, and it can
be shown by simple estimates that, for any bounded 5,
there is a K'> 0 such that | f(z)I <ur/2 for z/2n
eD\B,,(K’) and n sufficiently large. It then follows that
for large n there exist positive § and K so that if

lw! < 6/n and z/2n < D\ B,(K), then |f(z -w)l snr/2,
G(w,z) is jointly analytic, and 1Gw,z)| <5/n. We now
define wg(z) =0, w,,1@)=Gw,(2),z), and use some more
simple estimates to show that w,(z) converges uniformly
on {z :z/ZneD\B,,(K)} to some w(z) which solves (3.10),
satisfies — 1 <w <0 for real z, is analytic on {z:z /2n

€ D\B,(K)}, and is O(1/n) there, thus implying all the
conclusions of the theorem.

To investigate the validity of the remainder of Conjec-
ture 2, we approximate E;(k) in the neighborhood of
{(1 = m?)/2n} by expanding cotmVw +1 and cothmvz —w — 1
about their respective poles; letting u =(1 - m?) —z, we
have that (3.9) is approximated by
1 2 1 2m?

1
=t =+ ————— A =0
T omw 7 7w tw)

or

w2+(u +y"[mz—+—1])w+ vau=0 (3.11)

with
v,= (1 +nan/2)",

For each # the solution w of (3.11) has a pair of square

root branch points, at u=—v,(m?~ 1) £i2mv,; this indi-

cates that E; (k) has square root branch points located at
(approximately)

2
h=(1-v,) l—;n—m—ii%lfﬂ, m=1,2, cos,

which verifies Conjecture 2 of Sec. 1 with x,(z)= (1-v,)
X (1 - #*)/2n and v,0) = kv,/n. Since in this case M,
=0(Vn) (i.e., there are O(Vn) branch points in a finite
region of the 4 plane) we have p,=sup,! v,0)| =0(Vn v,/
1) =0(1/n*/?) while mingd %, (1) — x,0) 1}~ ixy(n) -~ x(0) i
E const/n. The reason p, is not exponentially smaller
than ming 1%, () — x,2) 1} as it is in the previous two
models is that the A5(x) barrier does not prevent tun-
neling very effectively; to mimic this facet of the other
models, one would have to take A tending to infinity ex-
ponentially fast as n — .

4. RELEVANCE TO THE ISING MODEL

Do the features of the foregoing models apply to the
Ising model? The essential elements present in the
models of Sec. 3 are:

1. Existence of an order parameter, which is effec-
tirely the expectation value of the symmetry breaking

term S in the Hamiltonian.

2. Polarization, i.e., a division of the eigenvectors
into two sets of opposite sign of the order parameter.
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Hence, as k varies, the picture of two stacks of chips
in relative vertical motion is applicable., There may
also be a set of unpolarized states, but these are of
higher energy.

3. Smallness of the level crossing region (as the low-
est level on one pile crosses levels in the other pile)
compared to the spacing (in k) between level crossing
regions. This justifies the picture that for “most” val-
ues of & levels in one stack move independently of the
other stack.

4. Depletion of levels and narrowing of the spacing in
the metastable stack as & approaches k.

The polarization is important because, as discussed
for the anharmonic oscillator, it implies that for large
enough [Imk! there should be no level crossings be-
tween levels in opposite “stacks” since the sign of ImE/
Im# is approximately proportional to the value of the or-
der parameter. The absence of such level crossing in-
dicates analyticity away from the negative real axis.

The actual size of the level crossing region in the com
plex I plane is determined by the size of the matrix ele-
ments of S between states of opposite polarity. This in
turn depends on the amount of “wrong polarity” con-
tained in an otherwise polarized state, which is closely
releated to the tunneling probability for the models of
Sec. 3.

The Ising model has an order parameter, the mag-
netization. It is reasonable to believe that the eigenvec-
tors of the transfer matrix do arrange themselves in two
stacks; this is known to happen in the thermodynamic
limit when k =0. A serious question that arises is
whether element 3 above (or equivalently Conjecture 2
of Sec. 1) should be valid for the Ising model.

Our first guess concerning the spacing between level
crossing regions is that they are on the average of order
27" this corresponds to the assumption that a finite frac-
tion of the eigenvalues of — {1/n) logL (k) lie within a
finite distance of E%(h) and that they are approximately
evenly spaced. To estimate the size of the level cross-
ing regions, we note that (as for the Lipkin model) it is
of the same order as the energy gap at the approximate
(real h) degeneracy. For the approximate crossing at
1 =0, it is known!*!® that

EXN0) - EXN0)=0(e™™).

We suppose that crossings at £#0 have a similar ex-
ponentially decreasing gap except that ¢ is a function of
h. The results of the previous section, e.g., the square
well model, suggests that c(h) decreases as h moves
towards k. If our guess concerning the 2™ spacing be-
tween level crossing regions is correct, then the validity
of Conjecture 2 demands ¢ =c¢(0) > log2 while Property 4
of Sec. 2 suggests that c(i)—1log2 as h—~Ji;or T—T,.

A rough estimate for ¢, along the lines of a similar
calculation by Kac, % suggests that it exceeds log2, at
least for small T and probably for all T <T.. The cal-
culation, in the spirit of the 2X2 matrix discussion of
Sec. 3, involves the transfer matrix L,(0), restricted
to the two-dimensional subspace spanned by the vectors
v,, v_ corresponding to all spins +1 or all spins —1;
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this leads to the estimate
e™"=0((v,, L, (0W.)/(v,, L,(0).)) =7,

Since 28,J~0.88 and log2~0.69, we see that for T <T,,
28J > log2 which supports the contention that ¢ > log2. A
different calculation, which can be found in the early
work of Lassettre and Howe, !¢ also suggests that ¢

> log2 for small enough 7.

5. DISCUSSION

Metastability has been a focus of controversy since
the earliest studies of phase transitions. 1%=1® First, the
very existence of a metastable state can be questioned on
the grounds that, as the system increases in size, the
decay lifetime tends to zero so that it is problematic
whether any metastable state can survive the thermo-
dynamic limit. Second, there are certain models!®=%!
which suggest that the approach to a first order phase
transition involves an essential singularity in the thermo-
dynamic functions. Finally, there is the problem of how
the metastable state terminates?*~%: Is there a well-de-
fined spinodal line? Does the end of metastability cor~
respond to a second order phase transition? In the para-
graphs below we discuss these questions according to
the point of view of this paper.

The possibility thatfo(h) exhibits an essential singu-
larity as £ — 0* has been proposed by several authors!®~%!
based on various droplet or cluster models. They sug-
gest that the singularity is associated with short range
interaction models (such as the Ising model) and thus
that the analytic continuation of mean field type models
(such as those of Sec. 3) provides little evidence for the
absence of a singularity in more realistic models.

The existence of an essential singularity at =0 is
not totally inconsistent with our picture of metastability
in that Conjecture 1 (and some of Conjecture 2) could be
valid with Conjecture 3 invalid. This might occur, for
example, if the size of level crossing regions, p,, and
the characteristic spacing between them, A,, were of
the same order of magnitude as »# — < with the result
that a branch cut develops for f*(k) along the negative
real axis. However, we believe that Conjecture 3 is
valid for the Ising model, with the difference between
short and long range interaction models being manifest-
ed in a more subtle manner: namely, that in long range
models p,=0{(exp(~ 1/A,)?) for some p >0 (as in the
first two models of Sec. 3) while in short range models
p.~ (A,) for some ¢ >1 (as in the third model of Sec. 3).

The question as to whether and how critical droplets
make an appearance in our picture is an intriguing one,
It is tempting to suppose that they somehow correspond
to the eigenstate of L,(k) lying at the common “peak” of
the two groups of polarized states of our “stacks of
chips” picture; in the Lipkin model, for example, this
would be the state ¥(x, 6;), where 8, is the location of
the local maximum of the V, of (3.5). If this were so,
then the value of the free energy along the connecting
sheet(s) of Property 5 of Sec. 1should be a parameter
of the critical droplets.

However, it is just on the subject of critical droplets
that mean field theories and local interaction theories
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differ most crucially. In mean field theory the critical
droplet is a global excitation—in the work of Penrose
and Lebowitz?® it grows to infinity albeit more slowly
then the volume—while for Ising and local theories it
is expected to appear at a finite energy above the meta-
stable ground state. It may be that critical droplets
simply do not appear among the eigenvectors of the
transfer matrix but only are manifested in the statistical
mechanical states of the entire lattice, which are very
different objects. Should our method prove successful,
it may be precisely because we deal with the less phy-
sical eigenstates rather than with states of the entire
lattice.

The end of metastability is a well-defined phenomenon
according to Property 4 of Sec. 2. Thus, as the eigen-
value gap between the metastable ground state and éfs
first excited state tends to zero, a second order phase
transition occurs. This suggests a new numerical
method to search for the spinodal line which is concep-
tually distinct from the Monte Carlo methods of Binder
and Miiller-Krumbhaar. %

As a final subject for this section, we consider the
fact that the Ising model has no dynamics and the idea
that it is for this reason that f*(k) has no singularity at
# =0 and remains real (with no branch cut) along the
negative real axis. Study of the Ising model without
dynamics is analogous to finding the energy of say the
2s level of hydrogen from the Coulomb force while
neglecting the quantized electromagnetic field. Both
systems are idealized since in the real world the same
forces that provide binding (or ordering) also cause the
decay. Nevertheless, solving for the 2s state is a good
way to start work on hydrogen, and we expect that the
idealized Ising metastable states have relevance to,
say, metastable states for models with dynamics, '
where perhaps the free energy develops a cut along the
negative axis with the imaginary part of the free energy
along that cut related to the metastable lifetime. 2
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Factored irreducible symmetry operators
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Irreducible symmetry operators (ISO’s) are defined and their properties are displayed. A method for the
systematic construction of ISO’s in the form of products of interchangeable factors is described. The key to
the method is a set of conditions for directly testing for the irreducibility of induced symmetry operators
formulated in terms of the operators themselves. Detailed examples are presented for the tetrahedral group
and double group. The tetrahedral double group provides an example in which the induction process in its
simplest form fails, but which does yield to a modification of the induction techniques.

. INTRODUCTION

There is an extensive and growing literature including
many monographs!=® describing the application of group
theoretical techniques to physical problems. Typically,
a physical system is described by a Hamilionian, H,
and the collection of operators, G, which leave the
Hamiltonian invariant form a group in the mathematical
sense, The problem that group theory solves is that of
finding a maximal set of mutually commuting operators.
For finite groups the solution of the group theoretical
problem may be formulated in terms of irreducible
symmetry operators (ISO’s) or equivalently, in terms
of the irreducible unitary representations (IUR’s) of the
group.

The term “irreducible symmetry operator” or “ISO”
defined in Sec. II is not universally used in the litera-
ture. Typically, assigning a specific name to these
operators is avoided. Special cases of ISO’s are projec-
tion operators. The page references in the monographs
listed here (Refs. 1—5) refer to discussions focusing
on what are here called ISO’s. To avoid possible con-
fusion the set of objects which form a group shall be
referred to individually as group elements or operators
and the term “symmetry operator” in this context will
be avoided. It is peculiar that the monograph discus-
sions of ISO’s are so brief and incomplete in view of the
fact that these operators are the basic working tools
used in applying group theoretical methods to physical
problems.

The present work was motivated by the empirical
observation that for many finite groups of physical inter-
est (including all nonrelativistic crystalline space group
groups) the ISO’s may be expressed as the product of
interchangeable factors, The idea may best be conveyed
to the uninitiated by a simple example. Consider a
group G consisting of the identity element E and a two-
fold operator C; (CZ_E), The ISO’s for the group are
P,=3(E+C;) and P_=}(E - C;). It follows that E =P,
+P_, P=P,, P°=P_ and P,P_=P_P,=0. Thus, any
set of functions on which the operations of the group are
defined can be decomposed as @ =@, +¢_, where ¢,
=P,Q and @_=P_ Q. And the eigenfunctions of H can
be chosen to be simultaneous eigenfunctions of H, P,,
and P_. The group theoretical problem is solved. For
groups of small order there is little need for more
formal procedures than those just described.

One purpose of the present work is to show that
factored ISO’s may be constructed systematically by
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induction techniques. The key to the induction-based
construction procedure is a theorem given in Sec. III
which gives necessary and sufficient conditions that
induced operators are ISO’s. In the sense that induction
procedures are well known and tests for irreducibility
of induced representations are treated at length in text-
books, the present results are not new and in certain
respects are less refined. For example, the highly-
refined techniques involving the “little group” can often
produce the same results as the present methods (e.g.,
see Ref. 4, Sec. II. 6). The main advantages are prac-
ticality and simplicity. This becomes particularly ap-
parent when time-reversal symmetry is considered.
The present approach allows a high level of flexibility in
choosing the form of degenerate irreducible
representations.

A second purpose of the present work concerns situa-
tions in which standard induction techniques fail. In
general for finite groups there may not exist subgroups
from whose irreducible representations, the irreduci-
ble representations of the group may be induced. An
example of such a group is considered, the tetrahedral
double group, It is found in Sec. IV that a modified in-
duction technique allows the construction of highly
factored ISO’s for the tetrahedral and cubic double
groups.

The only extensive study on the process of expressing
ISO’s in factored form is that of Melvin. ® Melvin as-
sumes that an irreducible representation of the group
is given and gives recipes for expressing the operators
as a product of a “kernel” operator and a “quotient set”
operator. Melvin does not explore the possibility of
choosing the irreducible representations to facilitate
the factorization process. The emphasis in the present
work is to develop techniques for directly constructing
the ISO’s in factored form without knowledge of the ir-
reducible representation,

1. SYMMETRY OPERATORS

In this section certain definitions and results of finite
group theory will be briefly reviewed. These provide the
basis for the definition of symmetry operators and ir-
reducible symmetry operators (ISO’s) and an exposition
of their properties.

An element g of a group G is represented by a non-
singular, square matrix D#(g) of dimension 74 in that
for every pair of group elements g, ¢’ such that g<g’
=g", then D*(g) D*(g’) =D*(g”). The matrix elements
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D*(g);, are complex numbers. The set of matrices

A ={D*(g)} is called a representation of the group. The
number of group elements (matrix representatives) in
the group (representation) is symbolized G°.

The “intertwining” of two representations A and B is
characterized by the (n,%Xng)-dimensional, square super
matrix M(A , B) whose elements are defined

M(A, B)(i,m)(n,j) = (nA/GO)p DA(g-i)UDB(g)mm (1)

where the sum J includes all elements of the group G.
The rows (columns) of the super matrix are indicated
by the double indices (i, m) and (n,j) with £,j=1,...,n,
and n,m=1,...,n5. The symbol g-! denotes the group
element inverse to g, g*g-' =g -g=e, where ¢ is the
identity element.

Representations A and B are said to be equivalent
(A~ B) if ny=ng and there exists a square matrix S such
that D4(g) =SD®(g)S™! for each element g of G. The
symbol S-! denotes the matrix inverse to S, $5-1=51s
=E, the identity matrix. Any representation A’ of a
finite group is equivalent to a representation A by uni-
tary matrices. A matrix is unitary if DA(g)"}=D*(g)",
where the symbol 1 denotes matrix transposition and
complex conjugation. In element form, [D*(g)"!];,
= DA(g)u]*, where the symbol * denotes complex con-
jugation., Representations are said to be identical
{A=B) if for each g included in group G, D*(g)=D%(g).
A representation A is irreducible if M(4,A) is the unit
supermatrix or

M(A, A)i, mycn, 5 = Bin Ojme (2)

If A and B are irreducible unitary representations
(IUR’s) and if A~B, then A =B, then the “intertwining”
matrix is evaluated to be

M(A, B)ii, myn, 1y = 0480130 m (3)

In particular this means that if A and B have no IUR’s
in common, M(A,B)=0. Of course Eq. (3) is just a
compact form of the orthogonality relations.

Symmetry operators are defined with respect to a
group G and unitary representation A,

P(A);; = (nA/GO)gZ DA(g'l)u g (4)
Symmetry operators have properties including:
[P(A)ym]" = P(A) (5)
A
gP(A)mn: kZA; P(A)mkDA(g)km (6)
4
P(A);; PB)n= Ly M(A, B)t,xyr, n P B (1)

The superscript dagger () in Eq. (5) indicates the ad-
joint operator, If an inner product is denoted by (@, ¢;),
then the adjoint of a general operator H is defined by

(B, HO,) = (H' Oy, 0,).

If the symmetry operators are formed with respect to
IUR’s they are called irreducible symmetry operators
(ISO’s). For ISO’s the properties above are altered only
in the case of Eq. (7) which is simplified by Eq. (3) to

P(A)u P(B) =0 ,480;, P(A)"'J" (®)

32 J. Math. Phys., Vol. 18, No. 1, January 1977

The properties described by Eqs. (5)—(8) follow direct-
ly from the definition Eq. (4) and Eqs. (1)—(3). The
following property of ISO’s,
ng M4
£=22 25 27 P(A)p D*(&)pm, )
A m=1 nzi
is obtained most directly from consideration of the
regular representation.

The regular representation R may be obtained by
considering the G’-dimensional carrier space 9%
=(gy,8, **"), where each element of the groupisa
component of the carrier space. Then, g¢*=@*D*(g)
defines the regular representation matrix D®(g). The
complete reduction of R by a similarity transform $
to R’ ={S"1D*(g)S} transforms the space Q% to O% =@%s,
One may choose @% = (P(A)y;, P(A)gy, ..., P(B)yy, )
including ni symmetry operators for each distinct ir-
reducible representation A. In component form the
relation ¢¥ =@ZXS is given by Eq. (4) and the inverse
relation % = @* s is given by Eq. (9). Thus, the rela-
tion between the regular representation and the ISQ’s
provides a broader understanding of the symmetry
operators. The proof of Eq. (9) is left to the reader.
For more discussion of the regular representation see
any of the group theory monographs (Refs. 1—5).

The “resolution of the identity” or “spectral theorem”
is a special case of Eq. (9).

A
e=22; P(A),, (10)
A m=1
in which g=e¢, the identity operator of the group. The
operators P(A),,, which occur in Eq. (10) are projection
operators because [P(A),.,]'=P(4),,, and P(A),. P(B),,
= 8,50, P(A),,m. The projection operators in Eq. (10}
constitute the maximal set of commuting operators that
can be formed with respect to the group. In this sense
they constitute a solution of the group theoretical prob-
lem. Any set of basis functions on which the operations
of the group are defined may be decomposed into irre-
ducible subspaces according to Eq. (10).

In applications it is advantageous to use one projec-
tion operator for IUR A, say P(A);y, and to generate
“partner functions” using the property P(A)y; P{A)y;
=P(A)y;. Thus, if P(A);;@; has nonzero projection,
then so will the “partners” P(A),,0r. In general the
relation

(PA),; 9y, HP(B)U(Z’J) =8,450,,(Qy, HP(A);;D,) (11)

follows from Eqs. (5) and (8) and the assumption that

H is invariant to group operations. Matrix elements be-
tween different IUR’s and between different partners of
the same IUR are zero. Matrix elements for each
“partner” set {P(4),,0,} are identical to matrix elements
for the projected set {P(A);0,}.

One further remark concerning the definition and
properties of symmetry operators is implicit in the
proceeding paragraph. The “partner” operators P(A)y;
with j=1,...,n, contain all possible information about
IUR A. The representation may be found from Eq. (6).
The remaining ISO’s may be found from the IUR and the
definition, Eq. (4), or from the operators themselves
because
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P(A)u[P(A)u]?:P(A)u- (12)

HI. IRREDUCIBILITY AND INDUCED SYMMETRY
OPERATORS

In this section the induction of symmetry operators
for a group G is defined in terms of the ISO’s of a
proper subgroup H of G. The properties of the induced
representations are described and a set of necessary
and sufficient conditions for the irreducibility of the
induced representations is formulated. These results
provide the basis for the systematic construction of
factored ISO’s.

Suppose H is a proper subgroup of G. The group G
may be expanded in left cosets of H;

G=SH, (13)

where S={e, s, ...,5,} is a set of n=G"/H" coset gen-
erators and s, =e, the identity element. Let a={D*(n)}
be an IUR of H with ISO’s defined by Eq. (4) to be

P(a)y;= (n,,/H°)§ D)y, h. (14)

Induced symmetry operators for induced representation
A are defined by the “partner” operators

P(A)11y¢p9) = Sp Pla)yy, (15)

where p=1,...,nand j=1,...,n,. The induced rep-
resentation A is of dimension n, =nXn,. The remaining
symmetry operators for the representation A are found
with the aid of Eq. (12). The adjoints of the partner
operators of Eq. (15) are

P(A)ppan =Pla)s;t. (16)
A general induced symmetry operator is given by

P(A)airion =Pty n PA) @iy an = S, Pla)ysit. (17)

It is easy to show that the induced representation A is
unitary. Consider an arbitrary element g of G. In the
double index notation of the induced representation
Eq. (6) is

n g

gPA)airopy = ,7;\( Q P(A) ety D (@ oy - (18)

It follows immediately that the induced matrix repre-
sentative is

DM Q) (rryisny :Zh; D*(h)y; A(g°Sp, Sy R), (19)

where the function A(g, g’) has the value 1 if g=g’ and
is 0 otherwise. Hence,

DA(g-i)(N)(rk) = Z,P De(hY), (g v s, Sp nt)

=[DA(g)<rk)(,j)]* (20)

and the induced representation A is unitary. The right
member of Eq. (20) follows from the unitarity assumed
for IUR a and because A(g™s,, s, k') =A(gs,, s, h).

Thus, the induced symmetry operators defined by
Eq. (15) or Eq. (17) carry a unitary representation A
with matrix representatives given by Eq. (19). The
induced unitary representation A need not be irreduci-
ble. The conditions for irreducibility may be expressed
in terms of the symmetry operators. The induced sym-
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metry operators will be ISO’s if Eq. (8) holds or in the
double index notation of the induced representation

P(A) e (95 PA) gy aty = Bpgriaty PAaunisn -
(21)

The irreducibility conditions, Eq. (21), may be ex-
pressed in terms of the induced symmetry operators,
Eq. (17), as

8, P(@) y; S5} S, P(@)gu ST = Biyrynaiy Sp P@yy st (22)

Equation (22) is automatically satisfied for the case

p’ =q because a is an IUR. The general irreducibility
conditions may be simplified further. When p’#g4, the
right member of Eq. (22) is zero. The left member of
Eq. (22) is a linear combination of group elements with
coefficients which are complex numbers. Such an object
will be zero only if each of the complex coefficients of
group elements is zero and it cannot be made zero by
multiplication from the left or right by group elements.
Hence, the irreducibility conditions can be rewritten
as

P(a) s, hP(a)y s5 =0, r=2,...,n, (23)

where Eq. (22) with p’ #¢ has been multiplied from the
left by s;! and from the right by s, s7! with s;'s,=s,h.
Using Eq. (6), Eq. (23) becomes

Z_:)[P(a),.,s,P(a)‘,ms;‘]D“(h)mi=0, r=2,...,n. (24)

The irreducibility conditions may be stated in the follow-
ing theorem.

Irveducibility Theorem: Necessary and sufficient con-
ditions that representation A of group G induced from
IUR a of subgroup H be irreducible are that

P(a)y; s, Pla);s;1 =0, (25)
where i,j=1,...,n,and p=2,...,n=G"/H".

The proof is nearly complete with Eq. (24). Equation
(25) are necessary conditions because they are special
cases of Eq. (22), the general irreducibility conditions,
Multiply Eq. (25) from the left by P(a);. and from the
right by s, P(a);;s;! and use Eq. (8) to obtain

P(a)y; s, P(a) ;551 =0. (26)

Now Eq. (26) is identical to the coefficients of D%(h),,
(in square brackets) in Eq. (24) which is an alternative
form of the general irreducibility conditions. There-
fore, the conditions of Eq. (25) are sufficient and the
proof is complete.

The conditions for irreducibility require that the
projection operators for IUR a, P(a);;, annihilate with
all conjugate projection operators s, P(a)“s;‘. It might
well appear that these conditions offer little improve-
ment over the conventional character tests for irreduci-
bility (see, e.g., Ref. 4, pp. 140—162), Certainly, it
would be awkward and tedious to apply the conditions of
Eq. (26) to a sizeable group when the projection opera-
tors are represented as in the definition, Eq. (4). The
utility of the irreducibility theorem resides in that it
provides the basis for the systematic construction of
ISO’s in the form of products of interchangeable factors.
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TABLE L. Operations of the tetrahedral group and double
group. The first column gives the symbol for the group opera-
tor. The effect of the group operator on a 3-space vector
denoted by the three~tuple (x,y, 2) is listed in the second
column under the heading *R,,,. Spin-space transformations
are listed in the third column (labeled °R,,,,) in the form °R,,,
=°E cos(nm/m) +°Rg, sin(nn/m) as discussed in the text. The
last column lists the unit vector appropriate to the transforma-
tion (if any). 9E is the identity spin transformation and °E, a
rotation in spin space by 360° about an arbitrary axis.

Symbol SRogm Room R,
E, .3, 2) o -

E, (x,,z) °E,=~CE -

Ca &,~y,-2) °Cp ¢,
Cy (~x,y,—2) °Cyy (o
Cp (—x,-y,2) °Cy ¢,
Tous (v,2,%) (=9E +V3T,,)/2 7,
Ty (z,%,7) (=E =V3T,,)/2 T,
Ty (-, 2,—x) (=SE+V3°T,)/2 T,
Ty (—z,~x,) (—=%E =v3°T,)/2 T,
Tys (=3, -2,%) (=CE+V3°T,)/2 f,
Ty (z, =%, =) (—E-VIoTy/2 1,
Ty (y,—2z,-%) (=%E +V3°T,)/2 T,
Tyes (=2z,x,—9) (—°E ~-V3°T,)/2 T,

Often each factor itself is a projection operator and

the application of the irreducibility theorem can be done
by inspection. Trivial examples of factored symmetry
operators are well known, For example, in the case
where the structure of a group allows it to be expressed
as a direct product G=HXK of two normal subgroups

H and K, the ISO’s for G are simply products of the
ISO’s for H and K separately. The factorization of an
ISO must always be associated with structure inherent
in the group. Conversely, the presentation of ISO’s in
factored form reveals structure inherent to the group.

In the next section the process of constructing ISO’s
as products of interchangeable factors will be discussed
more generally and in the form of explicit applications
to the tetrahedral group. The case of the tetrahedral
double group is of interest in that it provides an exam-
ple of the smallest subgroup of the cubic double groups
for which the systematic construction process fails in
principle. An alternative procedure is devised to treat
this case.

1V. THE CONSTRUCTION OF FACTORED
{RREDUCIBLE SYMMETRY OPERATORS

Suppose that a group G has a normal subgroup H with
coset expansion G=SH. The ISO for the identity repre-
sentation of H is P(H,)=(1/H°) T ,h. It is convenient to
suppress the indices (11) on ISO’s corresponding to one-
dimensional IUR’s, Since H is a normal subgroup of
G, the conjugate operators s, P(H,) s;! = P(H,) and an
induced representation with respect to IUR H of H must
be reducible by the irreducibility theorem. However,
even if the coset generators s, cannot be chosen to form
a group the set of operators G, ={s, P(H,)} form a group
isomorphic to the factor group G/H. Clearly, the ISO’s
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for the group G, are expressible as a linear combination
of coset generators with complex coefficients multiplied
by P(H,). The connection with Melvin’s work® is evident.
P(H,} is Melvin’s “kernel” operator and the linear com-
bination of coset generators is Melvin’s “quotient set.”
It may be possible that G; and H can be decomposed into
subgroups thereby allowing further factorization. The
failure of a given IUR of the subgroup to allow induced
IUR’s can often be a useful insight into the basic struc-
ture of the group.

More general construction procedures for factored
ISO’s using subgroup techniques can be formulated in
the operator language. Suppose that a proper subgroup
H of G=SH has a one-dimensional IUR with ISO P(H,),
The conjugate operators spP(Hz) s;1 formed with respect
to the coset generators S can be classified according
to whether the quantity Q(H,), = P(H,) s,P(Hz)s;1 is zero
or not, If Q(H,), =0 for all p except s;=e, then by the
irreducibility theorem the induced representation is an
IUR. When Q(Hz), is nonzero for one or more s,#e,
several possibilities arise. First, if s, P(H,)s;! = P(H,)
for one or more s,#e¢, then the set {s, P(H,): s,P(Hz)s;1
= P(H,)} which includes P(H,) is in general a multiplier
group (see Ref, 5 for a discussion of multiplier groups).
If s, and s, are included in the set and s,s,=s,%, then
s, must also be in the set of coset generators which
commute with ISO P(H,). It follows that (s,P(H,))(s P(H,))
=5, hP(H,) = (s, P(H,)) D"2(1), where the factor D"2(p) is
the one-dimensional matrix representative for element
k in TUR H, of H. The previous statement confirms that
the set of operators is a multiplier group, In this case
the test for irreducibility of the induced representation
indicated a larger subgroup to be considered for induc-
tion and provided information about the structure of this
larger subgroup which may be used in finding its ISO’s.
The second possibility is not favorable. In the case
Q(H,), is nonzero for one or more s, =e and no simple
relation can be found between operator P(H,) and the
conjugate operators s, P(H,) s;’, the method fails. Al-
though there are many groups of physical interest for
which induction techniques can be used successfully,
there are also groups for which the method fails.

The tetrahedral group and double group are now con-
sidered as illustrations of the induction methods. The
groups operations are expressed in terms of symmetry
axis unit vectors. There are three twofold axes:
C,=(k,0, 0), éy =(0,1,0), €,=(0,0,1), and four three-
fold axes: T,=(1,1,1)/V3, T,=(1,-1,-1)/"3,
f,=(-1,1,-1)/3, T,=(-1,-1,1)/V3. Active rotations
in the right-hand sense about an axis defined by a unit
vector R, by an angle 8 =n2n/m are denoted by the
symbol R,,,. Indices n,m =1 are suppressed. A pre-
superscript s(o) distinguishes between operators on
space (spin) coordinates in situations where an ambiguity
might arise; otherwise the presuperscript is suppressed.

The operations of the tetrahedral group T are listed
in Table I. Spin-space transformations are expressed
in the form

'Rpam ="E cos(um/m) + "Ry, sin(nn/m), (27)

where
“Rgp=—iR,*0 (28)
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TABLE II. Multiplication and commutation relations between
selected operators of the group DT, the tetrahedral double
group. The double group relations of part A may be specialized
to tetrahedral group relations by setting E,=1, Hybrid opera-
tors are defined in the text, Egs. (48)—(50).

A. Relations between selected tetrahedral double group
operators:
CpCp=EsCpCyp=Cyy CpCrp=EyCppCp=Cy,
CpCyp=E;CypCpyp=Cpy CCyp=CpCyy=CpCp=Ey
CeeTous= TousCras

CoT2u3= T2u3Cyar  CyaT2u3= Toy3Con:

CoThus=T1usCorv  CyeTaus™ TuwiCr2s  CroThus= TrsCrr
B. Relations between hybrid operators and selected double
space group operators:
CuCuw=CyCy= CyaCua= Ez, CyqCyq=EqCyCoy=Cy»
C4C,= EoC,Cy= Cuwtr CuCiwa=E3€C,4Cp=Cyy
CuT28=T28Cw» CuwTius= T4u3Cus
CyT23=TozCol=E —V3C)/2, Ty;3€C4=Cyl=E+V3C)Ty,3/2,
CaTuus = TrusCal= E+V3C)/2, TyusCy=Cy(=E ~V3C )T, /2.

is given in terms of the matrices ¢l,=0,, j=1,2,3,
The matrices 0; are homomorphic to the Pauli spin
matrices and have multiplication properties,

040, ="Eb;;+ 10y 0. (29)

In listing the spin-space transformations an explicit
choice of spin representation is not made. The multi-
plication properties of spin-space operators do not de-
pend on the representation. The spin-space transforma-
tions are expressed in terms of rotations by 180° about
the symmetry axes R, because their multiplication prop-
erties are simple,

RyRy=—-R,* R, °E = (R, X R,) (- i0), (30)

where ﬁaXﬁb is the vector cross product and I%, 'I%,, is

the vector dot product. Also, spin representations may
be chosen to be compatible with the double group ISO’s

and simplify their application.

The choice of spin representation may be made on
the basis of geometrical considerations. For the present
purpose it is convenient to consider spin space to be
two-dimensional. It is trivial to extend the method to
deal with four-dimensional Dirac spinors. The usual
representation for the Pauli spin matrices is

(01 ﬂ_(o-i> (0
1"\1 0/’ "*7\s 0/ MWT\o -1/

where indices 1, 2,3 correspond to the coordinate axes
x,¥,2. The Pauli spin matrices ; satisfy Eq. (29).
Alternatives to the conventional Pauli representation
may be constructed with respect to any orthogonal set
of real unit vectors @,b,¢ =axh. Let

(31)

O, =% 0=n0,+n,0,+#,0, (32)
where # is @, b, or & The multiplication properties

of the operators 0,, 0,, 0, are isomorphic to the opera-
tors 0., 6,, 0, which are also defined by Eq. (32) with
n=%, 9, or Z, the coordinate axes unit vectors. Conse-
quently, the matrices 0,, 0,, 0, may be represented by
the Pauli spin matrices
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(33)

Then, Eq. (32) may be inverted to obtain the represen-
tation associated with the coordinate axes,

O,=m, Op=Tp, O0,=T;.

0, =#"80, +# b0, + 7 - &0, (34)

where n=x,y,2z and #=%, 9, 2. The effect has been to
choose the Pauli spin matrices to correspond to particu-
lar directions in space other than the coordinate axes.

Double group operators simultaneously transform co-
ordinate space and spin space. They may be represented
as R, = R, 4n"Ruem- The tetrahedral group T has one
normal subgroup V={(E,C,,C,, C,). The coset expan-
sion of T with respect to V is T=C;V where the coset
generators may be chosen to be the group C;
=(E, Tyus, T4ws). In the case of T, the operator T,,;
=(T4,3)% = Tws- The tetrahedral double group DT has
two normal subgroups, the trivial subgroup consisting
of the identity and rotations by 360° (E, E,) and the
double subroup DV =(E, C,, C,,, C,;) (E, E;}). The coset
expansion of DT with respect to DV is DT=C;DV. In
the case of DT the operator Ty, = (Taps)? = E;T 5. Again
C, is a group. Note that in Table I are listed all the
operators for T plus E,. The remaining operators for
DT are obtained from the tabulated operators by multi-
plication by Ej.

Having defined the groups and characterized some
aspects of their structure it remains to exhibit the com-
mutation properties of selected operators before the in-
duction-factorization methods may be used to obtain
ISO’s. Only those operators exhibited in the coset de-
composition are needed. These are listed in Table II,
Part A, The properties listed apply to the group T if
E, is set to unity.

In seeking the ISO’s for the group T the subgroups V
and C; will be considered first. Group V is the direct
product of normal subgroups of V, (E,C,,), and (E,C).
Hence, the ISO’s are immediately found to be

P(Vy) =4(E+C {E+C), (35)
P(V)=3(E+C,)0E-Cy), (36)
P(V,) =3(E - C)(E +Cy), (37)
P(Vy)=H{E - Ca)(E - Cy). (38)

The group C; is a cyclic group of order three. The ISO’s
are

P(Wy) = (E + Tpp3+ Tyy3)/3, (39)
P(W,) = (E + wTy,3 + 0 Ty,;3)/3 = P(W,)*, (40)
P(W,) =(E + wTy,3+ wTy,3)/3 = P(W,)*, (41)

where w =exp(i27/3) is a cube root of unity. Next the
conjugates ISO’s for V are checked for possible induc-
tion. It is found using Table II, Part A that T,,,P(V,)
=P(Vy) Ty, but Ty P(Vy) Ty s = P(V,) and

Tyu3 P(Vy) Ty,3=P(V;). Inducing with respect to P(V,)
produces reducible symmetry operators while inducing
with respect to P(V;) gives an IUR by the irreducibility
theorem. Now the operator set C; P(V,) is isomorphic
to C;. Hence, the ISO’s for T include three one-dimen-
sional ISO’s,
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P(Ty) = P(W,) P(V,), (42)

P(Ty)=P(W,) P(V}), (43)

P(Ty) =P(W,) P(V,), (44)
and one three-dimensional IUR with ISO’s,

P(Ty)yy=P(Vy), P(Tyyy=FusP(Tois,

P(T3)13= TpysP(Ts)11, P(T5)2g = TauaP(Ta)yss

P(T3)y=P(Vy), P(T3)yy = TyusP(T3)yy, (45)

P(T3)gy = T3P (T3)ss, P(T3)32= T33P (T3)s3,
P(T3)33 =P(Vy).

In treating the double group DT, the normal subgroups
(E, E,) and DV will be considered first. The ISO’s for
(E, E,) are

Q=3E+Ey), @ =3(E-E,). (46)

Both @, and @ commute with all operators of D7, and
neither operator can be considered for induction. The
coset expansion of DT with respect to (E, E,)is DT
=C(E, E,) where the set of coset generators is conven-
iently chosen to be the double group operators of T as
listed in Table I. The operator sets DT, =C,Q, and DT,
=C @, are orthogonal in the sense that any operator of
DTy multiplied by an operator of DT is zero because
@¢Q1=0. Since @, is even with respect to E, the ele-
ments of DT are isomorphic to T and the ISO’s for
DT have the same form as the ISO’s for T. In physical
applications Ey=-E and @,=0, so these ISO’s for DT
are physically trivial. Of course, this situation is well
known and always occurs with double groups. The oper-
ator set DT is a multiplier group which submits to the
coset decomposition DTy =C3DVy, where DV,
=(E,C,,C,;,Cp)Q. The analogy to the treatment of

T stops upon observing that although DV

= ((E, C,9)Q)((E, C,;)Q,) is the product of two multiplier
groups, the ISO’s cannot be expressed as the product
of the ISO’s for the multiplier groups. In fact the induc-
tion-based construction breaks down for this case. It is
easy to find ISO’s for DV,

P(V4)11 = %(E + icg‘Z)Ql’ P(V4)12 = Cy2P(V4)11:

P(Vi)ay==CpnP(V)a, P(Viy=3(E~iC4)Q;.
The IUR of DV obtained from Eq. (47) is identical to that
obtained from the Pauli spin matrices, Egs. (28) and
(31). The conjugate projection operators formed with
respect to Cy are not simple and induction fails,

47)

However, it is possible to choose an IUR of DV,
equivalent to that obtained from Eq. (47) which allows
factored ISO’s for DT. What is needed is an IUR with
projection operators which commute with the operators
of C;. ¥From the commutation properties in Table II,
Part A it is seen that an operator proportional to (C,,
+C g +C ) will commute with C;. Since double group
operators are isomorphic to the corresponding spin-
space operators, the construction of alternative spin
representations described in connection with Eqs. (32)—
(34) suggests the definition of the following “hybrid”
double group operators:

Coa=(=2C,+C, +C,)/VE,
C,=(=Cy+Cp)/V2,

(48)
(49)
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C,=(Cyy+Cpy+C,)/V3. (50)
The multiplication properties of the “hybrid” operators
are isomorphic to the operators, C,,, C,y, C,, as is
shown in Table II, Part B. Of course, the above choice
of “hybrid” operators is not unique. In general the
coefficients of operators C,,, C,,, C,,, must be ortho-
gonal, real unit vectors in 3-space. The alternative
I8O’s for DV may be obtained by replacing C, with C,,
and C, with C,; in Egs. (47). In this IUR the hybrid
operator matrix representatives are identical to those
obtained from the Pauli spin matrices. The matrix
representatives for C,,, C,y, and C, are most easily
obtained by inverting Eqs. (48)—(50).

The form chosen for the hybrid operators allows the
operator set DTy to be rearranged into a subset of com-
muting operators, DW= (E,C,)Q{C;, which is a multi-
plier group.

The ISO’s for DW are

P(n, m) = 3(E +imC )@, P(W,), (51)
where n=0,1,2 and m=+1 or -1, The ISO’s have the
property

P(n,m)P(n',m')=P(n,m)d,,.0, ..
The operators of the rearranged set DTy = (E,C,)DW
form a group algebra, but do not form a group or
multiplier group. Nevertheless, the ISO’s may be con-

structed as in the case of induction with respect to a
subgroup,

P(Ty)y3 =P(0,+1), P(Ty)13=CyP(Tyy,

(52)

(53)
P(Ty)yy == CyP(Ty)y3, P(Tye =P(1,-1),
P(T5)yy=P(1,+1), P(Ts)y=CP(Ts)y, (54)
P(T5)yy == C4P(Ts)yy, P(Ts)z =P(2,-1),
P(Tgy=P(2,+1), P(Te)p=CoP(Tey, (55)

P(Tg)yy == CyP(Te)ps, P(Tg)ya=P(0,-1).

In performing the inductionlike process, conjugate oper-
ators were calculated using the relations in Table II,
Part B. The process may be extended easily to obtain
ISO’s for the double cubic group, DO, and the double
full tetrahedral group including reflection planes, DT,.
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The approximate plane rotator model proposed by Wegner can be reinterpreted as a massless, free, lattice,
Euclidean field model. Using this approach, we compute the two-point correlation function and the
magnetization for the spin model as functions of the covariance of the fields.

INTRODUCTION

Stanley, Kaplan, and others' have shown on the basis
of high-temperature expansion that the susceptibility of
the two-dimensional plane rotator model is infinite be-
low some critical temperature. As shown by Mermin,?
this phenomenon cannot be due to spontaneous magneti-
zation. As an explanation, Wegner® (see also Ref. 4)
suggested an approximation of the plane rotator model in
which he can compute explicitly the two-point function.
His result agrees with what is known in one and three
dimensions’ and with infinite susceptibility at low tem-
peratures in two dimensions,

Here we simply reinterpret this approximation: It is
equivalent to a critical Gaussian spin model or to a
massless free Euclidean (Bose) field on a lattice.
Although the latter is not well defined, some quantities
as differences of covariances remain well-defined when
one passes from a massive field to a massless field
(Sec. 2). We compute then the two-point function for the
rotator model in the Wegner approximation in terms of
differences of covariances of Euclidean fields. That
allows us to easily recover Wegner’s results (Sec. 3).
When an external field is added, the model corresponds
to a massive lattice field; in this case we compute the
magnetization in terms of the covariance of the
Euclidean field (Sec. 4).

1. THE PLANE ROTATOR MODEL AND THE
WEGNER APPROXIMATION

To each point / of a d-dimensional lattice Z?, we
attach a classical two-component spin of unit length,
i.e., a vector: 8,=(cos®,,sing;) (ic Z?). We consider a
system of ¥ such spins interacting with ferromagnetic,
nearest neighbor interactions,

H=-J 7. (s,-sj):—J(Z)cos(d)i—rb].), 1)

<i, >

where J >0 and the sum is extended to all nearest neigh-
bor lattice sites. (We use periodic boundary
conditions. )

For any continuous function f(¢, : -+ $,), the average
given by this model is

(fy = [ AP, - dy) expl(BIT ci,i>co8(d; = PNV dop,
[ exp((BI)Y <i, > cos(d)i - ¢j»nNd¢‘i

(2)

37 Journal of Mathematical Physics, Vol. 18, No. 1, January 1977

with

B=(kzT)", kgy=DBoltzmann constant, 7T =temperature.

Since the measure in (2) is periodic, one may let

¢, by run from - = to +« and consider f as a period-
ic function in each variable separately. So in (2} we may
change the integration limits to ~ « and + %« both in the
numerator and in the denominator simultaneously.

The approximation proposed by Wegner consists in
assuming that for very low temperature, the difference
®; - ¢; between neighboring spins is very smalil. So in
(1) we can expand the cosine up to second order:
cos(d; —o;) ~1 =5(d, = ¢,

In that approximation, the average (2) becomes

<f) _ f.:f(‘.bx i ¢,v) eXp((— ﬁJ/z)ZﬂxD((bl - ¢1)2)nNd¢i .
F 2 exp((= BJ/2)F i, (b, ~ )TV d o,

(3)

The denominator of (3) is the “partition function” Z} of
the Wegner model. It can also be written as

N
zye) =/ exp((—ZdM;l PIHBI L O ¢>)ﬁ do; (4)

which shows that the ¢,’s are now Gaussian variables.

So the classical plane rotator model is approximated
by a lattice Gaussian spin model. In fact, this Gaussian
model is singular as we shall see in the following
section.

Il. MASSLESS EUCLIDEAN FIELDS

Let us begin with a massive free Euclidean field ¢ of
mass m and consider its lattice approximation &, (the
field ® at the lattice point ¢%). (We take a unit lattice
spacing, so the lattice is Z?). The measure associated
to this lattice field is

N — N
exp(—(2d+m2)Z<b§+ L)éiéj)l’ldfbi. (5)
i=1 <i,f
If we express this in usual notation for Gaussian spin
models® by letting &, =q(4d +2m?) /% we get

X . ¥
exp (—é— q§+K<;Zi>qiqj>ﬂdqi (6)

i=1
with K = (4d +2m?)!,

For the particular value K = {(4d)™* which corresponds
to a massless Euclidean field, the respective measures
can be rewritten as
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exp (- = 5 ¢ A
p ~8d 5 q;—49; q;

for the spins and
N
exp (—%(iZD (®, -<r>,)2)ndcb, (7

for the massless Euclidean fields.

Comparing (7) and the denominator of (3) and putting
$,=%(8J)'/? we see that the Wegner approximation of
the plane rotator model at any temperature 8 is equiva-
lent to a model of free massless lattice Euclidean field
[or to a Gaussian spin model at K = (4d)™].

Now, Berlin and Kac® have shown that Gaussian spin
models cannot be defined for all values of K. Indeed the
quadratic form appearing in (6) must be negative definite
for the finite volume partition function to exist; this is
the case for K <(4d)™. For such values of K, these
authors compute the free energy in the infinite volume
limit. ® Moreover, the resulting expression (given by an
integral) has only integrable singularities at K =(4d)"?,
thus the free energy still exists for K = (4d)™". However,
for K > (4d)™' it becomes complex so that the model is
no longer defined.

Thus K = (4d)™ is a critical value in the sense that the
infinite volume limit free energy exists but the partition
function (in a finite volume) does not. This is manifested
in the expression (7): The quadratic form in the expo-
nent of the measure is still negative but no longer nega-
tive definite: It vanishes when all the &,’s are equal,

However, from this N-spin singular model, we shall
construct an (N ~1)-spin nonsingular model: Consider
the noncritical Gaussian model. The quadratic form
appearing in (6) can be diagonalized by an orthogonal
transformation® /, =%, V.. ¢, where

1 27 . . . 27 . .
L —— — (7 - — —+ - — G
Vi P (cos 7 (i-1)j-1) sin— (i =1)(j 1))
and we obtain as a new measure

exp (— i (z

i=1

N
-K,\i)zi) Ias,. (8)

The A,’s depend on the dimension. They are computed
explicitly in Ref. 6 but the only thing we need here is
that for all dimensions, A, =2d and A, <2d for =2, ...,
N. Then when K tends to the critical value (4d)™!, Kx,
tends to 3 and the coefficient of the variable ¢, in (8)
vanishes, So the diagonalized form of the critical
Gaussian measure is

Y{1 A
dt, - exp[ ,Zé(z_ 4d) ]dtz sdty. (9)
This explains in what sense the model is singular. The
partition function is infinite because of the /, integral
but the behavior in the N -1 other variables is a usual
noncritical Gaussian model. When we compute average
values of functions depending on /,,..., {, only, the {,
integrals cancel in the numerator and the denominator.
In particular, the differences ¢q; —¢; do not depend of /,
(because of the explicit form of the V,;’s). Thus ¢;—g,
(resp. &,-@,) is a well-defined Gaussian random vari-
able in the critical Gaussian model (resp. in the mass-
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less field model). That is not true for ¢, or &,
themselves.

1. THE SPIN CORRELATION FUNCTION

The two~point function of the rotator model depends
on differences ¢, ~ ¢;; therefore, it can be computed in
a very simple way, using the equivalence between the
Wegner approximation and the massless Euclidean free
field model derived in Sec, 2,

<si's]‘>

. - b, -d,;
=lm(cos(¢; - ¢,)y =1lim cos(—imTi)>N .

o 7). |

:exp( 287 5 11m((d> -3, )N,(,)

=exp (- 5y lim Um(@), @ )0.0)

1

—exp(——B—},m_; lim(C,, —C,,)N,,,,), (10)
where C;;=(®,® )y . is the covariance of the massive

free Euclidean field on a lattice, with periodic boundary
conditions. An explicit computation (see the Appendix)

gives the following result:
12" 1 _explik( -1)]

(Cis=Cisly m= 7\'—,5‘“) 2d +m® =237 cosk,

Taking now the limit » — 0 and then the infinite volume
limit (N— ) we get

1 " sin’(k-r/2)
(si.sj)zexp(— ﬁJﬂ'd fo 4Z:=lsin2(ka/2) dkxo--qu)
(11)

(r=1-1).

This coincides with the result of Wegner. The integral
(11) may be evaluated for d=1,2,3.°

Ford=1, (8;'8,) ~exp(-rl/28J)

for large iri.

for d:Z, (si.5j>~{r}—1/218.l

This quantity tends to zero very slowly as [r| — « and
therefore the susceptibility x ~(1/27)3 .Ir| *8/%7
diverges for T sufficiently small.

For d =3, 'li}rlx (8,8, =exp(-Cst/BJ)#0
P T

Thus we have long range order in three dimensions (it
is also true for higher dimensions).

IV. THE MODEL WITH AN EXTERNAL MAGNETIC
FIELD
Consider now the plane rotator model with an external
magnetic field. The measure is given by
N N
exp(BJ(;) cos(p;~ ;) +ﬂhizl coscb,.)ﬂd(b,.. (12)
i -
Let us see what happens if we expand not only cos(®,
- ¢,) but also cos¢, in series up to second order, as-
suming that in an external field, the spins tend to take
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the direction of the field ( ¢; <1). This assumption is
questionable in the limit # — 0 but it allows us to find
results coherent with those of Sec. 3 in particular for
the value of the spontaneous magnetization in three
dimensions.,

With this approximation we have as a new measure
N 2 — N
exp <- B(2dJ +h); @t + BJ(_;) b, rp,)ndq;,.,
1= ty

or in terms of Euclidean fields

(13)

N
i=1

N
di+ 2 d)iéj)l'ld@,..

exp (— (2d +h/J) 2
17
This measure describes a free lattice Euclidean field
with mass m =vh/J >0; the addition of a magnetic field
in the spin model corresponds to the addition of a mass
in the Euclidean field model, We can now compute
quantities depending on the &,’ s themselves and not only
on differences of & ,'s as before, for instance, the
magnetization

lim{cosé )y

. &, T T
=timos 755), ‘kl—’?<exp[z<¢w .

~ Loy Yo 1
= rpexp (‘ 257 @ f>~'m) T exp (_ZBJ C“‘)’

where C,,;, the covariance of the free lattice Euclidean
field with mass m, is given by

(14)

Co=t [ !
et ), mP+4y 1, sin’(k,/2)

dky~+ ~dk,

(see Appendix).

Now let the magnetic field go to zero. This corre-
sponds to m — 0 in the field model; in that limit C,;
diverges in one and two dimensions and converges for
d>3. (This is only true if we take the limit m — 0 after
the infinite volume limit. As can be seen in the Appendix
the finite volume m =0 covariance is infinite in any
dimension because of the # =0 term in the sum. )

Thus

1hi_r(:]a<cos¢i>,,:0 for d=1,2,

#0 ford=3,4,---.

So in three and more dimensions, there is a discontinu-
ity in the magnetization at 2 =0, since by symmetry
{cos®,),.,=0 in all dimensions.

The value of the spontaneous magnetization in three
dimensions equals the square root of the limit of
(cos(¢; — ¢,)) when 4 ~j! — . This follows from Eqs.
(10) and (14) and lim, ,...C;, =0 by the Riemann—
Lebesgue lemma. (See in the Appendix, C,;, with m=0
and d=3, 1/(6 ~2335_, cosk,) is integrable for &,
el~mm.)
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APPENDIX: COVARIANCE OF THE FREE LATTICE
EUCLIDEAN FIELD WITH PERIODIC BOUNDARY
CONDITIONS

Consider the massive free Euclidean field on the
lattice Z“, i,e.,® the Gaussian random process &, in-
dexed by Z" with covariance (®,%,) =(- 8, +m®)™, where
4, is the finite difference operator which approximates
the Laplace operator A in d dimensions.

A, is defined on the space /%(Z") of square-summable
sequences on Z" by

(&, f)=—2df+ 2. f,

li-ji=t

The operator A =~ 4, +m? is a convolution operator with
kernel

2d +m? ifi=j,

ali =j)= (-1 if li=~ji=1,

0 otherwise.

In order to describe the field with periodic boundary
conditions we consider the subspace /%,(Z") of 1*(Z%)
consisting in sequences periodic in each direction, the
period being a cube of volume N, The periodic field is
defined as before but we replace 4, by AF, the restric-
tion of &, to 13,(Z7),

The Fourier transformation: f; EZ?'ﬂf, exp(—ik-j} is
a unitary map from /%,(Z") onto the space 75, of periodic
square-summable sequences on the reciprocal lattice.
In the first Brillouin zone, i.e., -7, n]!, there are
exactly N allowed values of k denoted by £« ..V
which are symmetrical around O.

Inl/'j:v the Fourier transform of A is defined by

~ Py
A=A,
A is the operator of multiplication by
R N
ay=2_ alilexp(=ik+j)=2d +m® -2 cosk,
J
~2c0sk, -+ ~2cosk,.

Now the covariance C =A™ of the field is a convolution
operator in [%,(Z?) so that C =A"! is the operator of
multiplication by (a,)™'. Then by the inverse Fourier
transform,

(N) .
@ ®)—C 1y explik- (i =7)]
PRSTTYTON GG 2d +mP =239 cosk,

When N — e, the number of allowed values of % in-
creases, so that in the limit # covers [~ 7, 7]*. Thus in
the thermodynamical limit,
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c.ot [ ___explik-(i-))]
“T(@2m? ) 2d+m° =257 cosk,

d'k

L f cos(k - (i -j))
Tat J 2 +m? =239 cosk,
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We show that a positive energy argument of Geroch can be modified to rule out a possible class of
counterexamples to the cosmic censor hypothesis proposed by Penrose.

1. INTRODUCTION

In general relativity, global quantities such as total
energy or total angular momentum of an isolated sys-
tem do not arise as naturally as in special relativity.
The essential reason why this is so is that in curved
spacetime one does hot have the action of the Poincaré
group as a group of isometries. Nonetheless, if the
spacetime is asymptotically flat, such quantities can be
defined in general relativity as surface integrals in
the asymptotic region. However, these global quantities
cannot, in general, be converted into volume integrals
over the interior region, Without such a direct relation-
ship between the global and local quantities, it is diffi-
cult to determine any restrictions on the properties of
the global guantities.

This situation leads one to speculate on the rather
exotic possibility of extracting an unlimited amount of
energy from an isolated system.! First, such a possi-
bility arises if a nonsingular, asymptotically flat space-~
time with physically reasonable matter (positive local
energy density) is allowed to have negative total energy.
Second, such a possibility arises if one can create a
naked singularity starting with physically reasonable,
nonsingular initial conditions. (Roughly speaking, a
naked singularity is a singularity which can be “seen”
from infinity. One cannot predict what will come out
of a singularity, and thus one would not expect there
to be a limit on energy extraction if a naked singularity
were present. ) However, there is evidence for the fol-
lowing conjecture: Spacetimes with either of the above
described properties cannot occur in general relativity.
In the first case this is known as the positive energy
conjecture; in the second case, it is known as the
cosmic censor hypothesis.

The common feature of the possibility of unlimited
energy extraction suggests that these two conjectures
might be related. In particular, it is even conceivable
that the truth of the conjectures—if, indeed, they are
true! —might just be two different aspects of one struc-
tural feature of general relativity. In this paper, we
will find some evidence that this might be the case. We
shall show that a slight modification of Geroch’s! argu-
ment for the positive energy conjecture rules out a
class of counter-examples to the cosmic censor hypo-
thesis proposed by Penrose.?

In Sec. 2, we shall state the positive energy conjec-
ture, Geroch’s argument indicating that the total energy
must always be positive as reviewed in Sec. 3. In Sec.
4 we describe a class of possible counterexamples to
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the cosmic censor hypothesis. We show in Sec. 5 that
in the time symmetric case, these counterexamples are
ruled out by a modification of Geroch’s positive energy
argument.

2. THE POSITIVE ENERGY CONJECTURE

An initial data set for a spacetime consists of a three-
dimensional manifold S on which there are given a posi-
tive-definite metric ¢, a symmetric tensor field p®
(the extrinsic curvature), a local mass density i, and
a local current density J¢ These fields on § must obey
the constraint equations

R—p®pg +p* =241, (1)
Da(pab _pqab) :J”’ (2)

where R is the Ricci scalar of the metric ¢,,, p is the
trace of p®, and D, is the covariant derivative operator
with respect to the metric ¢,,. Furthermore, p and J*°
must satisfy the local energy condition

> (eI, @3)

An initial data set is said to be asymptotically flat if
in the asymptotic region the metric g, approaches the
Euclidean metric not slower than 1/7 and %P ap-
proaches zero not slower than 1/7%, where 7 is any
typical radial distance, (A more precise definition of
asymptotic flatness at spatial infinity is given by
Geroch.®) From now on, an initial data set is always
assumed to be asymptotically flat.

With any (asymptotically flat) initial data set there is
associated a number E whose physical interpretation is
the total mass-~energy of the system, including the con-
tributions both from matter and gravitational field. This
number E is called the Arnowitt—-Deser—Misner (ADM)
energy. E is obtained by performing a flux integral over
a topological 2-sphere in the asymptotically distant re-
gion, Although there are various forms of this flux in-
tegral, they all give the same value for an asymptotical-~
ly flat initial data set. The most convenient form of this
integral for our purpose is the following:

AV - -
E= ¢ /(ZR—pz)dA, )

where A is the area of the integration surface which
asymptotically approaches a metric sphere in the
asymptotic region, R is the intrinsic scalar curvature
of the integration surface, and 3 is the trace of the ex-
trinsic curvature of the integration surface as a sub-
manifold of S.
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We now state the positive energy conjecture:

Positive energy conjecture: For a nonsingular
asymptotically flat initial data set (i. e., all fields on
S are smooth and S is complete in the Riemannian
metric g,), the ADM energy E is nonnegative and van-
ishes if and only if the initial data set is that of
Minkowski space.

3. GEROCH'S POSITIVE ENERGY ARGUMENT

Geroch! has given an argument to establish the
validity of the positive energy conjecture for an initial
data set with S having topology IR? and with p=0, i.e.,
vanishing trace of extrinsic curvature. In this case,
Egs. (1) and (3) imply that R > 0, and this is the only
fact derivable from Eqgs. (1)—(3) which we shall need.

We introduce a function ¢ on S such that the two-
dimensional surfaces {=const in S are nested topologi-
cal 2-spheres with the innermost surface reducing to
a point., For each value of {, set

f)= [@R -3 dA, (5)

where the integration extends over the surface {=const
and R and  denote the scalar curvature and the trace
of the extrinsic curvature of the surface ¢=const,
respectively. Note that by the Gauss—Bonnet theorem

[ Raa =8 (6)

We define a scalar field ¢ on S by ¢»°D,t=1, where r*
denotes the unit outward vector field normal to the 2-
surfaces., Then, using the Gauss—Codazzi equation and
the Gauss—Bonnet equation, the rate of change of f(f)
with respect to ¢ is?

L F)= [ (235D, ¢ + 6555, - oBR + ¢BRIdA, (1)

where 5., is the covariant derivative operator on the 2-
surfaces with respect to the induced metric. Next, we
choose! the 2-surfaces such that

¢p=1. (8)
Then, Eq. (7) becomes

a‘% fO=-zrt)+ / (R +(3%F,, ~ 530 + 202D, D¢} dA
> -~ L1(1). o)

But since f(t) —~ 0 as the surfaces reduce to a point, Eq.
(9) implies f(t) = 0 for all t. By Eq. (4) we have E=> 0.
Equality holds (i.e., E=0) only if p® =0 and gq,, is flat,
i. e., initial data for flat space.

The above argument fails to be a full proof of positive
energy conjecture (even in the case S =1R?) for two im-
portant reasons: (1) The simplifying assumption p=0
has been made. However, there is some evidence! for
believing that all nonsingular, asymptotically flat space-
times must contain at least one asymptotically flat slice
with p=0, If this is true, then a proof for the p=0 case
would prove the positive energy conjecture for all non-
singular spacetimes. Even so, one would still want to
establish the positive energy conjecture in the stronger
form given above in Sec. 2 (i.e., one would like to
prove that an initially regular spacetime must have
E >0 even if it develops singularities later). (2) At
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present, no proof has been given that the family of sur-
faces reguired in the above argument actually exists,
Some intuitive arguments suggest that starting from a
point the evolution equation ¢ =5 will always generate
a smooth family of surfaces which asymptotically be-
come metric spheres at infinity [so that q. (4) applies].
However, this has not been proven. Indeed, when mini-
ma) surfaces (§=0) are present on S, difficulties with
the surface evolution can occur, though the modifica-
tion of the argument given below in Sec. 5 appears to
take care of these difficulties.

4. PENROSE'S PROPOSED COUNTEREXAMPLE TO
THE COSMIC CENSOR HYPOTHESIS

Several years ago, Penrose? proposed a test of the
cosmic censor hypothesis and other commonly held be-
liefs concerning gravitational collapse. His argument
(generalized somewhat) runs as follows: Consider a
spacetime in which gravitational collapse takes place.
If cosmic censorship is right, the collapse should
produce a black hole which should settle down to a
stationary final state. From the theorems of Israel,’
Hawking, ® and Robinson,’ the only stationary vacuum
black holes are the Kerr solutions. The formula for
the area of a Kerr black hole is

Ap=8u[a + (Mt - )V < 167MF, (10)

where M is the mass of the black hole and J is its angu-~
lar momentum,

Consider, now, the initial data for this spacetime on
some earlier spacelike slice S (e.g., at a dynamic
phase of collapse). By the Hawking area theorem® (which
is based on cosmic censorship) the initial surface area
A, of the horizon cannot be larger than the final area, so
that

(11)

Furthermore, since the energy carried off to infinity
by radiation cannot be negative, we have

M<E, (12)

where E is the ADM energy of the initial data set. Thus,
we obtain
Ai < 161TE2,

This inequality is not very useful since we must
know the entire evolution before we can determine the
location of the event horizon on S. However, we can ob-
fain a more useful inequality as follows: The apparent
horizon # is defined as the outer boundary of the region
of § which contains trapped or marginally trapped sur-
faces. /4 itself must be a marginally trapped surface,
and thus it satisfies

(13)

P+ -71) =0, (14)
where P is the trace of the extrinsic curvature of // as
a submanifold of $ and 7? is the unit outward normal to
4 on S. One can show? that &/ must be a topological 2-
sphere (or a disjoint union of spheres) and must neces-
sarily lie inside of (or coincide with) the event horizon.
Let A denote the greatest lower bound of the area of sur-
faces which enclose #/. Then clearly A <A, and, thus,

A <16nE?, (15)
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This equation relates quantities which are determined
directly by the initial data on S.

Penrose’s idea was to find an initial data set which
violates Eq. (15). If such a data set exists, something
must be seriously wrong with the assumptions which
went into the above derivation of the inequality. The
cosmic censor hypothesis is by far the weakest link in
the above derivation, so if a data set is found which vio-
lates Eq. (15), it almost certainly will provide us with
a counterexample to the cosmic censor hypothesis. Of
course, the validity of Eq. (15) for all initial data sets
would not imply that the cosmic censor hypothesis must
be true.

Penrose® originally proposed the above test of the
cosmic censor hypothesis in the context of the collapse
of a shell composed of null fluid, with the spacetime
flat inside the shell and with the shell coinciding with
the apparent horizon at some instant of time. He and
Gibbons ruled out the existence of violations of the above
inequality in a wide class of cases, though they did not
succeed in ruling out all possible counterexamples of
this type.

The general context outlined above is difficult to
analyze because there is no simple expression for 4.
This situation improves considerably in the case of
time symmetric initial data (p® =0). By Eq. (14}, the
apparent horizon is a minimal surface, 3 =0. Hence,
in this case A4 is simply the area of the apparent horizon.

The case of time symmetric, vacuum, initial data
with g, conformally flat was analyzed in detail by
Gibbons, 1% who showed that it is very unlikely that one
could obtain a violation of Eq. (15) with such data sets.
In the next section we show that a modification of the
argument of Sec. 3 rules out—subject to the existence
of the family of surfaces used in the proof—the possibil-
ity of obtaining a violation of Eq. (15) with any time
symmetric initial data set whose apparent horizon con-
sists of a single component.

5. NONEXISTENCE OF A CLASS OF PENROSE
COUNTEREXAMPLES

Consider a time symmetric initial data set whose
apparent horizon // has only one component. As previ-
ously remarked, #/ must have the topology of a sphere.
Consider a nested family of 2-spheres analogous to those
used in Sec. 3, but now with the property that the sur-
face defined by ¢t =0 is //. The family of surfaces for
t> 0 is again defined by the equation

¢p=1. (16)
As in Sec. 3, we assume such a family of spheres
exists and that as ¢ —~« the surfaces asymptotically
become metric spheres in the asymptotic region,
Setting
f)=[@R-p"da, (17)
we find again
d;
L -4, (18)
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i.e.,
2 [exp(t/2)1]> 0. (19)

On the other hand, the rate of change of the area A(t)
of the t=const surfaces is given by

gt- Alt)= [ppdA= [dA=A(1). (20)
Thus, we find

A(f) =C exp(t). (21)
Since, the surface ¢=0 is just /#/, we have

C=A4 (22)

where A is the area of /. Equation (19) now implies
A”z(t)

lim —r— f@) =£(0). (23)
Since # is extremal (?): 0), by the Gauss—Bonnet
theorem we have

f(0y=167. (24)
On the other hand, by Eq. (4), the left-hand side is just

. AVYy 647°/?

%1_“,} /41/(2) ) = pisg E, (25)
where E is the ADM energy. Thus, we obtain

3/2

%’;m’i: > 167, (26)
i.e.,

A <16nE* (27)

which is just Eq. (15)!

Thus, we have found that a modification of Geroch’s
positive energy argument shows Penrose’s inequality,
Eq. (15), cannot be violated in this case. An exactly
similar modification of Jang’s!! positive energy proof
for the spherically symmetric case establishes
Penrose’s inequality for that case also. It will be inter-
esting to see if further relationships exist between the
positive energy conjecture and the cosmic censor
hypothesis. ?
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5 also applies to an axisymmetric initial data set which is
invariant under simultaneous reflection of the axial Killing
field and the normal to the hypersurface. In this case the
apparent horizon 4/ is again a minimal surface, 5: 0, and

S0 again one can show 4 = 167 E2, Actually, since angular
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spacetime, one would like to prove the stronger relation
A = 8r[E2+ (E*= J%)1/2] if the spacetime is vacuum outside the
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A set of six canonical parameters is derived for the 6j coefficient in a way analogous to that used
previously for the 3j coefficient. The procedure involves implicitly a twelve-to-one homomorphism which
reduces the known 144-element symmetry group to a 12-element group. The symmetries are completely
and elegantly described by only five of the six parameters. A further property of the canonical parameters

is their complete independence.

In a previous note,' a set of canonical parameters
was demonstrated for Wigner’s 3j coefficient. The
parameters were shown to possess unique properties,
in comparison with other known parameters. In the
following, an entirely analogous result will be shown
for the 6j coefficient. Needless details of the derivation
will be omitted, inasmuch as it runs quite parallel to
that of Ref. 1.

Wigner’s 6j coefficient may be considered to be de-
fined by the equation®

Ji Jo Js
=(6J)= A(jnajz’ja)A(jx’jsyjs)
Ja js je
XAz, Jas jo) s Jasds)
X (= DM+ DG+, +is+s = D)
X(j1 +j3 +j4 +j5 - t)! (]2 +j3 +j5 +j6 - t)I
X(f —jx _jz _ja)!(t _jl "js _js)!

X(t=jo=js=je) it =js=ds=d)t ], (1)

where the triangular function A is defined as

(x+y_z)!(z+x--y)!(y+z—x)!)‘/2 @)

(x+y+z+1)!

A(x,y,2)=(

if the argument of each of the factorials is a nonnega-
tive integer, and A(x,y, z)=0 otherwise. It should be
noted that the j’s, while in a sense independent, are
nonetheless mutually constrained by the four triangular
functions occuring in Eq. (1),

To obtain the canonical parameters, a set of seven
intermediate parameters is defined first, as follows:
Pr=]2Vistis Tis P2=41tis+ia Fey P3=j1 T2t iy s,
a4,=j) tjs ties do=J2 s tJs, G3=js+jsT s, and g,
=j, +j, +j;. In terms of the p’s and ¢’s, Eq. (1) may be
cast into the following particularly symmetrical form:

(GJ):(FI 5 (&_—&ZL)”Z

3 4 ~1
X2 (= D+ 1)1 (n I (p, - )1 (2 - qkn) . @)
t i=l k=1

Each of the p’s and ¢’s must be a nonnegative integer,
and none of the p’s may be smaller than any of the ¢’s.
The index ¢ runs from the largest g up to the smallest

p.
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The obvious invariance of Eq. (3) under all permuta-
tions of the three p’s and of the four ¢’s shows the 6j
coefficient to possess a 144-element symmetry group,
as was first noted by Regge, 3 who also pointed out that
the symmetry group is isomorphic to the direct product
of the permutation groups of three and four objects. A
24-element subgroup is simply represented in terms
of physically significant interchanges among the j’s.

The remainder involve replacing certain j’s by algebraic
expressions involving the original ones.

Before the canonical parameters can be defined, the
p’s and ¢’s must be placed in ascending order. There-
fore, let p,<p <p, and g, <q, <q,<q,* Then the canon-
ical parameters are defined as follows: n=p_ - q,,
a=q,— 4y, b=9q,~4q, c=q,-q,, d=p,-p,, and
e=p,—p,. These six defining equations may be used
to eliminate all but one of the p’s and ¢’s in Eq. (3);
suppose that only ¢, remains. The summation index ¢
is then replaced by ¢,+s. The limits of the sum over s
are thus from zero to ». The parameter g, may then
be eliminated by taking advantage of the fact that

betpy TP =q, e g, tq,. 4)

Hence q,=3n+a+b+c+d+e. Therefore, finally, the
6j coefficient may be expressed as follows:

(6J)=PRT, (5)
where
P= (_ 1)n~m~vbvc+d+e’ (6)

R=ln'n+a)!n+0)n+c)n+d)!mn+e)
Xnta+d)n+b+d)!(n+c+d)!
X(n+a+e)ln+b+e)lntc+e)t]/?
X[Buta+tbtctdtet+D!Bu+b+c+d+et1)!

X@rn+a+c+d+e+1)!Bn+tat+tb+d+e+1)1]172
(7)

and

T=2.{-10Bn+a+b+c+d+e+s+sl(s+a)l
=0

s

X(s+)(s+c)n=-8)n+d=-s)n+e-s)]"

(8)
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Equations (5)—(8) show that the 6j coefficient, when
expressed in terms of the canonical parameters n, a, b,
¢, d, and e, is invariant under any permutation of ¢, b,
and ¢, or of d and ¢. Therefore, a 12-element symmetry
group is evident, which may be expressed as follows:

(605 a,b,c;d, e)
=(6J)n;a,b,c;e,d)=(6)n;b,a,c;d,e)
=60 b,a,c;e,dy=6I)n;a,c, b, d,e)
=(6J)n;a,c,b;e,d)={6J¥n;c, b,a;d,e)
=60 c,b,a;e,d) =6 n; b, c,a;d,e)
=(8J)n; b, c,a;e.d)=(6J)(n; c,a,b;d,e)

=(61)(n; c.a, b e, d). (9)

By means of arguments similar to those used in Ref.
1, it may be shown that this group is entirely equivalent
to the 144-element symmetry group shown to exist by
Regge. Thus the ordering of the p’s and ¢'s, and the
subsequent definition of the canonical parameters, gives
rise to a twelve-to-one homomorphism, in a way simi-
lar to that shown previously for the 3j coefficient.
Moreover, as before, the parameter » does not enter
into the symmetry operations.
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Another important property of the canonical param-
eters is that they are completely independent. Each
must be a nonnegative integer, but there exist no rela-
tionships among them which must be satisfied, as was
the case with the j’s, as well as with the p’s and ¢’s.

It can be seen that the 6j coefficient will vanish only
if the factor T does so. Inasmuch as the terms are of
alternating sign, the sum may be equal to zero; how-
ever, there are no obvious simple relationships among
the parameters which will necessarily give rise to this
result.

The physical significance of the canonical parameters
remains unclear at present. Their relative mathematical
elegance, however, in comparison with other known
parameters, is obvious.

*Supported in part by Consejo de Investigacidén, Universidad
de Oriente.
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This paper is devoted to the abstract formulation of the generai nonstationary multiple scattering problem
in radiative transfer. We consider the linear operators on curved surfaces. Therefore, the problem is
attacked from the unified and general point of view. Special geometric considered are spherical shells and
slabs. Special cases lead to stationary, instantaneous, and time invariant cases. The extension from
stationary to nonstationary involves the distribution theory and the concept of nonpredictive operators.
Many well —known physical problems in astrophysics are solved in the unified way.

1. INTRODUCTION

Nonstationary radiative transfer problems are rela-
tively unexplored because of the difficulty of their
mathematical treatment. Nevertheless, it is generally
recognized that nonstationary radiative transfer in
terrestrial plantary and stellar atmospheres should be
taken into account for the treatment of particular
transient phenomena. A comprehensive list of refer-
ences concerning previous results on nonstationary
transfer problems up to 1970 can be found in Refs. 1-3.

In 1926 work on nonstationary radiative transfer was
carried out by Milne and Chandrasekhar. ¢ In these
studies the nonstationary radiation field is considered
to be governed principally by various decay rates. At
the same time the problem of radiation through an ab-
sorbing medium in motion was treated by Rosseland,
The general nonstationary multiple-scattering problem
was relatively unexplored until around 1960,

A paper by Preisendorfer® in 1958 indicates that the
method of the principle of invariance initiated by Am-
barzumian and Chandrasekhar can be extended to the
nonstationary case in a slab or plane-parallel media.
At the same time, Bellman, Kalaba, and Ueno have
systematically applied the invariant imbedding tech-
nique to a wide variety of transport problems of prac-
tical interest in the field of radiative transfer, neutron
diffusion, wave propagation, and so on. Some of their
results on nonstationary transport problems in a slab
are presented in Refs, 1, 2, 7, and 8, A more recent
work by Redheffer and Wang® presented a formal ex-
tension from stationary to nonstationary scattering
from a unified point of view. It introduced the nonsta-
tionary star product, the nonpredictive operators, and
some mathematical properties of such systems. How-
ever, it is still limited to the slab or plane-parallel
media.

There are many physical problems in which curved
surfaces must be taken into consideration. This has led
to the study of stationary radiative transfer in spherical
media, by Bellman, Ueno, et al., (1968)° and Wang
(1970). 1 A comprehensive list of references can be
found in those two papers. From the astrophysics point
of view these two papers have succeeded in solving the
Chandrasekhar problem in a spherical shell, Schuster’s
problem in the theory of line formation, and the Milne
problem of the diffusion of light from a central star.

It is obvious that the time is due to consider the non-
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stationary multiscattering problem by taking curvature
into consideration. This paper is devoted merely to the
formulation of those problems. As in Refs. 3 and 10, we
attack the problem from a unified viewpoint, i.e., the
linear nonstationary operators. General results are
presented for curved surfaces. Special geometrics con-
sidered are spherical shells and slabs. In case the
linear operators are stationary, the former leads to the
results of Refs. 9 and 10. The latter leads to the results
of Ref, 3. The general nonstationary operator consists
of three special cases, namely stationary, instantaneous
nonstationary, and time invariant. The mathematical
properties and their solutions will be discussed in our
next paper,

1l. FORMULATION

Let us consider a one-parameter (in space) family of
general radiation field Q. In this field I{x,zu,#)c Q is
the intensity? in a specific frequency at position x, in
direction +u, and in time #, For a linear system of
radiative transfer, input intensity I; and output intensity
Iy are related by Iy=L-1;, I,I; € Q, where . signifies
the bounded operation under the linear operator L, In
nonstationary radiative transfer, if the input is given
by I(x,u,t), the diffused outputs are I*(y,v,t) and
I*(x,-v,1), and specular output is /I(y,v,?), then in
our operator notation we write:

Py, v, 0=T{x,y;0, u;t, 7)+ l(x,%,7),

X, ~v, )=R &, y;—v,u; £, 1) Ix,u, 7),
and

U(y,v, ) =P, y;v,u5t, 7)- Ix,u, 7). (1)

It was introduced in Ref. 3 that such nonstationary
operators may be formally represented by integral
forms, For example,

b «©
I*(y’”’t):f j Plx,v;v,u;t, T)I(x,y,-r)d-r‘fj—”,
¢ Yew

(IL, 2)

where Plx,v;v,u;t, 7) is the kernel associated with the
operator /. Likewise, associated with operators f and
JF, we have kernels

Pix,y;-v,u,t, 7 and Al,y;v,u;)o@*-u)b(- 1),

(IL, 3)

where 5 is the Dirac delta, v*=v*(x,y,u), v* ~v as
y —~x, and
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1
(P-Dv,0,0)= f A, w30, us 01, v, B0 - ) 2L
0

(1L 4)
In a more careful discussion of such operators,

mathematical distribution theory should be used, For
example, Eq. (IL. 2) may be interpreted as a regular
(double) distribution with respect to variables to T and
#. Furthermore, it is necessary that 7 be a -gen-
erating function, i.e., take the identity operator as a
limit in space. More precisely, Plx,y;v,u;l, 7)
—~8@*~u)s(/~ 1) as y —x, AndR and ) are zero opera-
tors as v —x. For more details, see Refs, 3 and 10,
With this in mind, there are certain properties in the
distribution theory used in the analysis which will be
pointed out in the derivation. We assume that all kernels
are differentiabie in the sense of distribution theory.

In Ref. 3 the “nonpredictive operators™ were in-
troduced. A pair of linear operators (7,(;) are non-
predictive if 7,-¢ +7+(,=0, where the subscript de-
notes the partial derivative with respect to time f and 7,
and the product is defined by

(7, 30,051, 7)

1w .
=[S Fe, vy, w1, £)G 6, vw,u; £, TV dE dw,

It has been pointed out that an operator, with the prop-
erty that output depends only on the past input, has the
nonpredictive property. Usage of such properties also
will be pointed out in the derivation.

As in the stationary case the derivatives of P, @,
and A with respect to the space variable x, at x =y,
are phase functions E(x;iv,iu; ¢, 7y and exfension co-
efficients a(x;1)6(v* - u). The parameters { and 7
signify nonstationary. The optional depth used in the
stationary case cannot be easily extended; therefore, it
defeats its original purpose. In view of the integral
form (II. 2), we can introduce a function which mea-
sures the total diffused output versus its input up to
time 7,

1
Cle,y;u, =11 [ POoxs0,u3t, DI, y, T dodT
x[f_ifgl I, u, YdudTt]™.

The nonstationary albedo of single scatteving is defined
as

(IL. 5)

o, u,t)=1im (1/8)C (x,x + A, u, 1), (IL 6)
A=)

As a consequence a new phase function p is defined,

o(x,zu, p(y;xv,xu;l, TV =P(y; 2v, tu;f, 1) (I 7)

for o(x, +u, f)#0; otherwise p =0,

1. EQUATIONS OF TRANSFER AND EXAMPLES

Let us consider the transfer of radiation taking place
in a thin medium where x and y =x + Ax are two bound-
ary points. For Ax small, the input intensity at x is
I{x,u, t); then the total intensity at v is
Hx + Ax,u+ bu,t + Af), where I=I*+1I, The difference
in total intensities is due to attenuation, absorbing and
scattering,

As in Refs, 2 and 3, Au and Af are functions of Ax,
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Taking the limit as Ax — 0, the equation of transfer
for the total radiation field is

4

udxl(x,iu, D=—al,xu;l, 1) I{x,zu, 1)

1
= f olx,v, hple;zu,v;t, 7)-1(x,v, 1) dv,
-1

(L 1)

The right-hand side of the equation in the abstract form
involves the operation - as introduced in (II. 2),

To give some feeling about the abstract operator and
the equation transfer, we shall present a few solid ex-
amples which include some well-known ones in the field
of radiative transfer. The following examples are
presented for two physical geometrics, namely a slab
and a symmetric spherical shell, along with some spe-
cial interpretations of the - operation,

For the spherical shell geometry, I=1I(v,u,!), where
¥ denotes a point on the sphere with radial coordinate
¥, ¥p S7¥ =x;, The intensity in the total radiation field at
¥ directed toward the outside surface at time / is de-
noted I{(r, ~ u,t), and the intensity of the inward directed
radiation is I(»,«, ). And

pr =¥y, 0) =[1- (/v - o)),
as introduced in Ref, 2, along with
vy =00, p,0)={1- (3/)(1 - o)}
and
v, )%= %),
Then we have the equation of transfer for a sphevical
shell

dal 1-4°
217,:{7'* _71;— I+ pd,

(LY. 2)
where I=1I{r ,tu,!) and the subscripts of / denote partial
differentiation, The pu, denotes the inverse of the out-
ward propagation constant and the u_ denotes that of the
inward one. The detailed analysis is an easy extension
of that given in the stationary casem; therefore, it is
not presented here,

For a slab geometry case I=1I{z,+u,!), we merely
replace the radius by the physical thickness z,x, <z <y,
and u=u*=u,, There, the second term in (1L 2) dis-
appears. The result is, for I=1(x,xu,t),

dl

21; =1+ pd, (slab).
With the above geometry in mind, we are ready to
formulate the equation of transfer under various inter-
pretations of the - operation,

(1L, 3)

A. Case 1. Stationary case

The case under consideration is that /=1I(x, %) which
is independent of time ¢, Thus, there is no time delay
between any input and output pair, and the kernels have
the form

ale,zu,t, N=al,u)dlt-1)
and

P,zu,+v;t, )=pK,xu,+0)6(t~2),
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where the 0 acts like the identity under the integral
representation. Therefore, we can write

alx,zu;t, ) Ix,xu, V=al,zu)l(x,tu),
plssu,vst, 7)1, 20, )= pl;u, £ 0)(x, £ D),

and o{x,#}=0c(x). Then the equation of transfer for a
spherical shell reduces to

o 1-u a)
(uayi " P Ir,+u)

1
=—oalr,zu){¥,zu)+o@) j plr,tu, 0)(r v)dy,
-1

(111, 4)
and the equation of transfer for a slab is
Eagl(z,iu):— alz,xu)l(z,+u)
1
+o(r) J. ple,xu,v)(z,v)dv, (111, 5)
-1

Where &, 0, and p are customarily called the attenua-
tion (or extinction) coefficient, the abortion coefficient
and the phase function in stationary case. If Egs. (III 4)
and (III, 5) are subject to uniform boundary conditions
and @, 0, and p are homogeneous with respect to v or z
whichever the case may be, then (IIL 4) and (IIL, 5) have
the exact form and meaning as given by Ueno® and
Chandrasekhar, *

B. Case 2. Instantaneous nonstationary case

The extinction coefficients, and absorption coeffi-
cients phase functions, in this case are functions of
time £. They are products of 8{{— 7} and nonstationary
functions, i, e.,

al,rust, V=alW,xu, )d(t-7),
plx,xv,zu,t, TV =plx,+v,tu, )o(t- 7).

As in the previous case, the operations - reduce to the
multiplication of functions. Therefore, the integral
representations with respect to time disappear as in the
stationary case. The analysis is an easy extension of
that for the stationary case. The equation of transfer
has the form

3 ,1-u* 3 3
.—.+_“___ —_—
(ar 7 au+“*az)1(y’i“’t)

1
=a{r,i(r,xu,t)+o(r, 1) J pryru,v, HI(r,v, )dv
-1

(111, 6)
for the spherical shell geometry and

0 0
—_ 4 —
(u 32 at)l(z,:tu,t)

1
=a(z,N(z,zu,t)+a(z,t) f plz,ru,v,Hi(z,v,)dv
-1
(111, 7)

for the slab geometry, Equation (IV.7) agrees with re-
sults obtained in Refs, 2 and 6. The result of (III, 6) is
new, as far as we know,

C. Case 3. The time-invariant case

Operators in our general formulations depend on the
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absolute values of two times, In this special case, we
assume that these operators are functions of the differ-
ence of two times, i.e.,

alx,zu,t, V=alx,+u,t~7)
and
b, zu, v, t, =pKx,xu,v, -7,

The equations of transfer can be obtained immediately
by replacing the linear operation - by the convolution
operation *, The slab geometry case was discussed in
Ref. 10, and the spherical shell case is again a new
result,

V. TRANSMISSION AND REFLECTION

The differential equations for the transmission and
reflection operators may be obtained when a thin layer
is added to a given medium. This can be accomplished
either by the method of particle counting or by the
method of medium coefficients. The approach used
here follows from the latter method.

The scattering matrix for the nonstationary case has
the form

(i v)*(6 )

where the first term is the diffuse pavt and second is

the specular part, They are different from the stationary
case in the sense that they involve the pair ({, 7) as pa-
rameters and they admit an integral representation

(0. 2). The operators 7, A, and /° have been introduced
in (IL. 1) while operators {//, |/, and ¢ have kernels

(Iv.1)

P(x,y;—v,—u;t, T),P(x,y;v,—u;t, T)

and
A(xyy; -v,~- u)(u = u),
respectively.

The method we shall use is to compare a given scat-
tering matrix to that with a thin layer attached, then
take the limit. It is noted that we do not assume that
operators are commutative and the 6 operator is in-
volved in our integral representation, Therefore, we
cannot assume that the limits of a left-hand and a right-
hand operator under the composite operation [e. g. ,
(IV. 2)] are the same., For example, let #/ be an arbi-
trary operator; we shall compute limits of 6(v* - u) -4
and 4 - 6(v* - u), where v*=v*(y, z,v), and 4 is inde-
pendent of y. We compute

0% = 1) H + 5% - ) 2.

Rl

a * _
5[5(0 -u)-H]=

As in Ref. 11, the symbolic function 6 is differentia-
ble and changing of variables is allowed; therefore,

av*
Y YA SRS LA
=8"(v*-u) Py #H

%é(v*—u)»}/

22y yor

v
[eF4

Bw-u). =4, (V.2)

Zay

where we also used the property that §(v* — u) — 6(v — u)
asy—x,
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For the spherical geometry case, see the previous
section. After some trival computation, the above re-
sults (IV. 2) leads to

2
Sl =) ——osw-w- (S5 L)

Fys (v.3)
For the slab geometry case, the specular part of the
intensity travels in a straight line. Its parameter # re-
mains the same, Therefore, v* is independent of y and

(IV. 2) reduces to
Bt ~ 1) - - V.4

Ert (IV. 4)

To compute the derivative of 4/ - 5(v* -

that apart from O(lv* - v 1?),

u), we observe

Heo@*—u)=4- (5(1'-— uy+ (@* ~ v)% é(v-u)),

where we used the limiting property of v* as stated in
Sec. II. Since (v —#) is independent of z, the first term
in the right-hand side of the above equation disappears.
Therefore,

d / ' 1 o py—— —
P IO ~[H - l) I CERD)

D e* V6l =
az[_ ™ - (v v)6(v = u)

e (-8‘97 (* - v))é(v - u)]

a a * )
=-(5z/*'$‘l -v)

+H Bz a7 (v* -~ U))- 6(v - u),

It should be noted that the analysis also applies when z*
is replaced by .

For the spherical case, we obtain

1 +u 1-4%2 3

=-ow _u)[ vat  yu ﬁﬁ];

(Iv. 5)
details are not presented here. When v* is replaced by
'y, the right-hand side merely changes sign. For the
slab geometry, the right-hand side of the above equa-
tion reduces to the same expression as (IV, 4), because
v*=v, =0 and 6(r - u) commutes with every operator
under consideration.

(4o~ w)

2=y

Let us construct the differential operator equation
which governs the system. This is done by taking two
scattering matrices, one extended from (x,y + A) and
the other from (x, y), and then taking limit as 4—0. To
avoid boring the reader with long and complicated, but
straightforward details, we merely present our results.

The specular operators 2 and ¢ satisfies the differen-
tial equations

(aav “at)P B-p
and (IV. 6)

(ay Y 7) 9= Q
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where i =i, and v=p_ and operators B=B(y;v,u) and
D=D(y,-v;u) are

Br= ga—z_ [G(U* N u) ' ] Z=Y9
Pl *
D= az[ 8(* — w)) -

As for the diffuse operators, we use

3
5l =" 5

the nonpredictive properties as introduced in Ref. 10,
These diffuse operators are governed by

Ernl)r=erpa-qem-s-p,

(ga;, aat—V——)M/ a+b i cd+il/ o), (IV.T)

S R=W+Q)-c-t+p),
and
where

<b 5>_<B+b* §+b*)(b* a
d d/"\D+d* D+d*\c¢ a*

:_U_<pH p+->
20\ p=* p=

and
B:E(,‘ L2 u)’ D:D(y,—v,—u),
~
*B= -é—[ 8ty = ))eny,
a
D.= —a_; [6(1’* - u) * }zayr

pH=ply;xv,2u;t, 7).

Special cases

Case 1. Stationary case

The associative operators / and intensities / are in-
dependent of time, and we may assume that the kernel
of /2 has the form P(y,x;v,u)6({— 7) and all operations
can be expressed as a single integration with respect to
w, see (II. 2), Since operators are independent of time,
all terms involving 3/3¢ and 3/27 in (IV, 6) disappear.
By use of (IV.4), (IV.5) and remarks following (IV. 5),
we obtain the results for spherical symmetry presented
in Ref, 10. This in turn leads to the well-known results
for slab geometry in the stationary case, in which D=0
and B=B,

Case 2. Instantaneous nonstationary case

The kernel associated with the operator / has the
form P{x,y;v,u;f— 7)8(¢t~ 7). Similar to case 1, all op-
erations are reduced to a single integration., But since
P depends only on the difference of £ and 7, say %, the
partial differential in (IV, 6), can be reduced by
observing
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By the results of (IV. 3) and (IV. 4), the equations of a
spherical shell for /2 and Q have the form

3 2 a(y) , 1-0%3
Lapllp_ (22X 4, 27- %\p

3 AV 0 (v) _1+u2_1—u2i>
(8y—vah>Q_—Q<u u’y yu ou)’

where the kernels P=Px,y;v,u; k) and &
=Q(,v;-v,—u;h). As for diffusion, we merely write
down those for 7 and {/ in the spherical shell geometry:

2 8., 8 o 1+ 1-u* 3
a(y, hy\dy Horn™ T yu? yu ou

)T(x,y; v,w; h)
1 dw
= p(y;v,w;h)T(x,y;w,u;h)——
) w

1 1
+ f f W, y;v,w; R)p(y;w,w; h)
0 0

xT(x,jr;ﬁ,v;h)c—Z% d—u_fl—)

1
+ f P(y;v,W;h)P(x,_v;w,v;h)%
0

1 i
+ j f P(x,y;v,w; R)p(y;w,w; h)
0 0

XPx,y;w,u,; h)‘;—w div

and
2 2 3 144 1-v*3 1-u* 3
B T ) L + Ly Z
a(v,h) (ay (u+v) oh  yu? Yo U yu au)

XWx,y;v,w;h)

1
=p(3';v,-u;h)+fp(y;v,w;h)W(x,y;w,—u;h)dw
0
1
+f W(x,y;v,—W;h)P(y;—w,—u;h)i}—w
0

1 1
+ f f Wi, y;—v, —w; h)p(y; —w,w)
0 0

XW(x,y;ﬁ,u;h)dﬁ%g

As for the slab geometry, v, =v*=v and in the above
equations the left-hand sides contain only the first and
second terms, the other parts of each equation remain
the same. As for the specular equation, it only contains
the first term on the right-hand side and the left-hand
side remains the same,

Case 3. Time-invariant case
In this case
T, y;0,u;t, V=T (x,y;v,u,t- 1)
and

We,y;v,~u;t, V=l (x,y;v,—u;t - 7).
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The diffuse equations for the spherical and slab
geometrices remain the same. However, all operations
in the general form for the diffuse operator now can be
expressed as the convolution operation * with respect to
time. For example,

2 (8, @ e 1+ l—uzi)
o(y,h) (ay oh u yu® yu  ou

XT @, y;0,w;h)
1
=f p(y;v,w;h)* [ (x,y;v,w; k)
0
1 pt
+j fp(/(x,y;v,w;h)*[)(y,w,@;h)
o Jo

*T(x,y;@,z);h)%dﬁ

dw

i

+ j P(y;v,W;h)*/?(x,y;H',v;h)7;
A :
1 1

+f fP(x,y;v,w;h)*i)(.v;w,ﬁ;h)
0 0

*/’(x,y;ﬁ,W;h)%wdﬁ

and

2 3 o 1+t 1-0? 1-uza)
=+ (L + )= - + + -
o(y, k) (ay (w+v) oh  yu? Y yu  du

X/, y;v,w; k)

1
=p(y;v,-u;h)+ f b(y;v,wih) i/ (x, y; w, ~ u; h)dw
0

1
dw
+ f We,y;v,—w; by p(y; —w, - u;h)—l;
0

1 1 _ duw
+f fH/(x,y;—v,-w;h)*M/(x,y;w,u;h)d@;,
0 0

and likewise and true for the other equations,
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Geometry of superspaces with Bose and Fermi coordinates
and applications to graded Lie bundles and supergravity*
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The geometry of superspaces with Bose- and Fermi-type coordinates is presented from a coordinate
independent point of view. Various geometrical quantities of conventional manifolds are generalized so as
to be applicable to superspaces. It is shown that these generalizations can be basically arrived at
algebraically by replacing, in the definitions of various geometrical quantities, the Lie derivative of the
conventional manifolds with a generalized graded Lie bracket. Explicit expressions for connection
coefficients, Riemann curvature tensor, etc., are derived. The general formalism is then applied to graded
Lie bundles the relevance of which to supergravity theories is demonstrated.

. INTRODUCTION

The understanding of supersymmetries in four-dimen-
sional space—time'™ has been the subject of many re-
cent papers.® Although the manner in which such sym-
metries are to be made use of in particle physics is far
from clear, a number of their mathematical properties
have been elucidated. In particular, it has become clear
that their group theoretic and algebraic properties fall
within the domain of graded Lie groups and graded Lie
algebras. =7 Several authors®'* have also discussed
some of the geometrical properties of manifolds involv-
ing both Fermi and Bose coordinates. For example,
expressions in a coordinate induced basis for connection
coefficients and contracted curvature tensor of a super-
space are given by Nath and Arnowitt, ®

The main purpose of this paper is to give a general
coordinate independent discussion of the geometry of
manifolds involving both Fermi-type and Bose-type co-
ordinates. ' We refer to such manifolds as superspaces
and extend various notions of modern differential geom-
etry so that they will be applicable to them. Among
these notions are the metric, connection, curvature,
wedge product, exterior derivatives, etc. An important
step in generalizing these concepts turns out to be the
generalization of the Lie derivative, or the commutator,
to a more general Lie bracket implicit in graded Lie
algebras.

The geometry of the superspaces is presented in Sec,
II. Starting from general definitions, we derive expres-
sions for various geometrical quantities of the super-
space and often illustrate them with simple examples.
Although it is not the purpose of this paper to give de-
tailed field theoretic applications of such geometries, a
simple example is given in Sec. HI of how one constructs
a fiber bundle with four-dimensional space—time as its
base manifold but with a graded Lie group as its struc-
tural group. It is shown that it is possible to construct
a locally supersymmetric Lagrangian from the gauge
potentials (the connection coefficients) associated with
the graded Lie bundle, It leads to a supergravity theory
involving spin 2 and 3/2 fields, which was obtained by
Freedman, van Nieuvenhuizen, and Ferrara'® and then
in its first order form by Deser and Zumino. " In fact,
the Lagrangian we obtain is identical with that of Deser
and Zumino. Locally supersymmetric theories arising
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more consistently from graded Lie bundle geometries
will be discussed elsewhere, 18

1l. GEOMETRY OF SUPERSPACES WITH BOSE AND
FERMI COORDINATES

Unless a change or generalization is necessary,
we follow the notation and conventions of Refs. 12 and
19, except that boldface characters are used in place of
characters with overarrows, To aid the reader who is
familiar with conventional concepts of differential geom-
etry, each concept is first written down for Bose-type
manifolds, and then its generalization to Bose—Fermi-
type superspaces are given, As far as we know, many
of these generalizations are new even in mathematical
literature,

(i) Vector fields, bases, and 1-forms: We begin by
noting that in modern differential geometry the basis
vectors are taken to be identical with directional deriva-
tives. For example, let, in some neighborhood, X*,
w=1,...,n, be quantities whose values X*(P) are the
coordinates of the point P. The operator @, defined by

il
auf:any(Xl,-- X7
is the vector tangent to the lines X* =const (¢# ). The
n operators

{eut=1{2uh,

where p indicates which vector fields, and not which
components, are the prototypes of basis vectors. Since
they are partial derivatives of coordinates, such a basis
is called coordinate induced. The general feature of a
coordinate induced basis {e,} is that

[e.,e,] =0 {coordinate basis).
More generally, however, this commutator is not zero:
le.,e,]=Ck e, (general basis),
where the C}, are the commutation coefficients of the
basis {e“}.
These ideas readily generalize to superspace. Let
Yt'____{){u’ea}, jJ.:l,...,VL, (2-1)

determine, in some neighborhood, the coordinates of a
point P in a superspace with » Bose-type and m Fermi-
type coordinates. Then we define a basis

a=1,...,m,
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{es}={8;}, i=1,...,m+n, (2.2)
where
aif:aiY{f(Xty"';Xn; 91,--0)9"1)' (2'3)

Since the order of various terms now does matter, in
this paper by 9; we always mean differentiation from the
left. We also define the generalized Lie brackets
[ FY: ]
[ei’ej}z eiej_ (—) : Jejei’ (2.4)
{0 if e; is a Bose-type operator
;=

1 if e; is a Fermi-type operator.

Then the basis vectors (2. 2) are the simplest prototypes
of those satisfying the generalized commutation relations

(2.5)

It is clear from (2. 4) that except when both e; and e;
are of Fermi-type (2.4) is just the commutator [e,, ej];
when e; and e; are both Fermi-type, (2.4) becomes an
anticommutator., Therefore, the generalized commuta-
tion coefficients C¥,; in (2.5) are, respectively, anti-
symmetric and symmetric in ¢ and j.

The 1-forms {w*} are defined to be the duals to the
elements of the basis {e,}:

[e,, e,—}:ijek.

", e,)=05",

The simplest prototypes of 1-forms are the coordinate
differentials {dX“} The 1-forms in superspace are de-
fined similarly:

(2.6)

Given a set of basis vectors {e,}, one can expand an
arbitrary vector in the form

U=Ule,

(W', e;) =,

2.7

where the U? are the expansion coefficients (contra-
variant components) of U, The Bose or Fermi nature of
the expansion coefficients depends on whether U is Bose
or Fermi type. Since again the order of various terms
is important, we use the convention that expansion co-
efficients appear to the left of basis vectors.

Similarly one can expand an arbitrary 1-form in
terms of basis 1-forms:
V = Viwi, (2. 8)
the Bose or Fermi nature of V; depending on V.

(ii) The metric: In the mathematical literature, the
metric is defined as a bilinear nonsingular operator
which acts on pairs of vectors to produce c-numbers,
the components of the metric tensor:

g=8u,w" 0w
where, by definiton,
Buv=8w =€,° e, =g(e,, ),
e, = basis vectors,
w” = corresponding 1-forms.

It is well known!*?0 that this definition is equivalent to

the one used commonly in physics, Taking our clue from
these expressions, we take for the metric operator of

53 J. Math. Phys., Vol. 18, No. 1, January 1977

the superspace

g =g ' ® w (2.9)
where now
didj
guy=(=) " g=e 8. {2.10)

It is, of course, possible to further generalize (2.9)
such that g;; would not satisfy (2.10). But much of the
elegance of the geometry described in this paper depends
on (2.10). Moreover, there is no loss of generality
since the antisymmetric properties (or symmetric for
Fermi coordinates) of bases are absorbed into the gen-
eralized bracket (2.5). In the special case where w! are
duals of coordinate bases, i.e., when

W =dY?
then one gets the familiar line element
(ASY =g,,;dYtay?,
The contravariant components of g are defined such that

&g = bk 2.11)

(iii) The directional covariant derivative operator Vy:
The important defining properties of this operator are
that (a) acting on a tensor field it produces a tensor of

the same rank, (b) it is linear in U,
Vi 0atyu, =/1 VU, 12V, 2.12)

and (c) it acts as a derivative operator on functions and
tensors

VUf :Ufa
Ve ®T)=VyS)® T +S® vy (T).

(2.13)
2.14)

In a similar fashion we require that the directional co-
variant derivatives in superspace have the properties
(2.12) and (2.13), but replace (2.14) by

Vu(SBT)=Vy(S)oT + (=) s*Vse v, (T). (2.15)

(iv) Generalized Lie devivatives and tovsion: As we
shall see below, to explicitly calculate the connection
coefficients, we need the concept of a “generalized Lie
derivative.” Conventionally, the Lie derivative / y(V) is
defined as the commutator

Ly(V)=[U,V]. (2.16)
As a most natural generalization of this we take
Lu(V) = /Mu(V)=[U, V}, (2.17)

where the generalized bracket is given by (2.4). For
example, with respect to basis vectors {e;}

/Hei (ej) :[e,-, ej]f
—e;e;— (=) ee,. (2.18)

For conventional manifolds a torsion tensor is defined
as

T(U,V)=Vy(V}) - Vy(U) = £ x(V).

Then the vanishing of this tensor, or its coefficients in
a coordinate basis is the mark of a torsion-free
manifold:

Vy(V) = Vy (U)=/Ly(V)=[U, V] (torsion-free manifolds).
(2.20)

(2.19)
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Analogously, we introduce a tensor field F(U,V) in
superspace as follows:

F(U, V) =Vy(V) = (=) T V95(U0) = M o (V).

Clearly, the nonvanishing of this tensor indicates the
presence of torsion. The converse is not true, however.
That is, the vanishing of F(U, V) allows for a particular
type of torsion which arises as a result of the noncom-
mutativity of the Fermi-type coordinates.

(2.21)

Just as torsion-free manifolds for which T(U,V)
vanishes are an important subclass of general Bose-
type manifolds, consider the subclass of superspaces
for which the tensor F(U, V) vanishes. Then we have

Vu(V) = (=) 7Oy (U) =/Mu (V) =[U, V. (2.22)

In this case, as in the case of torsion-free manifolds,
the connection coefficients can be determined uniquely.
In more general cases when (2, 22) is not satisfied to
determine the geometry completely, one must also
specify the torsion coefficients Ff, or supply an equiva-
lent set of information,

(v) Conmection coefficients: Since V, carries a tensor
field it acts on into a tensor field of the same rank, then
the quantity v, (e,) is expandable in terms of the basis
set {e;}: ¥

,.(e) =T%e,. 2.23)

The quantities I'}; are called the connection coefficients.
They are formally obtained from the expression

I = (W, v, (e;)). (2.24)

These are immediately applicable to superspace without

any modification.

To uniquely determine the connection coefficients
when (2. 22) is applicable, we need one more require-
ment, that of the vanishing of the directional covariant
derivative of metric tensor:

Vylg)=0.

For Bose-type manifolds, this is, of course, the usual
requirement, Applying the operator V,=V, tog, we get

(2.25)

V(g ' ®w’)

=[gisn~ (=) 0Ty + ()49, ;) | wi B W',

(2.26)
Then (2.25) leads to
Zijyu= (=) PPN Ty + (=)% 4T ). (2.27)
Next we note from (2.22) and (2. 23) that
Dy~ (=) Th; == Chp. (2.28)

Solving these two equations for the connection coeffi-
cients, we get

Tk =8 Tuy, (2.29)
where

Lo :%(—)(uim‘j)ak[(giiyk +Cy 0 (=)ricsroiarra ok

X (gag, 1 + Cags) = (=)

o+, &

R ghg, s Cuip))s (2. 30)

C!kizglic;k- (2.31)
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For manifolds with torsion one must use instead of
(2.22), the general expression (2.21). Then instead of
(2. 28) one gets

&~ o, o A
F!tk" =)+ r‘k’/: - C;k + Fy')u (2, 28a)

where FJ), are torsion coefficients. Then, instead of
(2, 30) one obtains

T =g Thy= 38" Tray~ Fipp

_ (_)agupa{apajaka” _ (_)akajF‘u], (2, 303.)

where the coefficients I'y;, are given by (2. 28).

It is to be emphasized that the order of the indices in
raising and lowering various tensor coefficients asso-~
ciated with superspace are important and must be ad-
hered to in our convention.

(vi) Wedge products and exteriov devivatives: To dis-
cuss other geometrical quantities such as curvature 2-
forms, we must have the analogs of wedge products in
superspaces. The ordinary wedge product of two 1-
forms is defined to be

(2.32)

i.e., the antisymmetric part of w'® w*. A useful quan-
tity in superspace which reduces to the above definition
is the generalized wedge product

WA W =S (w Rwk~ wew’),

W ow = wow -~ ()" ew) (2.33)

when one or both of w! are Bose type this reduces to

(2.32). But when both w’ and w’ are of Fermi type, we
get

WOV =5 (W R W + Wi w?), (2.34)

i.e., the symmetric part of w*®w®,

Exterior derivative or the curl operator is the gen~
eralization of the familiar concept of the differential of
a function, e.g., df. Given a basis {e;} and the corre-
sponding 1-forms {w’}, the action of the operator d on a
function is defined to be

df =e;fwt. (2.35)
In a coordinate basis this is just
df =9, f dXt, (2.36)

More generally, d is an operator which (a) acting on an
n-form gives an (# + 1)-form, (b) ddw =0 for any w, and

(¢) dw' Aw)) =dw* Aw! + ()" w' Adw’ (2.37)
if 0! is an p-form.

From {2, 36) it is easy to see why dd =0 on a function

/i

ddf=2, d,fdX* ndX®,
9,08, is symmetric while dX" AdX" is anitsymmetric.

We define the d operator in superspace with essen-
tially the same properties as it acts on generalized
wedge products:

(a) d acting on n-forms gives (n +1) forms,
(b} ddw =0 for any w,

(c) Given one forms w! and w?,
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dw!' Cw?) =dw! Cw? + ()" %! & dw?, (2.38)

In particular dd in a coordinate basis acting on functions
in superspace gives

ddf =2,;8,fdY? odY?
=23,2,fdX"* AdX" + 3,35 fd6%V de? =0.

The action of d on higher forms can be worked out by
induction.

(vii) Curvature operator and the curvature tensor of
the superspace: The curvature operator R is a mixed
tensor of rank (1,1). Acting on a pair of vector fields
U,V, it gives another vector field:

R(U,V)=VyVy = VyVy~Viu,n
=[Vy, Yv]- Ve, 11-

This is then used to define the Riemann curvature
tensor with three covariant ranks and one contravariant
rank. That is, given R(U, V), another vector W, and a
1-form w we have for the Riemann curvature tensor

Rw; W, U, V) =wR (U, V)(W). (2. 40)

From (2. 39) it is clear that (U, V) acting on W pro-
duces another vector field. So, given a basis {e,}, one
has

R(eu’ e,,)(e,) :Riuu €.

The coefficients on the rhs are the components of the
Riemann curvature tensor. The generalization of these
concepts to superspace again involves the replacement
of the commutators with the generalized brackets (2. 4).
Thus the curvature operator of the superspace has the
form

R(U,V)=VyVy - (=)*7VVyVy = Vi, v
=[Vy, Yy}~ Vv, vy

Using this, the curvature tensor of the superspace is
defined as in (2, 40), and the components of the curvature
tensor in a basis {e,} are given by

(2.39)

(2. 41)

(2.42)

(2.43)

From these one can then proceed to derive Cartan’s
equations for the superspace.

R(e;,e;)(e) =Ry, e;.

(viii) Components of the curvature tensor of supev-
space: As is clear from (2. 41) for bosonic mumfolds the
components of the Riemann curvature tensor are given
in the basis {e, }:

Ry,=(w",R(e,, e)e,)
= (wu’ ([pr V).] - v[.p, n)’ey}
= rﬁx,n - Fﬁmk + I‘S,‘Pg‘p - ngrgx - :)\rsﬁ ’
where {w”“} are the 1-forms dual to the bases {e,}. Ac-

cordingly we write for the components of the curvature
tensor of the superspace

R =<', [V, Vi} = Vg, 0,0) €5)

:<wi;R(em et)ej> (2.44)

=T, — (=) Diget+ (=) *m s ket

(_)a!mpamcx,r:’n‘zr;l - C’;‘lr‘j me (2. 45)
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From this we get from the Ricci tensor of superspace

— pi i LFL ey a‘a oa{a!-mla‘ m y.d
R;y=Ry =T~ (=) "I+ (=)t ™ il

- (m)ernipm et _onr, (2. 46)

Finally, the scalar curvature of the superspace is given
by

R=R!=g'R,,. (2.47)
I11. A GRADED LIE BUNDLE AND SUPERGRAVITY
THEORY

As a simple application of the superspace geometries
developed in the previous section, we consider a simple
graded Lie bundle, i.e., one which has the space—time
as base manifold and a graded Lie group as structural
group. The geometrical invariants of such a fiber bundle
do not as a rule lead to locally supersymmetric scalars,
The reason is that in such a scheme the covariance is
defined only with respect to space--time coordinate
transformations. But it is shown that by using a partic-
ular combination of available gauge potentials it is pos-
sible to construct a locally supersymmetric scalar which
is identical with the Deser—Zumino Lagrangian.

In this case, as well as the Deser—Zumino case, it is
not clear why one should pick such a combination of the
gauge fields involved. A logically more consistent ap-
proach to locally supersymmetric theories will be given
elsewhere.®

The main strategy for the computation of various
geometrical quantities will be the same as that described
in Refs, 12 and 19. But now we will use the appropriate
formulas derived in the previous section for a superspace.

The basis: We begin by writing down the algebra of the
graded Lie group which we want to use as a fiber. It is
the 14-parameter group with generators

{PA:JAB;sa}’ A:O,...,3, a:l,...,4, (3-1)

where P, are the generators of translations, J,5 those
of homogeneous Lorentz transformations, and S, are the
supersymmetry generators. Since this algebra has a
Poincaré subalgebra, most of the necessary computa-
tions have already been carried out in Ref, 19, There-
fore, whenever no confusion can arise we only give the
additional parts which involve the supersymmetry
generators S,.

The fiber bundle of interest to us is an 18-dimensional
manifold, and to describe it we need to specify a set of
18 basis vectors in the tangent space to a point of the
bundle. We take the basis in the vertical sector of the
tangent space to be isomorphic to the algebra (3.1). For
the horizontal tangent space we can take either the co-
ordinate basis

{hu}:{au} (3.2)
or the gauge covariant basis
E,=h, +N2 h, +N22h,; +N%h,. {3.3)

To specify a basis completely, we must specify the gen-
eralized commutators of its elements. Thus in the
gauge covariant basis

{EM:EA; EAbyEa} (3- 4)
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we have
[Eu: Ev]:_FtvEA-F‘:uBEAB—FguEa’
o:[Eu:EA]z[EuyEAB]z[Eu; Ea]=[EA’EB]:[EA’ Ea]:

(3.5)
[EA) EBB']:fX BB Em [EquAB] :fo?ABEB!
(Eaar, Esp ]=f44 swEco, (3.6)
{Eo, Eo =fd5Ea.
In the direct product basis we take the set
{ha, b4, hyup, bk, (3.7)

where

[hu,hv]':[hu;hA]:[huthB]:[hu: ha]=0

and the algebra of the bases in vertical tangent space is
the same as that in (3.6). As demonstrated in Refs, 12
and 19, the connection coefficients N, N28 and N¢ in
(3.3) are the “gauge potentials” of the generators speci-
fied by their upper index. Similarly, the quantities F4,,
Fil F%, are the corresponding field tensors. Since E,
is a Bose-type operator, it is clear from (3.3) and (3, 5)
that NJ and F, are anticommuting objects.

The metric: The computations are most easily carried
out in the gauge covariant basis. So we shall specify the
components of the metric tensor in this basis in which,
by definition, the metric tensor is block diagonal. So we
have for the metric tensor components

- n

Euv,
L mas L
. 3.8
; v Nas 3.8)
| S SN N

P Tes
where
guw=E,*E,=g,,=E,'E,,

Nap=E *Ep=734=Ep* E,,

naB:Ea 'EB:_ nﬁaz"Eﬂ'Ea:
and index A=AA’, g,, is the metric tensor of the base
manifold, and 7,45 and 1415 are Euclidean metrics.

Motion along fiber: By using the Jacobi identities as
well as other commutators, equations of variation of
various quantities such Ff}v, N, etc., along the fiber
can be derived. Many of these which are due to the
Poincaré subgroup have been given in Ref. 20, We
therefore record here those which are new or which are
modified:

805F Y, =—fg Fl,

aAFﬁv:aaFévzos
(3.10)
aaFEv:faBBFiw

aaFau:—fgéFEw

aﬁNﬁ:—ngNiv
IAN® =3, NE=0,
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aaNf:meBN:y
3o NS =—fBNA, (3.11)

Relation between field tensors and potentials: These
are derived!®!® by considering the relation between the
basis (3.4) and (3.7). One gets

Fh=NE - N, +rfNENE, (3.12)

Fi, =N}, —NA, +72 WENC- NONB) - f 4 N2 NE,
(3.13)

FS, =N, = NS, +75 (VNS - NANS). (3.14)

The invariance, or the lack thereof, of various geomet-
rical invariants under local supersymmetry transforma-
tions can be surmised at this stage. The quantity Nf}
appearing in the three F,,’s above is related via our
parallel transport requirement to the connection coeffi-
cients in the base manifold. Covariance with respect to
such a connection is the covariance with respect to
general space—time coordinate transformations with or
without and @ priori does not involve local supersym-
metry. The proper way of ensuring local supersym-
metry is to ensure covariance with respect to a suitable
connection in the base manifold,

Let us ignore for the moment the logical basis of
writing down locally supersymmetric scalar densities.
Given F§, and I\{,B, we can construct the contracted object

e s N FlLy /det(N]).

Also given F£2 and N2, we can construct the contracted

object
N4NSFL .
Clearly, the sum of these two expressions multiplied by

det(N%) is just the first order Lagrangian density. '’ What
is lacking is a logical basis for making this choice.

The connection coefficients: We now specialize the
problem to torsion-free manifolds, These coefficients
can be directly calculated from (2. 29) in the gauge co-
variant basis, The ones which are nonzero are listed

~

below. Witha=A4, A, or a, we have

gc:—éfgc:
r:a:r:u:'—%gpynabFfLm (3.15)
Fﬂv:— rgu:%Fﬁw

I-‘17:1-1/ - { tv}base’

where {2, }pase are the connection coefficients of the base
manifold. In a coordinate basis they reduce to the
Christoffel symbols.

Scalar curvature of the bundle: It is now straightior-
ward to compute various geometrical covariants and in-
variants of the bundle. Here we just write down the ex-
pression for the scalar curvature of the bundle:
R =Rg+ Ry — 18*°8" 14 FiL F1,

~ g g MA E N F o~ 18" as Fin Fl, (3.16)
where
R = scalar curvature of the group manifold,

R,,,.= scalar curvature of the base manifold.
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Now we require that the homogeneous part of the con-
nection in the fiber bundle be related to the connection
in base manifold by the principle of parallel
transport, 1?

NAB _pB8Cpa, 3.17)
and that
guv:nAbNﬁNf' (3.18)

Then Vy(N{) =0 would give F4,=0 so that the contribu-
tion of translation field tensors to R vanishes. By (3.17)
the FA, are then expressed in terms of g,, and the con-
nection coefficients of the base manifold. The last term
in (3.186) is the contribution of the “graded” part of the
structural group. Since supersymmetry transformations
are not incorporated in the base manifold, the graded
part acts more or less like an internal symmetry group,
a feature which is not desirable. The proper way of in-
corporating the graded part is discussed elsewhere. '8

IV. FINAL REMARKS

We have given a self-contained discussion of the
geometry of superspaces from a fairly general point of
view and have derived explicit formulas for the compu-~
tation of various geometrical covariants and invariants.
The general formalism is then illustrated by studying the
geometry of a simple graded Lie bundle and by writing
down locally supersymmetric Lagrangian densities. It is
hoped that this work will help resolve the mathematical
problems involved in dealing with supersymmetries,

The primary aim of this paper has been to clarify
questions which will pave the way for useful physical
interpretations of supersymmetries in particle physics.
But the generalized concepts, several of which are new,
are also of intrinsic mathematical interest. It is quite
remarkable that a simple extension of commutator to a
more general Lie bracket plays such a crucial role in
shaping all the geometrical characteristics of super-
space, Aside from mere elegance and generality, the
coordinate independent approach adopted in this work
was strongly motivated by the desire to display how the
passage from conventional to superspace geometries
could be envisaged algebraically. Once this algebraic
approach to arriving at new geometries is recognized,
one can imagine the possibility of constructing other
sophisticated geometries based on more complicated
algebras. In particular, we conjecture that this point of
view will prove useful in the study of geometries re-
lated to nonassociative algebras,
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Asymptotic twistor space [ is a 4-complex-dimensional Kihler manifold (of signature + + — —) which
can be constructed from an asymptotically flat space-time containing gravitational radiation. The
properties of this Kihler structure are investigated, the Kihler metric being of a particular type, arising
from a scalar 3 with special homogeneity properties. The components of the Kahler curvature K “fs are
found explicitly in terms of the asymptotic Weyl curvature of the space~-time. When gravitational radiation
is present, K %5 0, whereas for a stationary field K %5 = 0. The “Ricci-flat” condition K °2 =0 is found

always to hold.

INTRODUCTION

The theory of twistors provides a novel approach to
the treatment of special-relativistic physics which is
particularly well suited to the description of massless
fields (of any spin) and other conformally invariant as-
pects of physics.!+? The theory can also be used to treat
situations in which conformal invariance does not hold
and when the space—~time is not flat but, as yet, little
work has been published on this. In the present paper
we examine the curved twistor space / which arises
naturally from an asymptotically flat space—time/} in
which gravitational radiation may be present. It is the
presence of this radiation which modifies the structure
of the twistor space from the standard one arising in
the case of flat Minkowski space M, This standard twist-
or space T is a complex four-dimensional vector space,
on which is defined a Hermitian form T of signature
(++=-). [This structure for T is invariant under the
fifteen parameter conformai group C. (1, 3) for M, in
accordance with the local isomorphism SU(2, 2)

- C. (1, 3).] But when (outgoing) radiation is present the
vector space structure of the twistor space is lost. How-
ever, / remains a complex manifold; furthermore it
retains a real scalar field £ defined analogously to the
standard & for T, but which cannot now be regarded as
a Hermitian form owing {o the lack of linear structure
for 7.* The second derivatives of % (once holomorphic
and once antiholomorphic) with respect to the coordi-
nates in / define the components of a Kihler metric on
T |of signature (++- -)|. The curvature K;%¥ of this
Kihler metric had been computed earlier. using a com-
bination of algebraic and geometric arguments, the re-
sult being given in barest outline in Ref. 1. It turns out
that only five of the 100 independent curvature compo~
nents survive, that K% is Ricci-flat (i.e., K%=0), and
that these surviving components can all be expressed
explicitly in terms of standard asymptotic curvature
quantities for the space—time//| which describe the ra-
diation behavior of the gravitational field. These earlier
arguments, somewhat involved conceptually and diffi-
cult to express explicitly, have not been described in
print. Here we present a much more direct approach to
the problem, which shows how these curvature compo-
nents may be obtained by a straightforward computation.
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The discussion given here, as regards twistor theory,
will be essentially self-contained. Some familiarity with
the standard notation for asymptotically flat space—
times will be assumed.

1. KAHLER MANIFOLDS

The definition of a Kihler manifold X can be given in
various different equivalent forms.3~® For our present
purposes, K is a complex n-dimensional manifold® on
which is defined a nondegenerate Hermitian metric G,
obtainable (locally) as a second derivative (once holo-
morphic and once antiholomorphic) of a real scalar field
%, Thus, if 2¢ (@=1,...,n) are local holomorphic co-
ordinates for X, with complex conjugates z*
{@’'=1’,,,.,n"), then the components of G in this co-
ordinate system constitute the nonsingular Hermitian
matrix’

Glll Glﬂ'
2ty
Gnl' oo Gml

Any vector field V (real or complex) can be expressed
in these coordinates as

e e P (
V=1 5-27;4- Fza - 1.2)
The vector field is real if
W= P (= 1Y), (1.3)

It is called holomorphic if W* =0 and V* are holomor-
phic functions of 2° (i.e.. aV*/9z8°=0); it is called anli-
liolomorphic if V* =0 and W** are holomorphic in 2%’

(so the complex conjugate of a holomorphic vector field
is antiholomorphic). A scalar field ¢ is holomorphic if
simply 7¢/72%'= 0 and antiholomorphic if 2¢,/a2% =0.

For many purposes it is convenient to use a single

index for the entire set of coordinates 2'....,2". 2", ...,
2" and write

VE (VWY (D=1, o, ) (1.4)
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Then the components
0 Gy
Gxye 0

Gra= (1.5)

define a (real) Riemannian metric on . This metric is
real because

GPAVr VAzcyA:V,Wv + G,,.W"Vl

is real whenever V is real. A Riemann curvature tensor
R is thereby defined, with components Rpze, the only
nonvanishing members turning out to be those of the
form

(1.6)

Ry‘ltOI, Ryx:,t(, R,:xeal, R-’llpa. (1. 7)
The Kihler metric components G,g., together with
their inverse matrix G*®* for which
GaB'G”' = Oy

.

GG,y = &1, (1.8)

can be used to eliminate all primed indices from a ten-
sor expression by pushing them all into the opposite po-
sition, e.g.,

~ G Gy (1.9)

The surviving Riemann tensor components (1.7) can then
be expressed in terms of the quantity Kyp

po’ e
Topy™ = Tup o= Tupn’

Ky =R ,*=—-R™, =—R*,*=R*", (1.10
It turns out (as we shall see shortly) that K enjoys a
symmetry and a Hermiticity property:

B3 KT = K32 =K S8, (1.11)

Calculations can be made independent of coordinates
by the introduction of an abstract index formulation. In-
dices o, B,...,w, &, ..., ¢, +-- are used here abstract-
ly (so V* is a vector, namely the vector with compo-
nents V¥—the “primed” components being taken as
zero). The corresponding conjugate abstract indices
a’,B’, -+. are not needed since we can write W, for the
vector with components W“'Gaa.. Thus, instead of giving
rise to primed abstract indices, compex conjugation en-
tails the interchange of all upper and lower indices,

e.g.,

™8, =T,7, (1.12)
which expresses the fact that T" =78 ‘ye cOrresponds
t0 Tag’ = T*"® .G ger Gy G . The abstract version of the
Kidhler metric tensor is, with this notation, simply the
Kronecker tensor 85, as follows from (1.8). The Kihler
Hermitian scalar product between vectors U*, V* is
thus

U*Vy =Gope U V¥, (1.13)
The notation is thereby brought into line with that of
standard twistor theory.!s2

The information concerning the curvature, etc., of
the Kihler structure goes into the formal properties of
covariant derivative. In components we have

Ve;ozve,o"‘r?oV', (1.14)
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where the I'§y are the ordinary Christoffel symbols for
the metric (1.5). From (1.1) and (1.5) one obtains

. 3’z
X6
I3 =G 02%3z°% 9z*®

3Bz
22%32%07

I‘:,.:I",,:I"ﬂ;zr",,'-_—l‘:ﬁ,=1":;:=0

Iy =G™

(1.15)
so that

v

AVerwe, el

V.o —wG®,
(1.16)

oW, .o OW, .
Was e _37 3 We, W,”:@?G“ .
The four expressions (1.16) are the component forms of
the respective abstract expressions®

O, V8, O°V%, O,W, O°W,.

The two derivative operators [1,, 0° extend so as to ap-
ply to any tensor quantity T" - in the usual way, so that
the normal additivity and Leibniz properties hold. The

relation to the curvature K"‘ is achieved via

(1.17)

(0,0 - 0" 0, VA = K32 V™,

(0, - Cu 0 Wy <KW, (.18
as follows from (1.10) and the relation

Ve;o;'— Ve;';o=Requ'. (1.19)
Alternatively, the coordinate expressions

Ko+ ==GCrur g g0 + G Gput 3.Grgr s (1.20)

Kapn® =—Tha g (1.21)
may be employed.

We have the vanishing torsion properties

0, Cff =P, f (1.22)

and
Opf=0, OPlr=0 (1.23)

for any scalar f. In fact, relations (1.23) generalize to
the commutation properties

e (1.24)

applied to any tensor quantity. Equation (1. 24) follows
because (1.7) are the only surviving Riemann tensor
components. But a simple “abstract” proof of these facts
can also be given. Choose f to be an arbitrary holomor-
phic scalar on K. Then 0%f=0 (since the component ver-
sion of O%f is G*#'3f/22%'), whereas 0O, f is arbitrary at
any one point. Since the torsion vanishes, we would have
a curvature quantity @F% for which

(@0 - PO, f= 70, .

8
Uy Og = Og0,, C°0

(1.25)
But
PO, f= 00, PF =0,

and similarly if @ and B are interchanged. Thus (1.25)
vanishes, and so Qi‘” =0 because of the arbitrariness at
each point of O, f. The second of relations (1.24) fol~
lows—and the proof of the first is similar.
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The symmetry properties of K37 also follow directly
from the formal properties of I, and &*. The
“Hermiticity”

K32 =K% (1.26)

[cf. (1.11)] is a direct consequence of (1.18) and the
fact that C, and 0% are complex conjugates of one an-
other. (In components, DG:GB,,.DB.) The symmetry of
K34 in @, B follows because

Ko ouf= (e = La )0 f
= U)‘ua uBf“ L]a :‘B‘jva
each term of which is symmetric in o and B8, by (1. 24)

(whether or not f is chosen holomorphic). The symmetry
in A, g follows similarly, so that
Kt =K%, (1.27)
The “Bianchi identities” are correspondingly derived:
o By W) = U (05— Lgy Y Wy
=010 Say Wy ~ K)E:B]Du Wy = K345, W - 0

gives, on expanding the left-hand side and using (1.24),
(1.27),

CaKag =0 (1.28)
and, similarly
CURE Y g, (1.29)

Note that by (1.27) we can re-express these relations
as
“‘aK)L;?L'L: = (aKQ#p

LMREY — SOKED (1.30)

2. KAHLER MANIFOLDS WITH HOMOGENEOUS
SCALAR

All the above properties hold in a general Kihler
manifold. The scalar ¥ need not be globally defined and
is not, itself, considered to be part of the Kihler struc-
ture of K. However, in the situation that concerns us
here, Z has geometric meaning. Furthermore, it has
a certain homogeneity property which can be described
as follows: There exist coordinates z%, 3*’ (possibly de-
firred only locally) for which

L=5(z% 2% (2.1)
is separately homogeneous of degree unity in z* and in
' i.e.,

Az, A2*") = A z2(2®, 2%°). (2.2)
Euler's theorem gives

28 4 =5=2""3 4. (2.3)
and, by taking one more derivative [cf. (1.1)],

2%Gagr =2 g, 7% Gggr =1 g. (2.4)

We introduce vectors Z* and Z,, whose components are
z% and 2*'Gyp,, respectively, whence by (2.4) we have

Z® =%, Zy=L,%. (2.5)
Equation (2. 3) gives
£=2*Z,. (2.6)
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A tensor T%.7, will be called komogeneous of degree
{, ) if its components satisfy

To 08, 32 ) = XTSI (2%, 20). 2.7
By referring to (1.16) and using the facts
2°I%, = (G”"Zi,'x,)'oz“ =0,
(2.8

.
600 ,XZX —-0

(which follow, again, from Euler’s theorem) we have
the “covariant” version of Euler’s theorem

z* l‘ju Tgt.:-':;’ =p Tgt.:::;y

_ (2.9)

Z, MT N =q T,
expressing the homogeneity (2.7). Since, by (2.5), z°
and Z, are defined explicitly from =, U,, and 0% we
see that (2. 9) expresses the homogeneity {2.7) in a co-
ordinate independent fashion. One readily obtains the
homogeneity degrees

= (1,1, z*:Q1,0), Z,:(0,1),
(2.10)
Ut (= 1,00, ¥ (0,-1), K¥:(-1,-1),
where the homogeneity of the operators -i,, ¥ is to be

interpreted as the fact that when acting on a tensor of
homogeneity degrees (p, ), 5, produces one of degrees
(- 1,¢) and =% produces one of degrees (p,q - 1).

Since Z%3=2% 3= 6§ [by (1.16) and (2. 8)] and Z%,,,
=2z% 5, =0 (together with their conjugates), we have

g2 = 8% = Z, (2.11)
and

7B =0, Uy Z,=0, (2.12)

Equations (2.11), (2.12) tell us that (2%, Z,) behaves
like a “position vector” for the space K. Indeed, writing
2% =(2?,z%), we can re-express (2.11), (2.12) as

[-]

rd ;@:62! (2. 13)

the semicolon now denoting the full operation (1. 14),

This analogy with the concept of position vector is
brought out more strongly if we adopt a somewhat dif-
ferent attitude to the space K which is useful in some
contexts. According to this alternative view we allow
the coordinates z* and 2*’ to vary independently of one
another—so instead of using the notation Z** for the sec-
ond set of coordinates, we introduce new independent
quantities*’ »®’, where »*’ ranges over some suitably
small neighborhood of 2*°, for each 2*. The manifold
now becomes 2n-complex-dimensional (i.e., 4n-real-
dimensional) with local holomorphic coordinates z*, u®’
We denote this new space by CA; it is a complexifica-
tion {“second complexification”!) of K considered as a
real 2n-dimensional manifold. The “real slice” A of
CK is given when «®*' =3*", We suppose that © is real-
analytic on X, i.e., analytic in the real and imaginary
parts of z% so that its definition extends holomorphically
(i, e., complex-analytically) to (X, which is assumed to
be a sufficiently small complex extension of X that this
is uniquely possible, Thus,

(2.14)

T =2%, u*")
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FIG. 1.

is a holomorphic function (for each coordinate chart) of
2n complex variables.

The Ké&hler metric and the covariant derivative opera-
tors U,, U% also extend uniquely to CK with the same
formal properties as before, but now we write W, in-
stead of Z:

Z* =1y, W,=0,%, Z°W,=3%, (2. 15)

0,28 =88 =Pw,, =z°=0, O,W,=0. (2.16)
We may think of

Z°ewW, (2.17)

as denoting the “position vector” of a point of CK. As
we hold W, fixed and vary Z*%, we obtain a space which
has a well-defined structure as a vector-space £ (W,).
The existence of this vector space structure follows be-
cause the operators H, commute with each other (1.24)
and satisfy the first relation (2. 16). The vector Z° is
now legitimately a position vector (in the normal sense)
for the space 2 (W,) for each given W,. Similarly, as we
hold Z° fixed and vary W,, we obtain a vector space
W(Z®) for which W, is a normal position vector and 5%
the corresponding gradient operator (see Fig, 1), The
space (K itself does not, however, have a vector space
structure, in general. Although (2. 17) behaves formally
like a position vector, with respect to the operator

(2.18)

[cf. (2.13)], the operators (2.18) do not commute with

one another, the commutation giving rise to the curva-
ture K28, Thus, K expresses the way in which the flat
structure of each Z(W,) gets “twisted around” in rela-

tion to its neighbors, i.e., as W, varies, and the way

in which the flat structure of each i/ (Z%) gets “twisted

around” as Z% varies.

1y
[ ,

As a final remark in this section, we note
(G- )28 =0- 0788 =0
so that
K28Z9=0
and similarly

KX*Wy=0,
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which takes the form
KEPZ,=0
on K.

3. ASYMPTOTIC TWISTOR SPACE

We now specialize the preceding theory to the case of
the space 7 of asymptotic twistors. This space has been
introduced and briefly discussed in Refs. 1 and 2. Here
we give an independent derivation of the properties of 7.

Let /1 be an asymptotically flat space—time, with
future!! null conformal infinity ¢*, Suppose that/) and its
metric g, are such that a conformally related metric
B =0, exists for /T (=/M U 0*) which is analytic in a
neighborhood of every point of ¢, the conformal factor
{2 being also_analytic. Let C/ and C¢* denote complexi-
fications of //l and ¢*, respectively. (At the present state
of understanding it is unfortunately necessary to assume
analyticity for the space—time /. It is to be hoped that
future developments will allow this restriction to be
removed. In any case, a nonanalytic space—time can be
approximated arbitrarily closely by analytic ones. It is
not necessary that the complexification C/| extend very
“far” from the real section /; the radius of convergence
of the Taylor series at each point P of M need only be
some positive quantity e(P), and then e(P) will also de-
fine how far into the complex C/Jj extends at P.)

Certain cross-sections of C¢* have been referred
to!%!3 ag “good cuts”. These are the intersections of C¢*
with null hypersurfaces /A in C//] whose asymptotic
sheay—taking the appropriate measure of shear—van-
ishes. There are, in fact, two measures of asymptotic
shear for //, denoted ¢® and 3°. For a real null hyper-
surface //, we should have had & =0°, but for a complex
N, ¢° and ¢° are independent quantities. We have the
choice to make either 0°=0 or §°=0 (but not both, if
outgoing gravitational radiation is present). The choice
0°=0C has been normally made in earlier work. Here we
select 0°, instead, since this fits in rather better with
the notation for twistor space.

Let u, ¢, and Z be complex Bondi-type coovdinates
(cf. Refs. 12, 13) for C¢*, the points of ¢* being given
by £=2, u real ({ =< being allowed). A “good” cross
section X of C¢* is defined by a “cut function” X =X(, ),
satisfying the equation

Bx=3x, ¢, 1), 3.1)
where X is defined by
u=X(, ). (3.2)

The quantity ¢, in Eq. (3.1), appears only as a param-
eter; for each fixed value &, of £, (3.1) defines a two-
complex-parameter family of curves in (u, ?)- space
which are, in fact, null geodesics on Cd*. As ¢, varies,
we therefore get a three-complex-parameter family.
Each such null geodesic v defines an asymptotic twistor
Z*, but only up fo proportionality.

For the twistor Z* proper (as opposed to the projec-
tive twistor) we require also a “scaling” for ¥, This
scaling will be necessary in order to assign a meaning
to Z=2%Z,, We have one more complex parameter for
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the scaling, so the space 7/ of asymptotic twistors Z¢
will be four-complex-dimensional. This scaling is act-
ually achieved by assigning a spinor m4 at each point of
Y, which is parallelly propagated along v, and for which
1*74 {s a tangent vector to y. The tangent vectors to the
generators of C¢* (corresponding to the parameter u)
are n® where 7° =:474', For any standard choice of :4
and corresponding 74" (where we normally take ¢4 and

74 parallelly propagated along generators of C*¢, with

opr T
T4 =74 on ¢%), the complex number

~Al

Ty =Ty 1 (3.3)

can be used to measure the required scaling for Z°.

To obtain the definition of =, we need to locate ¥, the
complex conjugate geodesic to ¥ on C¢*. Now any locus
on C¢* will have a uniquely defined complex conjugate
locus, namely that which is obtained from the original
locus when the point transformation of complex con-
jugation is applied to C¢*. If real coordinates had been
chosen for ¢*, this would simply be the transformation
sending each point of CJ* into the one with the complex
conjugated coordinates, But with the present choice, the
complex conjugate of the point labelled (4, &, T) is
labelled (#, £, ). Thus, ¥ lies on the (1, {)-plane defined
by = {p. Furthermore, assuming that y is such that »
attains a well-defined value u; on it when £=g,, then
v and ¥ will each meet a (unique) common generator
¢ of C¢*, namely that defined by £ =¢,, £=E,. The
two points of intersection of y and )7 with p will then have
respective u values u, and u,. |We note also thaty is a
member of the two complex-parameter family of curves
in the (u, £)-plane which are defined by solutions X(Z, ¢),
at £ =f,, of 82X(F, £)=0%X, £, £). ] We now define’

T =g — 40) W T T 00, (3.4)
which, by (3.3) and n®=1*7*, can be written
2 =i(ug - o) Ty Ty (8.5)

We shall require a holomorphic parametrization for
the system of Z*’s, so that we can take derivatives of
Z with respect to these parameters, The different solu-
tions of (3.1) for fixed { ={, can be parametrized by
pairs of complex numbers g% p! [constant of integration
for the second-order ordinary differential equation
(3.1)] and we assume that as £, varies, the solutions
(i.e., the curves y) vary holomorphically as p? ut
vary holomorphically. Thus, we have a single holomor-
phic function

X=X{(Z;p%ut, o) (3.6)

of four variables satisfying (3. 1), the different solutions
of (3.1) being functions of T parametrized by u?, pl,

and £,. Thus 1° w1, and ¢, are holomorphic coordinates
for projective asymptotic twistor space P7. To assign
coordinates to the nonprojective space 7, we need to
make sure that the scaling for Z% is also appropriately
parametrized, The quantity 7. in (3. 5) cannot be used
as it stands, since it is actually not a holomorphic co-
ordinate, being dependent on the value of 74 at the inter-
action of ¥ with u (which depends on 7). However, the
spinor 7, itself depends holomorphically on Z*, What
is needed is to choose a component of 74 in a holomor-
phic way (i.e., in a way “independent” of Z,).
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To achieve this, we may conformally rescale the
metric on C¢* so that it becomes flat. The original
metric on C¢* is that induced by g,, and may be taken to
be

44y d¥

& © A1
ds = m+0 du (3.7)

(cf. Refs. 8, 12). We rescale this to flatness by intro-
ducing d§* = (1 +¢¥)* d8*, which is induced on C¢* by the
4-metric

Bu=1+D? 5, (3.8)
The replacement of the vector #* by
B =1+ £t = (1 + gD 0474 = 4k (3.9)

naturally accompanies this rescaling (cf. Ref. 12), and
k® becomes covariantly constant on C¢* with respect to
Z,- We can arrange that x4 and K%' are also covariant-
ly constant on C¢* with respect to 3, (cf. Ref. 14). Now
74 is constant along ¥ with respect to ﬁab as well as
with respect to g, (see Ref. 1, 2), so the scalar
product

r=moK? (3.10)

is constant along ¥ and does not now depend on the inter-
section of ¥ with £ = constant plane. In fact, » is a holo-
morphic coordinate defining the scaling of Z* (¥ being
now “independent” of ¥ or of Z,); substituting (3. 10) and
(3.9) into (3.5), we get (dropping the subscripts on n,,
;;0, €0 and go)

T =2(Z2% Z,)=irr(1 + L) — 1) (3.11)
for the Kihler scalar on 7, or
5 =5(2%, W,) =ir#(l + £0) - 7) (3.12)

for the complexified version C7 of this (with W, =Z,),
where

u=X(@;p’ put, 0,
n=X(; v, uv, 0.

In the case of Minkowski space M we can choose

(3.13a)
(3.13b)

XE@; p% pl, 0) = A+ D) + D), (3. 14a)

R a5, D=+ Lot + p1'g) (3. 14b)
so that

(2%, Wo) =irH(p’ + T~ B - 170). (3.15)
Then, introducing new coordinates

22=irpl, =<irpd, =y, P=-¢ (3.16a)

w =-71Y, Wt =, o =% ¥ ==,

(3.16D)

we obtain the standard flat-space twistor form! of the
scalar product

(2%, Wo) =2%% + 20u® + 2" + 2%t (3.17)

The coordinates z%, as given by (3.16a), may also
be used in the general case for a curved twistor space
7, in place of », p° pi ¢. Notice that p¥ u!, and ¢
are defined by the ratios of 2%, 2!, 2%, z° while » scales
all four proportionally. A similar remark holds for
wo', wt, urz', #*" in relation to the tilde variables.
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Hence, T is indeed homogeneous of degrees (1,1) in
the two sets of variables as is required for (2.2). The
results of Sec. 2 may therefore be applied.

The signature of (3.17), given when w® =2% is
+ + — —. So the signature of G4a:is ++ — — in the case
of flat twistor space. The signature remains constant
under continuous deformations for which the Kihler
metric does not degenerate. The signature of the
Kihler metric of 7 must therefore also be ++ ~ ~.

It is possible to obtain the Kihler curvature of 7 in
a completely coordinate-iree manner, but the details
of this argument are hard to express. Consequently we
summarize here only the direct coordinate calculation
of the components of the curvature tensor. It is conven-
ient to do the calculation in a new holomorphic coordi-
nate system defined on 7 as follows:

N=p0 A=pt, P=r P=t, (3.18)

(Note that = is not homogeneous in these coordinates. )
From (3.11) and (1.5), we obtain the components of the
metric tensor

LRI B A S T
0
* 0 B
1
* 0
2
x BT A
3
X
Gra=
-—.ol -
0 B
e
x 0
7
BT AT
3
(3.19)
with

i+ -X) | a0+ x-2)];
il +)X-X)] | oA +DX-D)] /) *
(3.20)

ir(1+80) X 0 | arrl(1+1D) X 0] ¢
ir(1+ L0 X 1 Iiﬁ[(1+§E)X,u1],E ’

where 7 denotes matrix transposition, - denotes com-
plex conjugation, and commas denote partial derivatives
as before,

Using the facts that 3X(T; u°, 11, ) =8(x, ¢, £) and
BX(G;u”, 1Y, =0%X, £, £), the components of the

curvature tensor given by (1.20) can be written in the
form

Koo . _ =07 ax X
AVBY T IHTE axk B

_ —i’}’; ) %0 X
KA:’;:’S,—(I_‘_g ) (65X+66)a—xj,

Kyg g = (1;:?53 x {F(BX)? + 25X550 + 5250 + 6%
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- [6°(8)? + 25X5 00 + B 200 + %)

X T, 6.21

where A and B take on values of 0 and 1. The &° quanti-
ties are evaluated at the intersection of ¥ with p and the
0% quantities at the intersection of ¥ with p, i.e.,

3%(u, £, ) and 0°@, L, £). The dots denote 3/du and the

% (B) operator is applied to 8°, 0°, and 83° (0°, &°, and
%0%) keeping u and £ (% and ¢) fixed. All other nonzero
components of the curvature tensors can be obtained by
using (1.10) and (1.11).% (3.21) shows that the compo-
nents of the curvature tensor are combinations of quan-
tities K, K;, K;, which have the striking form

K=80"+5°3 - 5% - 5% - 8% (X - X),

K =58 Kyme B, (3.22)

when £ =0, y and ¥ intersect ¢ at the same point
(v =u), and K reduces to

Ko =500+ 5% _ 259 - $%°, (3.23)

The quantities K;, K;, K, are the respective R, R,
and portion of the R part of the gravitational (Weyl
tensor) field of // in a standard notation (cf. Refs. 16,
17), i.e., 97, ¥ and ¥~ P9, R being an affine parameter
on outgoing null geodesics.

The components of the Kahler “Ricci tensor” can be
obtained either from contraction of (3.21) or from the
coordinate expression

13%nlGl
2 ox*ox®
where |G| is the determinant of the matrix Gp,. The
Ricci tensor turns out to be identically zero.

Ka’v:Ku'Avx: (3.24)

As a final remark, we note that if the Kihler scalar
Z is replaced by logZ, then we obtain a Kihler metric
defined on the three-dimensional projective asymptotic
twistor space. This metric becomes singular, however,
on Z =0. It has signature (+ + -) on the region £ > 0 and
(+--) on Z<0. In this form, the Kihler metric bears
strong resemblance to the Bergmann metric!® for bound-
ed domains in C". This may have relevance particularly
when 7 is the twistor space defining a nonlinear gravi-
ton, ¥ since then the full extent of 7 is the region X > 0,
with boundary Z =0. It seems likely that the metric
studied here should also have significance for the study
of such “gravitons. ”

*This research was supported in part by a grant from the Na-
tional Science Foundation.

IR. Penrose and M. A.H. MacCallum, Phys. Repts. C 6,
No. 4 (1973).

IR. Penrose, “Twistor theory, its aims and achievements, "’
in Quantum Gravity, edited by C.J. Isham, R. Penrose, and
D.W. Sciama (Oxford U. P., Oxford, 1975).

38. Kobayashi and K, Nomizu, Foundation of Differential Ge-
ometry (Interscience, New York, 1963},

4y .A.) Schouten, Ricci-Calculus (Springer-Verlag, Berlin,
1954).

K. Yano, Differential Geometry on Complex and Abmost
Complex Spaces (MacMillan, New York, 1965).

%Thus K is 2n-dimensional as a real manifold with a pre-
ferred set of complex coordinate charts related to one an~

Ko, Newman, and Penrose 63



other by holomorphic (i.e., complex analytic) coordinate
transformations.

"Boldface types are used to denote ordinary numerical tensor
component indices in order to distinguish them from the
corresponding abstract indices.® Thus, a, B, +++, a, b, **-,
I, ©, ++* are the abstract versions of corresponding compo-
nent indices &, 8, *+*¢, &, b, **+, T',0, *~ -,

%R. Penrose, “Structure of Space-Time,” in Baitelle Rencon-
tres, edited by C. M, DeWitt and J.A. Wheeler (Benjamin,
New York, 1968).

%There is complete symmetry (via the operation of complex
conjugation) between the operators O, and 0% even though the
coordinate expressions (1.16) look very different from one
another. The asymmetry in the coordinate expressions arises
merely from the fact that the unprimed indices have been
notationally singled out.

WFor many purposes it is convenient to adopt a standard pro-
cedure of replacing “bars” over quantities by “tildes,” so
while a quantity £ would initially have been the complex con-

64 J. Math. Phys., Vol. 18, No. 1, January 1977

jugate of~§, upon complexification we would introduce a new
quantity £ which is independent of £ (cf. Sec. 3). With this
notation w would be written Z.

UThe construction to be described will, of course, equally well
refer to ¢" as to . But for retarded gravitational fields the
structure of ¢~ is identical to that for Minkowski space.

2R, Penrose, “Relativistic symmetry groups,” in Group The-
ory in Non-Linear Problems, edited by A,O. Barut (Reidel,
Dordrecht, 1972).

3R, 0. Hansen and E.T. Newman (to be published).

1R Penrose, Proc. Roy. Soc. London A 284, 159 (1965).

5The curvature tensor of C/ can be calculated in the same
way starting from (3.12). The results are similar with all
barred quantities replaced by tilded quantities.

16E, T, Newman and R. Penrose, J. Math. Phys. 3, 566 (1962).

TE, T, Newman and T. Unti, J. Math, Phys. 3, 891 (1962).
183, Bergman, Math. Surveys, No. 5 (Amer. Math. Soc.,

Providence, R.I., 1968), 2nd ed.
’R. Penrose, General Relativity Gravitation 7, 31 (1976).

Ko, Newman, and Penrose

64



On the existence of localized solutions in nonlinear chiral

theories*

Jarmo Hietarinta

Department of Physics, The Ohio State University, Columbus, Ohio 43210

(Received 17 June 1976)

We study the existence of localized solutions to theories based on Weinberg’s nonlinear realization of
chiral SU(2)®SU(2). The analysis is done by using specific variations of the action integral and then
checking the ensuing global conditions. The following cases are studied: (i) 7 fields only and without time
dependence, (ii) 7 fields with simple time dependence, (iii) 7 fields coupled to gauge fields, (iv) the above
with certain chiral symmetry breaking potentials. We find that only in certain special cases could there be
localized solutions. In most cases the intrinsic nonlinearity of the system does not seem to be enough to

guarantee their existence.

. INTRODUCTION

Recently there has been renewed interest in attempts
to incorporate localized classical solutions into quantum
field theoretical calculations.' This is hoped to give in
some respects better results than the usual method of
quantization, because the essential nonlinearities of the
system are then taken into account nonperturbatively.

Generally speaking, these nonlinearities that support
localized classical solutions can be divided into the
following two types: (a) The nonlinearity is added by hand
(e.g., by adding a spontaneously symmetry breaking
potential) and (b) there is intrinsic nonlinearity in the
system itself due to some symmetry principle (e.g., in
Yang—Mills? theory). We would, of course, prefer a
theory which has natural nonlinearities as in case (b).

A nonlinear theory could also be thought of as following
from linear theory with a constraint, if after solving
for the constrained fields we can express the linear
Lagrangian of all fields as a nonlinear Lagrangian of the
unconstrained fields.

Among theories that have intrinsic nonlinearity we
can include those based on nonlinear realization of
chiral SU(2)® SU(2).? There has already been some in-
terest in classical localized solutions of these sys-
tems?=® and of the associated linear system’ where the
constraint is ), ¢% =1. The purpose of this paper is to
study further the existence of localized solutions to the
nonlinear system.,

By a classical localized solu/ion we mean a configura-
tion which extremizes the relevant classical action in-
tegral. From the semiclassical point of view one ex-
pects that quantization is then taken care of by small
fluctuations about that extremum configuration. To find
this classical solution, the standard methods in calculus
of variations® lead to the Euler—Lagrange equations, In
this paper we in general do not analyze the Euler—
Lagrange equations but instead work directly with the
action integral and get from it some qualitative results.

The functionals that we are considering here are of
the type

Elo]= [ dx/[ (¢*,3,0%). (1.1)
To start with, we assume ¢°<=/}j, where /}j is the space

of bounded continuous functions on §2, with continuous
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mth derivatives. To fully set up the variational prob-
lem, we have to define in addition (i) the set of ad-
missible functions M. There are various types of con-
straints that could be relevant. For example, usually
we assume the values of ¢* and 9,¢° to be fixed on the
boundary of 2. Often some function(al) will be assumed
to have a given value; recently many problems have led
to situations where the constraint has been given by
specifying a topological charge?® for ¢.

To give meaning to local extremum, we also have to
define (ii) nearness for functions. To do that, one usual-
ly starts with /) and defines a norm |[| - || there and then
restricts to M. Then one says that ¢_c M gives, e.g.,

a local minimum if there is a positive real number &
such that

El¢,] <El¢], whenever ¢ = M and || ¢ - ¢ || <5. (1.2)

The following norms often appear in mathematical
literature®:

H¢>||o=mca§|¢(x)!, (1.3a)
e, = max [o(x)| + mgg{%: [ai¢(x)]2}”2 (1. 3b)

Obviously the set of functions near ¢ of (1.2) is small-
er if we use (1.3b). It could be expected that the ex-
istence of solutions to (1.2) depends on the definition of
the norm as sometimes nearby functions y, which other-
wise could give E[y]< E[¢_], could be eliminated by a
stricter choice of the norm.

In the particle interpretation of the solution a global
minimum is more favored. In the quantized version it is
expected that the particle corresponding to a local
minimum would decay to a lower energy configuration
through tunneling, provided there are no conserved
quantum numbers to forbid this. However, if this
tunneling can be considered to take some time, then we
still could consider the solution to correspond to a par-
ticle of finite lifetime. |The ease of tunneling might
suggest a proper definition for the norm. ]

Most of our analysis on the existence of classical
solutions is done using certain specific variations. For
these variations the nearby functions depend on a con-
tinuous parameter n: ¢, = ¢(x;n) with ¢(x; 1) =¢(x).
Consequently, E will be a function of n with E(y) ,_,
:E[¢c]~ If
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loten) - 9.0 =0, asn—1, (1.4)
then a necessary condition for ¢,(x) to give an ex-
tremum of E[¢] is

dE(m)

=M =0. 1.5

an n=1 ( )

The most useful variational conditions are based on

(i) ¢,=¢ (%) and (ii) ¢, =£¢.(x). They have been used
extensively before. ' Of course, one may use these
variations only if they do not violate the constraints of
the problem, e.g., if ¢p(=)=C #0, then (ii) is not al-
lowed. Both variations do conserve topological charges
that depend on the number of zeroes of ¢. In addition to
constraints, we also have to check that the condition
(1.4) is satisfied for the particular norm we are using.
For (1.3) this is done in Appendix A.

In this paper we consider theories based on Wein-
berg’s nonlinear realization of chiral SU{(2)® SU(2). %!t
[For concise definitions, see Appendix B. Explicit
forms in three different but equivalent formulations are
given in Appendix C. ] In Secs. II and IIIl we consider
theories with 7 fields only, first the time independent
case (Sec. II) and then with simple time dependence
(Sec. MI). In Sec. II we also compare the results for
the nonlinear realization with those for the associated
linear but constrained theory. In Sec. IV coupling to
gauge fields is added. We find that there are no classi-
cal finite energy solutions except possibly such that
lim, .., (7*)*=C#0. In Sec. V we add some simple chiral
symmetry breaking potential (without spontaneous sym-
metry breaking), but again our results are in general
negative. Chiral fields with fermions are not
considered,

ll. TIME INDEPENDENT SOLUTIONS
Consider the chiral Lagrangian
= [ 2@,7,)(@"1,)F,,(1%) d*x.

We are looking for time independent solutions and there-
fore our object is to extremize

(2.1)

Elnl=% | 070 m)F,,@*dx. (2.2)
Let us now apply the scale variation 7% =7*(Ax) on
(2.2). We first get
E[m]=2*"E[r]. 2.3)

Since we are only looking for nontrivial solutions with
finite energy, we have 0 < E <=, Therefore, we can use
(1.5) to get the necessary condition n=2 for a solution
to exist.

If we assume that 72—~ 0 as v —©, we can also use the
variation r,(x)=¢7(x). Using this on the form (C8) gives

= f{(aﬂa)(aiwa)Jr%(a )
&=1

X[2(f2 =) +n2 (fF - )2 dix,

Since in*(x)| <f,¥ Xc R" we see that the first order
variation does not vanish unless n* =0, so under the as-
sumption 7(~) =0 the functional (2.2) has no extremiz-
ing localized solutions.

3E
ok

(2.4)

The two-dimensional case that passes the scaling test
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has also been studied by Duff and Isham, * who report of
finding a solution. This is in conflict with our argu-
ments of nonexistence in the previous paragraph. We
are now going to analyze this further. Duff and Isham
use the ansatz

m=f At (p), i=1,2,

50 (2.5)

’

where p=(x?+x2)'/? and x*=x!/p. Using the form (C8)
gives the energy as

Eln*]=fkn foup dola’?/ (1 - a®) +a?/p?]. (2.6)
A change of variables,
a(p)=sinb(p), 6(p)=3y(inp), 2.7

is then used to give for y the familiar sine —Gordon

equation
P (2) - sing(z) =0 2.8)

as the Euler—Lagrange equation. The solution to this is

P(z)=4arctane®, (2.9)
so that
a(p)=sin(2arctanp) =2p/ (1 +p?). (2.10)

The problem with this method is that the change of vari-
ables (2.7) is only allowed if its Jacobian d¢/26 is non-
zero. Now, as p goes from 0 to », the argument 0 in
{2.7) goes from 0 to 7, and we find that for § =7/2,
da/96 =cosh =0,

The nonexistence of solutions to (2.6) can be also
seen by using integral form for the Euler—Lagrange
equation, which now is

20’/ (1=a?) = [" o dp’ 2ala”2(1 —a? 2 +p2] +C. (2.11)

For some fixed C the solution (2.10) should satisfy this
for all p. This is clearly impossible, and instead of
{2.11), the following equation is satisfied formally:

2pa’/(1 - a2)=f0pp’ dp’' 2ala’2(1 - 4?2 +p"2] = CO(p - 1),
(2.12)

where 6 is the step function and C is an infinite constant
C= " 2ap la"2(1 =) +p?]dp’. (2.13)

Therefore, the Euler—Lagrange equation for » actually
has a 5-function singularity.

The clearest way to see that happens is to use the W
formalism (C7). Then we want to extremize

Elr)=fn [” dpola¥ +ain A +ai)®.
The first integral to the corresponding Euler—Lagrange
equation is immediately found to be

(- PP +ai)(l +ajy?=C,

The constant C is determined by o% — 0 and ¢} ~ 0 as
p—, and so C =0. For this value of C the solutions
without corners are

(2.14)

(2.15)

aw=ap, ay=ap’, (2.16)

neither of which is bounded. If the solution (2.10) is
transformed into W representation using (C1) with
(C14), we get
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aw=adgyla®
=[@+p2/ 201 - |1 -p?/ (1 +p%)]]

o (ps1),
Ve (p=1).

This and all the other continuous solutions to (2.15)
have corners. However, such solutions do not ex-
tremize (2.14), because they do not satisfy the
Weierstrass—Erdmann corner conditions® at the corner
point p,:

2.17)

6

~ da’

86

527 2.18)

pw") Py ’

To avoid the restriction to =2 that comes from the
scale variation the following modified Lagrangian has
been proposed®

L=~ | [-38,1°0%°F, (M} d'x.

The condition from scale variation is 2p =n. However,
the analysis with variation 7 — £7 can still be carried
through and leads to the same result of nonexistence.

(2.19)

When we derived (2.4), we had to assume that 72()
=0. This is not very restrictive, since from (2.6) we
see that it is also required in order to have finite en-
ergy for this ansatz. The same applies for (2.19) with
n=3, p=4% and if the hedgehog ansatz is used.?®

So far we have been considering the nonlinear prob-
lem, but since there is an associated linear problem,
let us see how these results would apply to that case. In
the linear theory we would have four fields 7, with a
constraint

3

2 3 =fE.

@=0

(2.20)

We could formally solve for 7, say, and then express
the linear Lagrangian nonlinearly in terms of the 7,’s
only, as in (C8). The difference between the linear and
nonlinear methods comes from the fact that the sign of
7, cannot be uniquely determined from (2. 20), In the
nonlinear theory this sign does not appear in the La-
grangian and cannot be recreated by using the 7.’s,
which are now assumed to give a complete description
of the system. In the linear theory 7, will continue to
carry dynamical information in its sign, although its
magnitude is fixed.

If we look for an interpretation that guarantees the
existence of a localized solution, then it is crucial to
require 7, to change sign at p=1, where 33 r?=f% In
that case the variation n; — ¢7, is forbidden, because
for £ <1, },&%n% <f? always and then 7, would not have
a zero. This sign change was utilized by Honerkamp
et al.” Their solution to the linear problem has 7, as
given in (2.5) and (2. 10), but they also give

To=/fe(1 =%/ (1 +p?),

which gives the required sign change.

(2.21)

Another possibility is to take the unbounded solution
we gave in (2.16). This has been done in the Appendix
of Ref. 6, but since we assumed boundedness for the
fields we will not discuss it any further.
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In conclusion then we have shown that the nonlinear
realization of SU(2)® SU(2) does not have bounded solu-
tions although the linear, constrained, system does.
The extra field, although fixed in magnitude, is needed
for topological reasons.

ill. SIMPLE TIME DEPENDENCE
For convenience, let us define
=272, +imy), ¢*=2"12%(x, - im,). (3.1)

The simple time dependence that we are considering
here can then be described by (x°=¢)

o (x, 1) =expliwt)¥ (x), (3.2)

where ¥ can be complex. We still assume 7,=0. Sub-
stituting this into the Lagrangian (C8) gives the follow-
ing action:

A==} [ dxl (370 - win® +50,7%%(f2 - 72']  (3.3)
and charge
Q=-w [ dxr? (3.4)

Now A should be stationary with respect to all varia-
tions (keeping w constant). What amounts to the same is
to require the energy (=~ A ~ w®) to be stationary with
respect to variations that keep ¢ fixed. Lagrange mul-
tiplier technique leads then to (3. 3).!2

To study the existence of solutions to this problem,
we use the variation

(3.5}

With this variation ¢ is conserved automatically. After
a change in the integration variable we get

A== 302 [ (2,10 + 1@ (7 - )

+3w? | &,

7X) — 7, = A" 275 (%),

(3.6)

The condition of stationary action gives

_ 24

O=3

A=l
=-3 fa"x{2(3,~1r“)2 +50,mA2(F - 72) + 0212 - 172}

3.7

Now the integrand is positive so the condition (3.7) is
never satisfied with a nontrivial solution.

We can also use ordinary scale variation 7 — 72(Ax)
on (3. 3). This gives the condition

@-n) [ ax@mP+507D2(f7 -7 +nw? [ dxn?=0,
{3.8)

Thus n>2 is a necessary condition for the existence of
any localized solutions.

For the three-dimensional case we could take again®
(7P =w(n)?, (3.9)

with 7% and (2,7?)* time independent. Using this and the
Lagrangian (2. 19) with (C8) gives the action

S=- [ @x{al(3;7°) - wn? + 1(2,7%)2(f2 - 1)1}
(3.10)
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The above variational analysis can again be carried out.
If instead of (3.5) we choose

7%(x) — 78 =23/ 7272 (ax), (3.11)

then we get a result similar to (3.7), and the ordinary
scale variation gives a necessary condition p <3. We
would like to point out that from the ordinary scale
variation (which should be allowed irrespective of
topological consideration) we always get the result that
if the theory is set up so that it has time independent
solutions, then it does not have solutions of the de-
scribed time dependence and vice versa.

IV. COUPLING TO GAUGE FIELDS

In order to couple the pion fields to gauge fields we
have to define the gauge covariant derivative to replace
9,. (We consider only time independent cases and also

take the time component of the gauge field to vanish.)
When the gauge field is Abelian we can define®

Dnt =81 +ee®r’A;, a=1,2,
G, =0,4,-3 A,

with 72=0.'% (Here ¢'2=-¢?'=1). The energy which is
{o be extremized is

4.1)
(4.2)

E= | dxl3G,,G,; + 30 7% m°F,,(m)]. (4.3)
For a non-Abelian gauge field we define

Djn“ =81+ ee“"cA';Trc (4.4)

G4, =0,4% - /A1 + et mANAS (4.5)

E= [ d'x[1G,G4; + 30 7% juF,(m)]. (4.6)

[This does not represent a gauging of the full chiral
SU(2)® SU(2), but just its linear part. ]

For variational study we can in all of these cases use
the scale variations

(4.7)
4.8)

7% (%) = 713 =1 (AX),

Al AP =241 (xx).
The extra X in (4. 8) is chosen so that /) and G change
according to {(dropping indices)

Lax)—r)n(xx),

as can be easily seen by using the definitions before.
The choice (4.8) guarantees also that lim__, 7A(¥) is
invariant as is required by some conserved charge
arguments.

G(x) = A6 (x) (4.9)

Substituting (4.7) and (4. 8) into (4.3) and (4. 6) gives
in each case

EM) =" 4+ a2, (4.10)

where I; and I, are x-independent. I; contains the pure
gauge term G?%, and I, the covariant derivative part. I;
and I, are obviously positive for a nontrivial solution,
and they must both be finite to give finite energy. The
variational condition is

_3E

= == 4,11
R N PV ( )

o =4 ~n); + (2 -n),,

from which we get the necessary condition n=3 for a
finite energy solution.'?
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As is evident from the derivation, the result (4.11) is
not limited to chiral theories. For example, for pure
gauge theories (I, =0), (4.11) indicates that for n=37
there are no finite energy solutions, '* but for n=4 such
solutions are not excluded. ' The nonchiral case F,,(7%)
=d,, has been studied for n=3 by Prasad and Sommer-
field, '” who obtain solutions in closed form.

We can also apply the variation 7°(x)—~ £7%(x) on (4. 3).
This leads to (2.4) (with 3,’s replaced by /) ;) and a
negative result to the existence of a finite energy solu-
tion. This variation does not exclude solutions with
72(«)#0. [ The solution of Prasad and Sommerfield in-
deed has ¢*(«)=#0. ]

Our conclusion from this section is that the nonlinear-
ity of the chiral system does not change the results of
existence or nonexistence from those of nonchiral
theories.

V. ADDITIONAL POTENTIAL

In the previous sections the Lagrangian density was
chirally invariant. We now add an extra potential ener-
gy term V(n2) and check its implications. Since we are
mainly interested in whether chiral theories could have
localized solutions due to their intrinsic nonlinearity,
we do not consider potentials that support spontaneous
symmetry breaking, '® because in that case even stan-
dard theories seem to have localized solutions, 1237 1¢
We therefore assume

(i) lim 7%(», Q) =0,

(ii) V(#7?=0)=0,

We also want the theory to describe pions with positive
mass, so we want

(iil) V' (#%)],2.0= 3m?> 0.
The energy to be extremized is now
Elr?l= [ 15(2;7)(@,70)F ,(m) + V(@) d'x (5.1)

in the time independent case of Sec. II. In the W formu-
lation the now allowed 7 — ¢w variation leads to the fol-
lowing condition:
J LFt@ a2 (fE = 72/ (f2+ ) +2n* V' (#*) ] d"x =0,
(5.2)
so that we must have at least
J V@t drx <0, (5.3)

The same condition results for gauge coupling. {In (5.2)
2,'s would be replaced by /) ;, but the first term would
still be positive. ]

With the simple time dependence of Sec. III we want
to extremize |B formulation]

A=~ [ dxd5l0,7)? —win? + 56,7V (7 - 1)+ V)
(5.4)

For the variation we again take (3.5) and the condition
then is

Jodme{@ 2 + 3@ LS - 0t e - 1)

+n | dx{- V(@) +7°V (1)} =0, (5.5)
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leading to the necessary condition
J ax{n® v (a?) - V(z*)} < 0.

Let us now take a look at some of the possible poten-
tials., We assume that the symmetry breaking term
transforms according to (N/2, N/2) under SU(2}® SU(2).
This leads to a differential equation for the potential,%?°
The solution to this equation can be expressed as
Chebyshev polynomials of the second kind®*® in the
variable | f(z2)2/ f2(?) +72)]'/2. If we add a constant
(0,0) term so that V will satisfy the condition (ii), we
get. for example, [V, ,,]:

(5.6)

Visxl—z, (5.7a)

V,al-22, (5. o)

z={ 2@/ [ f2(n?) + a2} /2 (5.8)
For use in (5. 3) we write | W formulation]

Vi =smin®(1 + a2/ f) (5.9a)

Vio=gmin® (L + 7% 7). (5.9b)
Now

T V] 2(1?) = smin (1 + 7%/ f7)* = 0,

S
(1 +772 ftZ)a

and so neither of these potentials satisfy the condition
(5.3). For (5.6) we use B formulation and get

Vx/zszf,z(l - (1= "2/]('2)1 /2),

1
V, = smin?; (1%
hence

V] @) =V, @)
= = 57 = (L A2 = g 2
<0,

V(1% - Vy(r?) =0,

m2VI(r®) = gm’n 20,

(5.10a)
(5.10b)

Therefore, the only action that passes this test for
N=1,21is (5.4) with (5.10a). Potentials with higher N
could have symmetry breaking solutions 72() #0,

For a system with such a high symmetry we could
also try to use variations related to that symmetry.
Namely define

512 =e[X?, 72]; (5.11)

then the chirally invariant part of the Lagrangian den-

sity is automatically invariant under this variation. To
use this for the symmetry breaking potential, we note

that

6(n2) =e2n°|X?, 7°)
=e27? f(x?) + n2g(x?)]. (5.12)

We could actually use a linear combination of X*’s with
constant coefficient, so that we get

SE=2¢ [ d"x kyr*l f(n?) +n2g(x?) ]V’ (r2). (5.13)

[When applying this to (5.4), the explicit time depen-
dence of 7, has already been taken into account, there-
fore, the term - (7°) should be included to the sym-
metry breaking potential. ] In all of the standard
ansitze 1° satisfies, however, the condition
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J denr =0, ¥ a, (5.14)

in which case the condition (5.13) is empty. If (5.14) is
not satisfied, then (5.13) could be useful for further
analysis.

VI. CONCLUSIONS

We have studied the existence of localized solutions
for theories based on Weinberg’s nonlinear realization
of chiral SU(2)® SU(2). We have used the standard vari-
ations ¢(x) —~ ¢(xx) and ¢(x) — £ ¢(x) on the action in-
tegral. In general our result is that the intrinsic non-
linearity of the system is not enough to support confined
solutions. Topological arguments would help in the case
studied in Sec. II, if the nonlinear theory was consid-
ered arising from a linear theory with a constraint.
Some of the systems passing the test could have local-
ized solutions even if the chiral nonlinearity is re-
moved. An additional chiral symmetry breaking poten-
tial seems to help in a special case in Sec. V., Although
the results of this paper are rather negative, it would
still be interesting to study whethe r some other non-
gauge-type symmetry schemes could by themselves
support localized solutions.

ACKNOWLEDGMENTS

The author would like to acknowledge discussions
with K. Tanaka and E. Takasugi.

APPENDIX A

Whichever norm we use, we will always assume that
lig ll <. Then it is easy to see that ¢, =£ o (x) satis-
fies the condition (1, 4):

lée=dcl=le-1f-[ocll 0, asg—1.

To discuss ¢, = ¢(AX) we first prove the following
simple lemma.

Lemma: Let v=|3; (x')?]'/? and assume ¥(x)=¥(r, Q)
(where Q stands for angular variables) satisfies the
following three conditions:

{1) ¥ is continuous and differentiable with respect to
v for all >0 and all ,
(2) for any R, »d¥/dr is bounded for 0 <y <R <,

(3) lim,__ ¥(r, Q) =C(Q), where C(Q) is bounded for
all Q.

Then for each ¢ >0 there is a positive real number
6 such that

ly(x) - p(x)| <e, ¥ xe R"={0}, if [x~1]<5.

Proof: For simplicity assume x>1., From assump-
tion (3) above we get by Cauchy’s criteria that there is
a real number R such that

[¢0r, Q) = (7, Q)| <e, ¥ >R

On the other hand since V¥ is continuous and differentia-
ble in R" - {0} we can use the mean value theorem and
get

[y, @) —g(r, Q) | = [ =1 | |dp(e, )/ dt |,

for some ¢ < [r,x7]. We need this only for 0 <r<R. By
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(2), 7 d¥/dr was bounded, so we can estimate

(ST RPN

Therefore, by choosing 5 =¢/M we complete the proof.

We can now use this lemma to check (1.4). If the con-
ditions of the lemma are satisfied by ¢ [¢ and a,qs},
then we can use this variation with the norm (1. 3a)
[(1.3b)]. The conditions (1) and (3) must be satisfied by
any candidate for a classical solution (the point »=0 is
left out to allow monopole -type discontinuities). One
might, however, argue that boundedness of v d¢/dr and
r(d/ dr)(@*¢) could be a too strict condition. In such a
case results from the variation ¢ — ¢, do not apply.

APPENDIX B

We follow Weinberg’s definitions® throughout. The
algebra of generators of chiral SU(2)®SU(2) is

[Ta’ Tb] = ieabcTc’
I-Ta’Xb]:iEachcy (Bl)
[XMXb] =ienbcTc°

The pion field 7, is assumed to transform nonlinearly
under X,

'.Xa’ﬂa]z—ifab(ﬂz); (BZ)
and linearly under T,
I-Tayﬂb]:ieabcﬂc‘ (B3)

If f,, is assumed to be even, then the Jacobi identities
lead to the form

fabzéabf(‘”z) +ﬂa”bg(772)$ (B4)
where
g@®) =1 +2f@>f" @)V [ fr?) = 207 ()], (BS)

and fis an arbitrary (reasonably regular) function

{f'=ld/ a@»] @}
Other fields are assumed to transform according to
X, 0=, (B6)
lT,,,w]=-tbzp, (B7)

where ¢, is an Hermitian matrix. The function v,, is
given by

V(T2 = €gpem o (m?) (B8)
where
v(r®) = {fr?) + [ 2 (@) + 2] /2H1, (B9)

The covariant derivative
D,n,=d,,(@»e,m, (B10)

is assumed to transform according to (B6) and (B7).
This determines d,, and

D m, « [ f2(a?) +n2) 23 1,

- L2 2Tt L @) + 3o .. (B11)
The kinetic part of the Lagrangian is then
[ =_%D“1rdp“na=_§a“nda“n F.., (B12)
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F,=f2(0)(6,,F +7,7,G)
=12(0)46,,L/2(n®) + w2) + 7w L2 + 2]

x{4n2(f')? - 4ff" - 1]}. (B13)
APPENDIX C
The nonlinear realization is covariant under the
redefinition
¥ =7,0(n%), cn)
provided we also change f and g by
£ 1r*)2)=f (m*)@ (1), (C2)
g (@) =1 glr*)e (7%) + 2f(n*)®’ (v?)
+2n%g(n®)e’ (n?)]o (%) 2. (C3)

From (C2) we see that specific choices of f(r?) can be
connected by suitable ¢, therefore giving equivalence
between these realizations. The following definitions
are common {they will be referred to as W, B, and I
formulations, respectively]

Fulm) =/ 2F M f2 - %), (C4)
falm®)=(f2-m*)""?, (C5)
fi(@®) = (7' 2 cot((n?)*/ 2%k), (C8)

where k =3.14159.../(2f,). For these choices of f we
get the following Lagrangians using (B12) and (B13):

[w=-30,1)@" 1) fY (f2+21)F, (okp!

[ p==30um )@ ) + 5@V - 7)), (c8)
L= %((5 o5, )(0%m,) sin? (#2)! 2k }/ 7Pk?
18,72%{1 - sin?[(#®)!/ 2% ]/ 7%}/ 7%). (C9)
Let us define the transforming ¢, by
I8 =fa®as- (C10)
Then
FE (2@ 5 (1) = f, (1) 45 (), (c11)
from which we can solve for ¢,5. In (C4)—(C6) the

parameter f, was chosen so that in each case f(n®=f7?)
=0. We want the transformation (C1) to keep the points
7% =0 and 7*=f? fixed and this condition determines the
functions ¢ as follows:

Syp =21 (fF +7%), (€c12)
&y =2arctan((@?)!/%/£,)/ (#*) 2k, (C13)
LV AV R (C14)
&gy =arcsinl(r®) %/ f,]/ (#*)' %, (C15)
&,y =tan[(#3)}/2%/2]f,/ (#*)*/3, (C18)
&, =sinl (n®)! /2% ],/ (a2} /2. (C17)
The Jacobian matrix of the transformation (C1) is
g—:’ri:- =8§,,8 +7,7,20, (C18)
80
det T4 = 32(3 +21%"). (C19)
am,
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Since ® #0 in the open interval (0,?), we only need to
check that &(n?) + 27%®'(r?) #0 for all 0 <r2<fZ. From
(C12)—(C17) this is easily shown.
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Subgroups of the Euclidean group and symmetry breaking

in nonrelativistic quantum mechanics*
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A systematic study of explicit symmetry breaking in the nonrelativistic quantum mechanics of a scalar
and a spinor particle is presented. The free Schridinger (or Pauli) equation is invariant under the
Euclidean group E(3); an external field will break this symmetry to a lower one. We first find all
continuous subgroups of E(3) and then for each subgroup construct the most general (within certain
restrictions) external field that breaks the symmetry from E(3) to the corresponding subgroup. For a scalar
particle the interaction term is assumed to be of the form V(r)+ A(r)P, where P is the momentum, i.e., it
involves an arbitrary scalar and vector potential. For a spinor particle it is of the form V(r)+ AP
+B()e+ M, (r)o, P, (o; are the Pauli matrices). A one-to-one correspondence between subgroups of E(3)
and classes of “symmetry breaking potentials” is established. The remaining subgroup symmetry is then
used to solve or at least simplify the obtained Schrédinger equation. The existence of a one-dimensional
invariance group (for a particle in a field) leads to the partial separation of variables and determines the
functional dependence of the wavefunction on one variable. A two-dimensional group implies the complete
separation of variables and the functional dependence on two variables. A higher dimensional invariance
group implies the separation of variables in one or more systems of coordinates and in some cases specifies

the wavefunction completely.

1. INTRODUCTION

Several recent publications have been devoted to the
problem of classifying all continuous subgroups of Lie
groups that are of interest in physies. ™% In particular,
all continuous subgroups of the Poincaré group, the
similitude group (the Poincaré group extended by dila-
tions), the de Sitter groups, and some further groups
are now known.

One of the physical motivations for undertaking a
study of the subgroup structure of a given Lie group is
the interest in symmetry breaking in physics. Indeed,
consider a physical system that has a symmetry, de-
scribed by a certain Lie group G. This symmetry
group, once found, can be used to determine some,
and in certain cases all, of the properties of the system
under consideration. The system itself may then be
modified by taking into account further interactions, by
being placed into an external field or into an environ-
ment imposing certain boundary conditions, etc. Typi-
cally such a modification will change the symmetry
properties of the system, often lowering the symmetry
or destroying it completely.

We are interested in a systematic study of the case
when the additional “influence” does lower the sym-
metry group from the original G to a subgroup G,CG.
A classification of all subgroups G; thus provides a
classification of all symmetry breaking interactions
(or other influences) for a given system. For each sub-
group G; we thus wish to find the most general interac-
tion that breaks the symmetry from G to G;. The sub-
group G, can then be used to study the new modified
system. Thus, the generators and invariants of G, will
provide integrals of motion and quantum numbers for
the system. The representation theory of the group G,
will provide wavefunctions of the system, or at least
many properties of the wavefunctions.

We intend to pursue this line of thought in connection
with various types of symmetry breaking for a variety
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of physical systems. In particular we plan to investi-
gate systematically from this point of view many of the
differential equations and Hamiltonians of classical and
quantum physics, both in the relativistic and nonrela-
tivistic cases.

The present article is devoted to a particularly sim-
ple and intuitively clear case, namely that of a stable
nonrelativistic scalar (spin-0) or spinor (spin-z) parti-
cle in an external field. We restrict ourselves to a
study of explicit symmetry breaking in the Schrodinger
(or Pauli) equation, due to the introduction of scalar
and vector potentials into the Hamiltonian.

The geometric invariance group of the Hamiltonian
for a free particle is the Euclidean group E(3), gen-
erated by the rotations and translations of a three-
dimensional real Euclidean space. The continuous sub-
groups of E(3) are known, ® as is its representation
theory.” °® We shall modify the Schrédinger equation by
introducing a scalar and a vector potential, both depend-
ing on the particle coordinates and the Pauli equation by
introducing potentials depending on the particle coordi-
nates, momenta (linearly) and spins. For each sub-
group G, of E(3) we shall find the most general potential
(within the considered Ansatz) reducing the symmetry
from E(3) to G,.

In Sec. 2 we shall discuss some properties of the
group E(3), construct a lattice of its subgroups (see
Fig. 1) and present some relevant results on its repre-
sentation theory. In Sec. 3 we consider a scalar parti-
cle and for each subgroup of E(3) explicitly construct
the symmetry breaking potentials. The results are sum-
marized in Table I and discussed in the same section.
The same problem for a spinor particle is solved in
Sec. 4 in which we present and discuss a somewhat
cumbersome list of “subgroup invariant” potentials.

In Sec. 5 we demonstrate, first for a scalar, then for a
spinor particle, how the remaining symmetry group

can be used to investigate the obtained Schrodinger

{or Pauli) equations. The existence of a one-dimensional
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invariance group leads to the partial separation of vari-
ables in some system of coordinates and to the explicit
form of the dependence of the wavefunctions on one
variable. Higher-dimensional invariance groups lead

to the complete separation of variables in one or more
coordinate systems and provide the dependence of the
wavefunctions on at least two of the variables, in some
cases on all three of them. The conclusions and future
outlook are presented in the final Sec. 6.

2. THE EUCLIDEAN GROUP E(3) AND ITS
SUBGROUPS

The group E(3) is defined as the group of transforma-
tions of the three-dimensional real vector space, leav-
ing the Euclidean distance between two points invariant.
Thus, we can write an element of the group as (A, a),
where

3
x;=§A,,,x,,+a,, i=1,2,3. (1)

Here A, is an O(3) matrix and q, are the components of
a real vector. The Lie algebra of E(3) is generated by
three infinitesimal rotations J; and three infinitesimal
translations P, satisfying the commutation relations

[Jier]=i€va [7;, P)=de;, Py, \P,, P]=0. @)

We shall also have the opportunity to use the parity
operator Il and time reversal operator T, satisfying

0,0 =J,, NP,I"=-P,
(3)

TJ,T"=-J,, TP,T"'=-P,.

The finite transformations (A, a) obey the composition
law

(A,2))(A;,2,) = (A, 4,,3, + Aya,). )

All subalgebras of the algebra (2) can be found by a
direct application of a classification algorithm presented
earlier.? Indeed, the algebra L of E(3) has an Abelian
ideal, namely the translations T ={P,, P,, P,}.

The factor algebra F=L/T is isomorphic to the rota-
tion algebra O(3). According to the algorithm we pro-
ceed as follows: 1. Find all conjugacy classes {under
0(3)] of subalgebras F, of F. These can be represented
by F,={J,,d,,Jq, Fo={J} and F,={0}. 2. For each
subalgebra F, (a=1,2,3) find all invariant subspaces
T, ,in T. Use the normalizer of F, in E(3) (i.e., all
Euclidean transformations leaving the subalgebra F,
invariant) to classify the invariant subspaces into con-
jugacy classes. Taking a representative of each sub-
space, we obtain all “splitting subalgebras” of L as the

E(3) JI.JZ.JS.PI,P

2'P3

E(2) ® T(1): JgaP Py, P

123

E : . . .
@) J3+aP,P P, a#0 T(3): PLuP,uP, E(2): J3iP 0P, 0(3): Jprdyeds
02) ® T(1): J,,P, T(2): PP,
0(2): J, +aP_, af0 .
3743 T(1): Py 0(2): I,

FIG. 1. Subgroups of E(3); E(#), T(n), and O(n) are groups of Euclidean transformations, translations, and rotations, respective-

ly; E() and O are the universal covering groups of E{2) and 0(2).
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algebraic sums F, + 7, ,. 3. Find all nonsplitting sub-
algebras of L, i.e., such subalgebras that contain ele-
ments of the type B+X with Be F, X T, that are not
conjugate under E(3) to an element of F or of T, To do
this, we consider each subalgebra F, separately. We
take all generators of F, and add to each of them an
arbitrary linear combination of all generators of 7. We
then use the translations exp7T and the outer auto-
morphism of F, in E(3) to simplify the general linear
combinations as far as possible. Finally we must assure
that the generators thus obtained, together with the gen-
erators of a chosen invariant subalgebra T, ,= 7, form
an algebra.

This procedure leads directly to the lattice of sub-
algebras shown on Fig. 1. In each box we give the gen-
erators of the Lie subalgebra and also comment on the
corresponding Lie group (E(n),O(n), and T(n) are the
groups of Euclidean transformations, rotations, or
translations of an n-dimensional real Euclidean space,
respectively]. The parameter a, occuring twice in
Fig. 1, satisfies g #0, -« <g < if conjugation is con-
sidered under the proper Euclidean group and >0 if
parity and/or time reversal are included.

The representation theory of the group E(3) is well
known, "® and we need not go into it here. Irreducible
unitary representations can be labelled by a pair of
real numbers, namely the eigenvalues of the two
invariant operators

P? and (J,P)/P? (5)

corresponding to the energy and helicity of a free
particle.

We shall actually make use of a certain type of reduc-
ible representation of E(3). Consider the Hilbert space
L2(R?, C¥*1), of normalizable 2j +1 component spinors,
each component of which is a complex valued function
of the space coordinates x,,x,,x,;. Congider now an ele-
ment g=(A,a) of the universal covering group E(3) of
E(3) and represent it by the operator U(g) acting on
ve L*(R®, C**) as

[U(pl(r) = Di(A)y(g'r). (6)

Here D/{A) is a (2§ +1)X (27 +1) matrix realizing an
irreducible unitary representation of SU(2) (its matrix
elements are Wigner D functions). It can actually be
proven that more generally any representation of the
form

[U(gl(r) = S(g, r)ulg'r),

where S(g, r) is a unitary operator acting on the space
C2#*! | is unitarily equivalent to (6).

In this article we shall make use of representation
(6) for j=0 and j=3. For j =0 we simply have the
“quasiregular representation, ”'° and y(r) is a function
satisfying

J |ur) |2 dx dy dz <. (7)

For j=3%, #(r) is a two-component spinor satisfying
h(r) \
- 2 0
Pl(r)= 4(E) f {(0) |2 +|92(0) |} ax dy dz <. (8)
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3. SCALAR PARTICLE IN AN EXTERNAL FIELD
Let us consider the Hamiltonian
H=-3a+V(r)+A(r)P, 9)

where V(r) and A(r) are a scalar and vector potential and
P,=-id/3x, are the components of the linear momentum
operator.

If we require that the Hamiltonian be a Hermitian
(or at least symmeiric) operator, satisfying H =H",
we find

A(r)=A*(r), ImV(r)=-3divA(r). (10)

Thus, A is a real vector function and the imaginary
part of V is determined by A.

If parity conservation is assumed, we must have
NHI = H. (11)
This implies
V(-r)=V(r), A(~r)=-A(r). (12)

Time reversal can be represented by an antiunitary
operator T =K (where K is complex conjugation}, The
time reversal transformation implies

THT' =H, (13a)

where H is the time reversed Hamiltonian. The manner
in which H is related to H depends on the physics of the
problem. Thus V=V but A=- A if we are studying a
particle in an electromagnetic field (the electric field
vector E goes into itself, the magnetic field H changes
sign). Thus, if A is the electromagnetic vector poten-
tial, time reversal invariance implies

V(r)=Vv*(r), A,(r)=A¥(r). (13b)

Let us now consider invariance under subgroups of
the Euclidean group E(3). Consider the representation
(6) with j =0, and let g be a transformation belonging
to a subgroup of E(3). The invariance condition is

U(g)HU(g) =H, (14)
which implies
V(r)=Vigr), D} (A4, (r)=A,(gr). (15)

Algebraically the “global” invariance conditions (15) are
equivalent to the requirement

{H,X_ 1=0, (16)

i.e., that the Hamiltonian should commute with all
generators X, of the subgroup.

Let us now consider each of the subgroups of E(3),
proceeding from lower dimensions to higher ones. In
each case it is a simple matter to solve the appropriate
equations (15) or (16) and thus to find the invariant
scalar and vector potentials V(r) and A(r). We simply
list the results of these calculations in Table I.

Several comments on the results of Table I should be
made.

1. We make use of several different types of coordi-
nate systems in Euclidean 3-space, namely,
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TABLE 1, Subgroups of E(3) and invariant potentials in spin-0 Schrédinger equation.

Generators of Coordinates used in

No. symmetry group potentials V(r) A@P
1 Py Cartesian Vixy, x,) Alxy, %) P
2 Js Cylindrical Vip, z) alp, 2)rP+ b(p, 2)P;+ clp, 2)J,
3 J3+aP; Helical Vip, v) Sflp, v)(cosuPy + sinuP,)
a#®0 +g(p, v) (— sinuP, + cosuPy) + h{p, v) Py
4 Py, P, Cartesian Vi{xg) Alx)P
5 Jy, Py Cylindrical V(p) a(p)plcosd P, + singP,) + b(p) P, + c(p)J;
6 Iisely. dy Spherical V) a(»)rP
7 Jy. Py, Py Cylindrical V{z) a(z) P,
8 Jy+aPy, Py, P, Helical V = const Sfleos(u+ v)Py + sin(u+ v) Ps]
a=0 + glsin(u+ v)Py ~ cos(u+ v) Pyl + P,
f,g&, h=const
9 P, P, P, Cartesian V = const AP, A, =const
10 Js, Py, Py, Py Cartesian V = const aP;, a=const
11 gy, Jo, dy Cartesian V=const A=0
Py, Py, Py

(a) Cartesian: x,, x,, x,
(b) Cylindrical: p = (x} +x2)'/2, ¢ =arctan(x,/x,),
z2=x,,
(c) Spherical: »=(x? +x2+x2)}/2 8 =arccos(x,/r),
¢ =arctan(v,/x,),
(d) Helical: p=(x*+x%)'/2, u=(1/2a)(z +a¢),
v=(1/2a)(z - a),

where a>0 is a parameter and z and ¢ are cylindrical
coordinates.

2. There is a one-to-one correspondence between
subgroups of E(3) and the general form of a Hamiltonian
of type (9) left invariant by the subgroup.

3. A scalar potential V(r) alone is not sufficient to
distinguish between all subgroups. Indeed, the groups
E(3), E(2)3T(1), E(2), and T(3) all imply V= const.
Similarly T(2) and E(2) both imply V= V(z). The reason
for this is that the requirement of homogeneity (trans-
lational invariance) is so restrictive for a scalar poten-
tial, that little space remains for manifestations of
anisotropy.

4. The Hamiltonian of a spinless particle in an elec-
tromagnetic field can be written as
H=3{P - eAg(r)] + ¢(r), (17
i.e., is of the form (9) with
A(r) =~ eAg(r),

(18)
V(r)=¢(r) + ze*A%(r) + (ie/2)div[A; (r)],
(we have put #=m =1). A gauge transformation
Ap(r)— Ag(r) +grad| f(r)], (19)
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where f(r) is an arbitrary real function, leads to a new
wavefunction, differing from the original one by a phase
only:

$(r) = g(r)e ®, (20)

If we are only interested in |¢(r)|?, then gauge invariance
can be used to simplify the obtained Hamiltonians
further. In particular all constant scalar and vector
potentials can be transformed away, many of the dif-
ferent potentials obtained become equivalent, etc.

5. Notice that invariance under T(3), E(2), E(2)2T(1),
or E(3) specifies H up to certain constants. The groups
T(1), O(2), or O(2) imply that H can depend on two vari-
ables in an arbitrary manner. The groups T(2),
0(2)®T(1), O(3), or E(2) allow for an arbitrary depen-
dence on one variable, By the same token, if T(3),

E(2), E(2)2T(1), or E(3) is the invariance group then
group representation theory will completely determine
the wavefunctions, energy levels, etc. In all other
cases group theory will only provide some properties
of these physical quantities.

6. We have not imposed parity or time reversal in-
variance. Applying relations (12) and (13) to the entries
of Table I we see that we would obtain further restric-
tions on the functions and constants in columns 4 and 5.
Thus, e.g., in the case of spherical symmetry the
pseudoscalar (rP) is excluded by parity conservation,
unless the coefficient a(r)is itself a pseudoscalar. We
shall not go into these considerations here.

4. PARTICLE WITH SPIN % IN EXTERNAL FIELD

Let us now consider the Hamiltonian

H=-3A+V(r)+A(r)o + B(r)P + M,,(r)o,P,, (21)
where V, A;, B, and M,, are arbitrary functions of the
coordinates, P is again the linear momentum, and o,
are the Pauli matrices.
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The hermiticity condition H = H* implies

B,{r)=B¥(x), M, (r)=M}(r),

2B,(r) M, (r)

1 1
Im|V(r)]=- 3 v, Im|A;(r)]=- 3 ow, (22)
Parity conservation in this case implies
V(-r)=V(r), A(-r)=A(r),
(23)

B(=1)= - B(r), M,(~r1)=-M,(r).

The antiunitary operator representing time reversal
can in this case be written as

T=-io,K, (24)

where K is the operator of complex conjugation. The
time reversal transformation gives

THT ' =~ A+ V*(r) - A*(r)o - B*(r)P

+M?‘k(r)oiPk:I~1. (25)

The form of the Hamiltonian I; for the time reversed
process depends on the properties of the external
quantities V, A, B, and M,,, and we leave this question
open.

We now make use of the representation (6) with j=3
to study the implications of the invariance of H under
subgroups of E(3). The invariance condition U(g)HU(g)™*
=H in this case implies

V(r)=V(gr), D, (AMA,(r)=A,(gr),
(26)
D, (Mb,(r) =B;(gr), D;(AD};(MM,;(r)=M,,(gr).

The global invariance conditions (26) are again equi-

valent to the requirement |H,X ]=0, i.e., that H should

commute with all generators of the subgroup. The gen-
erators in this case are realized as
. 0
Pi:‘lg’ Ji=L;+320;, L;=€;x,P,. 27)
12

Let us again consider each subgroup separately.

A. Translations T(1): P,

Invariance under translations generated by P, implies
that V., A, B and M,, all depend on x, and x, only:

V(r): V(Xl. Xz), Ai(r):ai(xuxz)’

(28)
B,(r)=0b,(x,x,), M(r)=mylx,,x,).
In addition, if H=H" we have:
bilxy, %) =bfxy, %), Mm%y, %,) = mf(xq, %5),
o 1fab,(x;, %) abz(xl,x2)>
Im[L(XU xg)]—"‘ 2( axl + axz ’ (29)

1{om; (x,, oM ,(x,, %
Iml_ai(xuxz)]:— E( m'g&z{: Xz) + ‘g(x:, 2)).

B. Rotations 0O{2): J,

Requiring that |J,, H] =0 and using cylindrical coordi-
nates, in which J,=-43/3¢ + 30,, we find
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%ijp—“ —€504,=0, %—%‘l ~ €30 B,=0,
(30)
% =0, %’%ﬁ —€apsMop —€3iaM,=0.
These equations can be immediately solved to give

V="V{p,z2), A =a,lp,z)cos¢-a,lp,z)sing,
A,=a,(p, z)sing +a,lp, z) cosd, (31)
Ay=a,lp, 2),

B,=b,(p,z)cos¢ - b,(p, z)sing,

B,=b,(p, z) sing + b,{p, z) coso,

By=0b4(p, 2),

M, ,=m,(p, z)cos¢ —m,(p, 2)sing,

M,,=m,(p, z) sing +m,{p, z) coso,

M,, =n,(p, z2)cosd —n,(p, 2) sing, (32)

My, =n,(p, z)sing +n,(p,z) coso,

My, =mylp, 2),

M,, =M(p, z)cos2¢ + N(p, z)sin2¢ + D,(p, z),
M,,=- Ml(p,z)cos2¢ — N{p, z) sin2¢ + D, (p, 2),
M,,=- N(p, z) cos2¢ + M(p, z) sin2¢ + D, p, 2),

M,, == N(p, z)cos2¢ + M(p, z) sin2¢ - D,(p, 2).

The hermiticity conditions (22) in this case imply that
b;, m;,n;, M, N, and D; are real functions and that

_ 1fep, 1 %>
ImV-——E(ap +pbl+ 3z y

1/oM 8D, , 2 2
Ima1:_§<[-5p—+ L+ -M+ ﬁ),

op p 0z
(33)
1{oN , oD, , 2 aml)
=\ -+ =2+N- -2
Ima, z(ap o oV )
_1fon, 1 6m3)
Imas——§<§p—+‘—)nl+ 7z .

Putting (32) into (21), we obtain a Hamiltonian that is
explicitly O(2) invariant. It can be written, e.g., in
terms of O(3) scalars (or pseudoscalars) like (ro),

(rP), (¢L), and (0P), the third components of vectors

(or axial vectors), like o,, Py, Ly, (£X0);, (@XP);,

and the appropriate components of higher order tensors,
like [M(p, 2)/ p2)[2x x,(— 0, P, +0,P,) + (x? = x2)(0,P, +0,P,)],
etc.

C. Universal covering group 6(—2—): Jy +aP,

We use helical coordinates and reduce the problem
to that of O(2). The resulting Hamiltonian is given by
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formula (21), in which all the functions V,A,,B;, M,,
are given as in (32) with the replacements

z—~v=(1/2a)z -ad), ¢—u=(1/2a)(z+ad).
(34)

The hermiticity conditions are now somewhat different,

namely
1 ab, 1 9b, 1 >
ImV=- _[COSU(W - zp ——a‘U + 2[) b,

PP

2

d
~ siny (ﬁ +

18b, 1 1 8b,
s Tozbh) t5-=—1,
gp  2p ov Zpb')

2a ov

1 on, 1 on, , 1
= e — et e — 2 4
Ima, 3 [cosv( 5 " 2p a0 T 2p n,

_sinv(%+_1 5"1+1_,_> 1 amg]’

3p  2p v 207 T 24 0w
(35)
1 ON N 1 oM 9D, 1 8D
‘m“1=-5[(‘%‘Tzﬁﬁ"ap—'im)”“

1 8N 4D,

aM M 1 aD,\ .
ol et S
+(ap St et av>51nv

1 om,
+—2—6—l<m1+ Em)]’

1[feM M 1 8N D
=l =+ = - =+ = -
Ima, 2[( p "2 8y 3 "2 o0

N 1 1 oM oD 1 9D
- - -N+ "+ 22+ — Z1)gj
( P pN 2p dv op 2p v >smv
1 8m1>
T 2a Mz = dv :

All arbitrary functions on the right-hand side of (35)
depend on p and v only.

D. Translations T(2): P, ,P,

The Hamiltonian is (21) with V, A,, b,, and M,,
depending on z only. Hermiticity implies

1 dB,(z)

1 dM ,(z)
2 dz

’ Im[Aj(z)]:_

DO =

(36)

E. Cylindrical group O(2) ® T(1): J;, P,

The Hamiltonian is given by (21) with the coefficients
as in (32) with the added condition that a;, b,, m,, n,,
M, N, D;, and V depend on p only.

F. Translations T(3): P,, P,, P,

The Hamiltonian is given by (21) with all coefficients
constant and real.

G. The group of rotations O(3): J,, J,, J,

Making use of some elementary tensor algebra or,
equivalently, requiring that say J, commutes with the
Hamiltonian given by (32), we obtain the general O(3)
invariant Hamiltonian:
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H=-3A+V(y) +a(»){(oP) + b{r)(or)

+¢(7)(rP) + d(7)(oL). (37

Note that the a(7) and c(») terms violate parity conserva-
tion. Hermiticity implies that a(#), ¢(#), and d(r) are
real and that

Im[ V(n]=- 43c() +rc’ (0], Im[b(r)]==(1/27)a’ (v).
(38)

H. Euclidean group E(2): J;,P,,P,

The Hamiltonian in this case is obtained by consider-
ing the conditions (32) and imposing [P,, H]=[P,, H]
=0. The result is

H=—-3$A+V(2) +al(2)(@P)+b(2)o, + c(2)P,

+d(2)o,P, + e(z) (@ X P),. (39)

Hermiticity implies that 5(2), c(z), d(2), and e(z) are
real and

Im{V(z)]=- 3b"(2), Imla(z)]=-3lc'(z) +d'(2)]. (40)

I. The group miJa +aPy, Py, Py,a+#0

Invariance with respect to J; +aP, gives relations (32)
with the substitution (34). Adding the requirement of
translational invariance, we find

V=const,
A, =a, cos(z/a) - a,sin(z/ a),

A;=a,
A,=a, sin(z/a) + a,cos(z/a),

B, =b, cos(z/a) - b,sin(z/ a),
B,=b,
B, =15, sin(z/a) + b, cos(z/a),

My, =m, cos(z/ a) - m,sin(z/ a),
My =m,

M,;=m, sin(z/ a) + m, cos(z/ a), (41)

M,, =n, cos(z/a) - n,sin(z/a),

M, =n, sin(z/a) + n; cos(z/a),

M, =Mcos(2z/a) + Nsin(2z/a) +D,,
M,, =~ Mcos(2z/a) -~ Nsin(2z/a) + D,,
M,,=—- Ncos(2z/a) + Msin(2z/a) + D,,

M,, =~ Ncos(2z/a)+ Msin(2z/a) - D,,

where all the coefficients a;, b;, m;, n;, M, N, and D,
are constants. The hermiticity conditions (22) in this
case imply that b,,%,;, D;, M, N, V, and a, are real and

Ima, =m,/2a, Ima,=-m,/2a. (42)

J. The group E(2)-® T(1): J,,P,,P,, P,

The conditions [J,, H]=[P,, H]=|P,, H]=0 lead to the
Hamiltonian (39). The additional condition [P,, H]=0
implies that a,...,e in (39) are all real constants.
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K. The entire Euclidean group E(3) groups allow for the presence of arbitrary functions of
one or two variables. Gauge invariance could be added
to our requirements to simplify the obtained results,
and parity and time reversal invariance would pose fur-
ther restrictions, which we do not go into.

Requiring that the Hamiltonian (39) should commute
with P, and be rotationally invariant (commute with say
J,), we find the Euclidean invariant Hamiltonian

H=—- A4+ V+c(oP), (43)
5. WAVEFUNCTIONS FOR THE SCHRODINGER
where V and ¢ are real constants. EQUATION WITH AN INVARIANT HAMILTONIAN
Thus, as in the case of a scalar particle, we find a We shall now consider each of the Hamiltonians found
one-to-one correspondence between subgroups of E(3) in Sec. 3 and 4 and show how the invariance with respect
and symmetry breaking terms in the Hamiltonian. to a subgroup of E(3) allows us to obtain solutions of the
Again, symmetry under T(3), E(2), E(2)2T(1) or E(3) Schrodinger equation, or at least some properties of
specifies H up to some constants. All other symmetry these solutions.

TABLE II. Solutions of Schrddinger equation.

No., Symmetry  Separable Eigenfunctions
group coordinates ¥(r) Additional equations
1 T@) Cartesian & (x, y) explikyz) Pyi=kyp
coordinate z
2 0(2) Cylindrical @ (p, z)etme Jy=my

coordinate ¢
(azimuthal angle)

|

53 0(2) Helical ®(p, v)etwn (7, aP)y= o
4 T(2) Cartesian ®(2) expli(kyx+ kyy)) P=k, Pyh=ky
'Mz) + 214,(2)0'(2) —2[V(2) —E + 3R]+ kY + A (2 + Ay (2) ]
XP(z) =0
5 0(2)2 T(1)  Cylindrical & (p)eim® explik,z) Ty, Pyp=kayt
& {(p)+[1/p+ 2ipa(p)l@’(p) — 2[V(p) — E +m’/2p° + k3/2 + blplk,
+clp)m] ®{p)=0
6 O) a. Spherical () Y;,6,0) T I+ )y, T = my
b. Spheroconical &(#) A, (@) Ay, (8) JA LT+ 1)y, 1+ ¥ =k
h=x%/4, W =JJ1 1) —«/4
a. and b.:
")+ 20 /r+ia vl () =2V ~E+11+1)/27% @ (r) = 0
7 E(2) a. Cartesian & (2) expli(l,x+ kyy)) (P{+ PRy K™, Py =k, i-1,2, kj+ki- K
b. Cylindrical & (2)J,,(kp)eime (P}+ PR =2y, J=my
¢. Parabolic <1‘(Z)D_iw2/(zx)-1/2(i‘<£) (P}+ PRy =%, 3Py +Pod)d=wh
%Dy o2/ auy-i 72 (i) o . . .
d. Elliptic é(z){cen(ﬂ-,(l)cen(ﬁa q) (Pf+ PP =%y, Wi+ dPPY=wiy
cylinder Se,(a, g)se,(B, @) a., b., c. and d.:
g - dt/4 &7 (2) + 2ia(2) &’ (2) — 2[V(2) - E + 3k ®(2) = 0
8§ L) Cartesian ez (z/2a+ a/2) explillyx+ kpy)l  Ppy=kyp, i=1,2
Z'"(£) + 4a*(4 — D + 2D cos*£) Z(£) = 0 (Mathieu equation)
A=2(E—V)—ki-k, Dcosa=~fk+ghk, Dsina=fk,+gk
9 T(3) Cartesian eilr Pip=ky, i=1,2,3
k’+V+Ak=E
10 E@)® T{1) a. Cartesian eikr (P} POy =2, Ppp=kyp, i=1,2,3, ki+kj=«®
b. Cylindrical  J,(kp)imoeiks (Py+PRo=xby, Iy =mp, Pyp=ky
¢. Parabolic D2/ -1 /210KE) (P}+ PRy =%, JyPy+Ppddp=why, Py=rhst
cylinder X Dy2) aire 12 (i) €FRF
d. Elliptic Ceyla, g)ce, (B, q)} ikyz (P} +PYy=xy, Gi+d?PPy=wky, Pyp=ksp,
cylinder Se, (@,q)se, (8,9 ¢ E=}(*+ k) + V+aky
11 E(3) See text and articles on Helmholtz equation.
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TABLE III. Separable coordinates, diagonal operators and eigenfunctions in Table I.

Coordinates

Operators Eigenfunctions

Cartesian: x, vy, 2

P, Exponentials

Cylindrical: x=pcos¢, y=psind, z

J, and P+ Pior P Bessel and exp
3 i+ P 3

Parabolic cylinder: x-=3(¢2 7%, y=¢m, 2

JyPy+ Pdy and P} + P} Parabolic cylinder’’

Elliptic cylinder: x =d cosh o cosB, y=dsinha sing, z

Mathieu and associate

J}+dpP}, P}+ P}
Mathieu!?

Spherical: x =7 sinf cos¢, y =7 sind sing, z=+ cosf

I, J3 Spherical harmonics

Conical: x =rsn(e, 2)dn(B, #’), y=rcn(a, klen(B, #’), z=dn(q, k)sn(3, ')

(Jacobian elliptic functions)

J2, I} +v2 0% Lamé polynomials!4

Helical: x=pcos(u—v), y =psinfu~v), z=alu+v)
(nonorthogonal; partial separation)

{J;+aPy} {Exponential}

A. Scalar particles

Let us consider the Schrédinger equation

[-3a+V(r) +A(r)Ply =Ey (44)

and specify the interactions V(r) and A(r), following
Table I.

First of all, if (44) is invariant with respect to E(3),
then A=0, V(r)=V=const, and (44) reduces to the
Helmholtz equation. It is well known that the Helmholtz
equation allows the complete separation of variables
in 11 orthogonal systems of coordinates. !

It bas been shown that the separable coordinates can
be characterized by the fact that the separated eigen-
functions of the Laplace operator are simultaneously
eigenfunctions of a pair of second order commuting
operators in the enveloping algebra of the Lie algebra
of E(3). All such pairs were classified into equivalence
classes under E(3) and a one-to-one correspondence
between each class and a separable coordinate system
was established. ' The eigenfunctions and many of their
group theoretic properties have been studied in detail
elsewhere. '®

Here we shall partially extend this group theoretical
approach to Schridinger equations with “subgroup in-
variant” potentials, We proceed to discuss the individual
cases and summarize the situation in Table II.

The one-dimensional invariance groups generated by
P, J,and J; +aP,, respectively, only provide one
operator, that can be diagonalized. Hence they only lead
to a partial separation of variables. The diagonalization
of a first order operator leads to an exponential depen-
dence on the appropriate variable. The remaining two
variables (see Table II) are contained in a function &
satisfying a partial differential equation that can be ob-
tained directly from the Schrédinger equation,

Invariance under a two-dimensional or higher-dimen-
sional group implies the complete separation of vari-
ables in at least one coordinate system. Invariance un-
der T(2), O(2)® T(1), O(3), and E(2) does not specify the
Hamiltonian completely. It does, however, completely
specify the dependence of the wavefunctions on two vari-
ables. The dependence on the third variable is contained
in a function ¢, satisfying an ordinary differential equa-
tion, specified in Table II. Invariance under T(3), E(2),
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E(2)® T(1), or E(3) specifies H and y(r) completely.
The wavefunctions, etc., are given in Table II, with
some explanations in Table III. For more details on
eigenfunctions involving Mathieu functions, parabolic
cylinder functions, Lamé polynomials, etc., we refer
to the literature,'® s

B. Spinor particles

The equation to be considered in this case is the Pauli
equation

[-1a+V(r) +A(r)o +B(r)P + M, (r)o,P,Jy =Ey, (45)
in which all the functions V, A;, B;, and M,, are to be
specified so as to correspond to the considered invari-
ance group, as listed in Sec. 4. Separation of variables
in spinor equations has not been investigated with the
same amount of detail as in scalar ones. While we
consider this to be a very worthwhile project, we do

not go into it here and for each interaction only consider
the simplest types of separated solutions.

This time we shall proceed from the higher dimen-
sional groups to the lower ones.

1. The group E(3): We have

[-1A+V+alEP)y=Ey, (46)
with V and a real constants. Requiring that

Pyy=ky, (47)
we find

p(r) = (i‘) eitr, (48)

i.e., a constant spinor-times an exponential. Substitut-
ing (48) into (46), we find

E,=3K>+Vaia|k| (49)
and
ve=< (k¥ | RV (B - ik,)]it. (50)
2. The group E(2)2T(1): We have
[-ia+V+aEP)+ b0, +cP, + a!cirSP3
+elo,P,—0,P)ly=Ey (51)
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and again add the conditions (47), leading to separation
in Cartesian coordinates. The wavefunction is again of
the form (48); however,

E,=Rx(S*+ T2+ [P)/2 (52)
v=-{[SF(S+ T2+ UA/2Y (T +il)}u, (53)
where

R=1K*+V+ck,, T=ak, +ek,
(54)
S=(a+dk,+b,

U=-ak, + ek,.
If we replace the conditions P,y =k;y by
Py=ky, Jyp=my, (P:+Pp=«k?y, (55)
we are led to cylindrical coordinates and obtain
b d ey solkp)explil(m - 1) + Rz} (56)

VEN ok explilom + 1) + Rgzl} ,
with

E, =2+ k) +V+chk,
+{{(a + d)ky + b + (a® + 2} /2, (57)

= (—l;f—e—)z ((a+ d)ey + bF{[(a + d)ky + b

+(a? + ek?PH?). (58)
3. The group T(3): We have

(-1Aa+V+A0 +BP + M, 0P )y=Ey. (59)

Adding the separation conditions (47), we obtain the
wavefunction ¢ in the form (48) with E, ,,v, and u
satisfying (52) and (53). Equations (54) defining R, S, T,
and U are replaced by

R=1K2+V+Bk, T=A, +M,k,,
(60)

S=A,+ Mk, U=-A,— Myk,.

4. The group E(2): The invariant Schrddinger —Pauli
equation can in this case be written as

1 z z
- =A < in =
{ 2 +A (cosaa1 +8in a02>
.2 z
+B<sm -0, - CcOS -02) +Co, +V
a a
+D (cos EP1 +8in 5P2> +E (sin EP1 ~cos EPz)
a a a a
. 2z 2z
+FP,+G |~ sin = (0,P, ~0,Py) +cos — (0,P, +02P1)]
2z . 2z
+ H|cos = (@,P,-0,P,)+sin —w—(a,LP2 +0,P,)
+J(oP) +Ko,P,+ L(eXP), + M (cos ZO‘ +sin 202) P,
+N(sin Ecrl - oS 502) P,+P (cos EP1 +sin EPz) g,
a a a a

+ Q(sin ZP‘ -cos EPZ) 03} P=Eyp. (61)
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Adding the conditions

PlZP:kiw) i=1’2; (62)
we find _
u(2)
=\ () expli(k,x + k). (63)

Substituting (63) back into (61), we obtain a pair of
coupled ordinary differential equations for p(z) and
v(z),
1 £ d F+R
- +J+K) — . L2
[ WF+I+K) 72 - =5

T 242

+C+V—E+(D+P)(k1cos Z +k2sin§)

+(E+Q) (Iel sin Z—— k,cos %)] w(z)

d

° +Ae-iz/a +Beiz/a
dz

Np—

+exp(- 122/ a)lG(k, — ik,) + H(k, + ik;)]
+dJ(ky - ik,) + L(k, + ikz)} v(z)=0, (64)

1+ 12
2

1 & . d
[‘EZ?"(F‘J'K)E"

~C+V-E+(D-P) (klcos Z +k, sin Z)
+(E - Q) (klsing ~ k,cos Z—)] v(z)

+{_ iMeiz/a i +Agtels +Be-iz/a
dz

+ 32219 Gk, + ik)) + H(k, - ik,)] +J(k, +ik,)
+ L{k, ~ iky)} u(z)=0.

Judging from the spinless case, it should be possible

to express their solutions in terms of a generalization
of Mathieu functions, but we have not explored this pos-
sibility. It is a simple matter to decouple the equations,
at the price of introducing third derivatives of p(z)

and v(z).

5. The group E(2): We have
- 34+ V(2) +a(z)(@P) + b(2)0, + c(2)P,

+ d(2)o,P, + e(2)(o, P, — 0, P Yy = Ey. (65)

Adding the conditions (62), we obtain a solution of the
form (63), where u and v satisfy the coupled equations

2
(-%%E_ﬁanm)%— k’;kg +V+b-E)u(Z)

+1k,(a+ie) + kyle - ia)v(2)] =0,
(66)

(_ %ggi +i(-a+c+d) gz- +V—b—E)V(z)
+|k (a -ie) +Rya+ie)ln(z) =0.
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Since a, ..., e are arbitrary functions of z, we can
proceed no further. We could equally well separate in
cylindrical or possibly other coordinates.

6. The group O(3): We have

[- 38 + V() +a(r)(@P) + b(»)or) + c(»)(rP) + d(r)(oL)]y

=Ey. (67)
In addition we require
Iy =dJ + 1), Ju=My. (68)

The solution of (68) can be written in the form
¢ = lpJM('r! 9’ (:b)

= L as,() 2L Ak s M-ppldMY 0.6, 0Xu;,

k=1/2 H=2l/2

L ag, (W, ),
k=l /2
where (I,l,m ,m,! LM) denotes an O(3) Clebsch—Gordan
coefficient, '® ¥ ,,(6, ¢) a spherical harmonic, x,,, a
constant two-component spinor, and @ 4,,,,(#) are arbi-
trary functions of ». The following relations are conse-
quences of elementary angular momentum theory!®!”:

(L)WY =2k(J + £ - 20) Wi,

(69)

éa J K (1’)

(rp)a J+x(7)W§X4x =-1ir dr

Wi
(70)

(or)
( ) y7d ( Y i«
J'+n WJMK - Jrﬁk WJM ’

daJi-x( )

(GP)QJ“(WJM ==1 dr

J ek
WJM

—2K-—(J+ +26)a 5, (W),

Substituting (69) into (67) and using (70), we obtain
two coupled equations for a ,,,,,(7):

1 & 2 d (o +1/2){J +3/2)
{-E[W*“(;‘”C‘”) ar 7 ]

+V@)- (J+3)dr)-E } @ g41/2(7)

+ (— ia(r) g; —ia(r) +b(1’))a,_1/2(?’)=0,

1 2 d  WJ=-1/2)J+1/2)
{-a[w*(;-m‘”)aﬁ 7——]

FVr) + - Ddlr) - E}a s-172(7)

+ (— ia(v) Ed; —da(¥) +b(1’)>oz,,ﬂ,2(1’)=0. (71)

7. The group O(2)® T(1): The Pauli equation in this
case is

{-=38+ V(o) - E+A(p)(xo, +y0,) + Blp)(x0, - y3,) + C(p)o,
D(p)(xP, + yP,) + E(p)L, + F(p)P, + G(p)(x0, + y0,)P,

+ H(p)(x0, - y0,)P; +J (p)o,P; + K(p)(xP, + yP,)o,
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L(p)o Ly + M)l (x? = y?)(0,P, - 0,P,) + 2xy(0,P, +0,P,)]
+N(p)2xy(0,P, - 0,P,) - (x* - y*)(0,P, - 0,P))]

+P(p)o,P, +0,P,) + Q(p)(0,P, —0,P ) }(p, 2, $)=0.

(72)
Adding the conditions
Ja‘l‘:(—i% +§Ua)¢=M¢’ Pyp=rky)p, (73)
we find
y= u(o)expli(M - 1/2)¢]expliksz)\ (74)

v(p)expli(M +1/2)] exp(ik,z2)

Substituting (74) into (72), we obtain a pair of coupled
ordinary second order differential equations for u(p)
and v(p).

8. The group T(2): We have

L~ 48+ V(2) - E+A(2)0 +B(2)P + M,,(2)0,P,ly=0.
(75)
Adding the conditions
Pa=ky, i=1,2 (76)
we find
L (2)
Y=\ ) expli(k,x + k)] (17)

Substituting (77) in (75), we obtain a pair of ordinary
coupled differential equations for wu(z) and v(z).

9. One-dimensional groups T(1), O(2), and O(2):
The Hamiltonians are given in Sec. 4. The diagonaliza-
tion of the generator P,, J,, or J, +aP, leads to a partial
separation of variables, as in the case of scalar
particles.

Thus, Py =k implies

plx, ) .
P= (V(x, y)) exp(ik,z),

(78)
J =My implies
u(p, 2) expli(M - 1/2) ¢]
Y"\vio, 2y expli +1/2) 6] ")
and (J; +aP,)y=wy implies (in helical coordinates)
w(p, v)expli(M - 1/2)u]
Y=\ vio, v) expli(M +1/2)u]

The coupled partial differential equations for the func-
tions 1 and v can be obtained in each case by substitut-
ing back into the appropriate Pauli equation.

(80)

To summarize: While the solutions are considerably
more cumbersome for spinor particles than for scalar
ones, the over-all picture is the same. Thus, invari-
ance under a one-dimensional group leads to a partial
separation of variables. Invariance under higher-di-
mensional group leads to a complete separation of
variables and tc the explicit form of the dependence on
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at least two of the variables, Invariance under E(2),
T(3}, E(2)2T(3), or E(3) in principle completely speci-
fies the wavefunctions.

If we wish to proceed further with a study of the
wavefunctions and energy levels we must specify the
problem further, i.e., impose appropriate boundary
conditions, specify the arbitrary functions in the poten-
tials, etc.

6. CONCLUSIONS

The main thesis of this article is that the complete
knowledge of the subgroup structure of the invariance
group of a physical system makes possible a systematic
study of symmetry breaking for this system. In particu-
lar, it makes it possible to generate all related systems,
the symmetry group of which is a subgroup of the origin-
al group. Invariance with respect to the subgroup can
then be used to study some or all of the properties of the
new more general problem.

In this article we have demonstrated the validity of
the above thesis in the case of the nonrelativistic quan-
tum mechanics of a scalar or spinor particle. In parti-
cular, in the considered case there is actually a one-
to-one correspondence between subgroups of the sym-
metry group E(3) of the free Schrodinger (or Pauli)
equation and symmetry breaking interactions of the
considered type. Let us mention that if we had con-
sidered only a spinless particle in a scalar potential
V(r), the relation between potentials and subgroups
would not have been one-to-one.

We have restricted ourselves, on one hand, to non-
relativistic stationary (time independent) quantum
mechanics of a single particle with spin 0 or 3 in an
external field, subject to a quite specific ansatz (namely
that the interaction is linear in the momentum). On the
other hand, we have restricted ourselves to explicit
symmetry breaking, i.e., modifications of the Hamil-
tonian, without considering the possibility of “sponta-
neous” symmetry breaking,

Clearly all the above restrictions can be abandoned
and the approach of this article applied to more general
problems. Trivial (conceptually) generalizations would
be to consider particles of higher spin, possibly of
arbitrary spin and a more general ansatz, concerning
the Hamiltonian, Let us just mention several other ex-
tensions of the present work, that are currently being
considered, as well as related work by other groups.

1. Symmetries of the time-dependent Schridinger
equation. This equation for a free particle is known to
be invariant under a considerably larger group than the
Euclidean one, namely the so-called Schridinger group
S, (n is the number of spatial dimensions), containing
the Galilei group as a subgroup. '* Many properties
of this group have been studied. '®*=2° In particular, in
the case of one space dimension all subgroups of S,
have been found and the problem of finding the inter-
actions, reducing the symmetry from S, to each of its
subgroups has been solved.!® The ansatz was general
enough to include nonlinear interactions and indeed
many nonlinear generalizations of the Schrodinger
equation were obtained and at least partially solved.
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In this connection we would like to mention that Lie
theory provides powerful tools for studying nonlinear
equations. Similar work for the Schrédinger groups
S, and S, is in progress.

2. The complete symmetry group for a given Hamil-
tonian. The invariance group of a Hamiltonian is not
necessarily a subgroup of the invariance group of the
free Hamiltonian. Indeed, some of the Hamiltonians
found in this article may in general or in special cases
have larger symmetry groups. The additional gener-
ators will not be linear combinations of P; and J,.

3. Groups of canonical transformations. The sym-
metry group considered in this article is a purely
geometrical one reflecting properties of space—time
rather than any special dynamics. This reflects itself
in the fact that all the group generators are first order
linear operators. Dynamical invariance groups, corre-
sponding to general canonical transformations, like,
e.g., O(4) for the hydrogen atom or SU(3) for the har-
monic oscillator would make their appearance if we
considered generators that are second or higher order
operators. '>2! The problem of symmetry breaking for
groups of canonical transformations is in itself of
interest, e.g., in connection with a hydrogen type atom
in an external field*? and more generally in connection
with interactions removing accidental degeneracy, %
In general the consideration of higher orders operators
as group generators may lead away from Lie groups and
to the use of, e.g., Bicklund transformations.?

4, Explicit symmetry breaking in relativistic theory.
One of the basic assumptions of relativistic quantum
theory is that the state vectors of a free (noninteracting)
elementary physical system transforms according to an
irreducible unitary representation of the Poincaré
group.® Alternatively and equivalently, the state vector
obeys the Bargmann—Wigner equations.? Now consider
a particle in a classical external field—in itself a prob-
lem of considerable interest.?® The external field will
violate Poincaré invariance and depending on its own
symmetry reduce the invariance group of the system
to a subgroup of the Poincaré group. Thus, similarly
as in the nonrelativistic case, a classification of the
subgroups of the Poincaré group will provide us with a
classification of symmetry breaking external fields.

The representation theory of the corresponding subgroup
will then provide us with a handle for studying the
corresponding relativistic equation for a particle in a
field.

Related problems have been treated in the literature.
The subgroups of the Poincaré group have been classi-
fied in Ref. 2 and independently by Bacry et al.?® Some
of the subgroups have been used in a theoretical analy-
sis of elementary particles in an external electro-
magnetic field* and of electromagnetic fields with cer-
tain symmetries.?' An interesting series of papers has
been devoted to symmetries of electromagnetic fields
making use of certain types of discrete subgroups of the
Poincaré group. ¥

5. Spontaneous symmetry breaking. %" This is a
different mechanism for breaking a given symmetry in
that the Lagrangian (or in our case the Hamiltonian)
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of the system remains fully invariant with respect to
the original symmetry group. The symmetry is broken
by the fact that the vacuum state is not invariant under
the group, but only under a certain subgroup. The rele-
vance of a subgroup classification in this case is ob-
vious. Spontaneous symmetry breaking plays an impor-
tant role in particle physics and also in solid state
theory and other fields. As a model of this type of
symmetry breaking we intend to perform a systematic
study of various differential equations of physics with
nontrivial invariance groups. To these equations we
shall add symmetry breaking boundary conditions and
see how a classification of subgroups leads to a classi-
fication of boundary conditions. The heat equation (the
classical diffusion equation) is presently under consider-
ation from this point of view—it is a convenient candi-
date, since its symmetry group®-% is isomorphic to the
Schrodinger group, the subgroups of which we already
know. '°
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Clebsch potentials in the theory of electromagnetic fields

admitting electric and magnetic charge distributions*
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Any skew-symmetric tensor field on a four-dimensional pseudo-Riemannian space V, admits a
representation in terms of Clebsch potentials and their derivatives. Since the usual 4—potential
representation of the electromagnetic field tensor of classical electrodynamics breaks down in the presence
of magnetic charges, these Clebsch potentials are treated as the field variables of an invariant variational
principle. The resulting Euler-Lagrange equations determine not only a useful representation of the
electromagnetic field tensor (in the presence of magnetic charges), but also give rise to Maxwell-type field
equations. The associated Lagrange density defines a unique energy-momentum tensor entirely on the
basis of invariance consideration. A generalized variational principle is postulated, whose Euler-Lagrange
equations specify the behavior of both the electromagnetic field tensor and the metric tensor of V,. These
are generalized Einstein—Maxwell equations. For the case of a spherically symmetric line-element and a
static electromagnetic field an explicit solution of these equations is found which generalizes the well
known Reissner-Nordstrom metric. In the course of the construction of this solution the magnetic charge
of the central mass appears naturally as a constant of integration of the associated differential equations for
the Clebsch potentials. The equations of motion of a test particle in an external electromagnetic field are
also deduced from a variational principle; subject to fairly weak restrictions, the expected generalization of

the classical Lorentz force emerges from this analysis.

I. INTRODUCTION

The well-known derivation of the classical Maxwell
equations of electromagnetic theory from an invariant
variational principle depends crucially upon the fact that
the electromagnetic field tensor can be described as the
curl of a 4-potential whose components are, in fact,
the field variables in the associated Lagrange density.
However, when the inclusion of magnetic charges is
allowed in the theory, as, for instance, in the recent
work of Schwinger,' the existence of a 4-potential in its
usual form is precluded by virtue of the fact that the
divergence of the magnetic field need not vanish, While
most of the literature dealing with the possible existence
of magnetic charges is concerned primarily with quantun
mechanical consequences thereof, it is the objective of
the present paper to describe, against a purely clas-
sical background, the systematic construction of suit-
able generalized 4-potentials, irrespective of the ex-
istence or otherwise of magnetic and electric charges.

The primary tool used for this purpose is a theorem
which represents a generalization of the Clebsch trans-
formations of hydrodynamics,? according to which an
arbitrary differentiable vector field on a three-dimen-
sional Euclidean space may be expressed as the sum of
a gradient and a scalar multiple of another gradient,
This generalization® entails the representation on an n-
dimensional differentiable manifold (» > 3) of any totally
skew-symmetric geometric object field endowed with
n -2 indices, this representation being such that, when
n=3, it reduces to that of Clebsch. When n=4, the
theorem give rise to the representation of an arbitrary
skew-symmetric geometric object field in terms of the
so-called Clebsch potentials and their first derivatives.
In the present paper, therefore, it is assumed that any
electromagnetic field on a four-dimensional pseuco-
Riemannian space—time V, is represented by a skew-
symmetric type (0,2) tensor field F,; and that the prop-
erties of this field are determined entirely by a single
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invariant variational principle whose Lagrangian depends
solely on th, the metric tensor g, of V,, and possibly
on given electric and magnetic charge distributions. In
this variational principle, however, the Clebsch po-
tentials of the representation of F,; play the role which
is usually assumed by the 4-potentials of classical
electromagnetic theory.

An analysis of the resulting Euler—Lagrange equations
indicates that effectively only two sets of Clebsch po-
tentials survive in the representation of F,;. Moreover,
for the case of a flat V,, the field equations satisfied
by F,; are precisely the extended Maxwell equations
which had been postulated previously,® while the given
Lagrangian L defines a unique energy—momentum tensor
density whose derivation is based solely on invariance
properties of L.

This state of affairs immediately suggests a general-
ization of the entire theory in terms of a single invariant
variational principle from which the field equations for
both of the tensor fields g, and F,, are to be derived:

In fact, it is found that thus a corresponding extension
of the Einstein—Maxwell equations is obtained. An ex-
plicit solution of these equations may be constructed for
the case of a spherically symmetric line element and

a static electromagnetic field iz vacuo; the integration
of the associated ordinary differential equations for the
Clebsch potentials appears to predict the existence of
electric as well as magnetic monopoles (unless certain
constants of integration are arbitrarily set equal to
Zero).

Because of the existence of two sets of Clebsch po-
tentials, two distinct types of duality rotations are en-
countered. These may be used to construct a Lagrangian
of a single integral variational problem for the de-
termination of the equations of motion of a test particle
in a combined gravitational and electromagnetic field.

In this connection some difficulties are encountered in
the sense that the existence of the aforementioned
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Lagragian depends on the validity of certain relation-
ships between the two sets of potentials, However, as

a result of the field equations, these relationships are
satisfied under fairly general conditions, particularly
in the vacuum, and the resulting equations of motion
reduce, in the nonrelativistic limit, precisely to those
postulated by Schwinger,* presumably on the grounds of
invariance under duality rotations.

It should be reiterated that the entire analysis pres-
ented below is of a purely classical nature, that is,
nonquantum mechanical,

Il. THE CLEBSCH REPRESENTATION OF THE
ELECTROMAGNETIC FIELD TENSOR

Let ¢ denote the local coordinates® of a four-dimen-~
sional differentiable manifold V,. As shown elsewhere,®
any class C? (that is, twice continuously differentiable)
skew-symmetric geometric object field X, ,(x*) admits
a local Clebsch representation of the form

th:d)j.h—d)h»j+R(P.hQ.j—Pij.h)’ 2.1

in which the so-called Clebsch potentials are appropri-
ate functions of the positional coordinates x*. If, in
particular, the given field X, is a type (0,2) tensor
field, the potentials P,Q,R are scalars, while §, is a
convariant vector field. These potentials are not unique-
ly determined by th; they may, in fact, be subjected to
various kinds of (Clebsch) gauge transformations® which
leave X, unchanged.

In order to introduce a tensorial dual of a skew-sym-
metric tensor field X,, it is necessary that we endow V,
with a prescribed Riemannian (or pseudo-~Riemannian)
metric tensor g,;(x*}, of which it is assumed that it is
symmetric, of class C?, and such that g=Idet(g,.)| #0.
The dual of X, ; is defined to be

XM = g/ %hitex, 2.2)

According to (2.1) the corresponding Clebsch repre-
Sentation of X**/ is given by

Xxhj =t'g'“ze”’”'(d/k,, +RP,;Q,,¢)- (2_3)
Since any skew-symmetric tensor field may be regarded
as the dual of another, it follows that (2.2) represents
the prototype of an equally acceptable Clebsch repre-
sentation of an arbitrary skew-symmetric tensor field.

Let us now assume that a given electromagnetic field
is represented by a class C* skew-symmetric tensor
field th(x”) on V,. Thus the most general Clebsch rep-
resentation of F,; is given by a combination of the rep-
resentations (2,1) and {2.2), namely

th:fhj+ibhj’ (2'4)
where

fhj:d/j.h‘¢n.j+R(P»hQu"P-JQ'h)’ (2.5)
and

bhj, :ghlgjkbzk’ (2.6)
with

O = g 2 (g, WU LY ). 2.7)
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This construction does not entail any restriction on the
field F,, at the present stage. However, the properties
of the various Clebsch potentials which occur in (2,5)
and (2.7) are to be determined by means of a single
variational principle, in which each potential will give
rise to an Euler—Lagrange equation. Thus the inclusion
of a possibly superfluous potential will be compensated
by the constraints implied by the corresponding Euler—
Lagrange equation.

The presence of electric and magnetic charge dis~
tributions which give rise to th is represented by elec-
tric and magnetic current density vectors, to be denoted
by J% and S*% respectively, It is now postulated that the
behavior of the field F,, is specified by the Euler—
Lagrange equations resulting from an invariant varia-

tional principle whose Lagrange density is given by
L={g FYF, ~4,J'+¢,5", (2.8)

where ,, ¢, are the vector fields which occur in the
representations (2.5) and (2.7) and where
th:ghlgijlk, (2'9)

it being understood that the field variables consist of all
Clebsch potentials of the representation (2.4)~(2.7).

In order to derive the Euler—Lagrange equations
corresponding to (2.8), we observe that, for a typical
potential, temporarily denoted by z, we have, by virtue
of (2.7) and the symmetry of g,,,

. Y] _1 ny Fng 1= aFM
=5 (Vg FMF,)=3/g FM i =ta By

Thus, for instance, it follows from (2.8), (2.4), and

(2.7) that
oL L oF i* L — GL
=3vVg F =3ivVg S a—
ad}hu ’ * a(’bhnj ) lk acb’lnl'

- ‘21\/}’7 Flkg-llzezmp Z_q)m

ki
:‘/E (%ig-ll%jhlkf‘lk) :V"EF*jh’
where, in the last step, we have used (2.2). Hence the

Euler—Lagrange tensor density corresponding to the
potential ¢, is given by

=2 (3L AL 0 o i h
B, L)= ax? (M)M.) - = Ve F )-5t.

However, since Vg F*/* is a skew-symmelric tensor
density, ®

— s 0 — g — ;
Vg Frih) = Py (Vg F*ih) + g FT] +\/EF*’II"{}~

-\/;;;F*jhr;js

in which all terms involving the Christoffel symbols drop
out in view of the symmetry of the latter. Accordingly,
the Euler—Lagrange equations corresponding to ¢, may

be expressed as
E, (L)= (g F*#) -s*=0. (2.10)

By means of the same procedure the remaining set of
Euler—Lagrange equations is found to assume the fol-
lowing form:
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Ewk(L):(\/Eka)“Jrﬁ:o, (2.11)
E,(L)= (@RFﬁkQ,k),j:o, (2.12)
E (LY== (g RF*P ) =0, (2.13)
E (L)=~Vg Fi*P @ =0, (2.14)
E (L) =g WF*ity ), =0, (2.15)
E (L) =~ (Vg WF**U ), =0, (2.16)
E,(L)=-Vg F*#*U V  =0. (2.17)

The set (2.10)—(2.17) represents the field equations
satisfied by the Clebsch potentials. In order to determine
the roles played by the potentials P,@,R, we note that
{2.11) and (2.12) yield

0= (g %) RQ , +Vg F*(RQ, ), = - JRQ,,

VT FARQ),,.
and hence, since (Q'k)” is symmetric in k and j, while
Fi* igs skew~symmetric in these indices,
Vg Fi*R Q,, =RJ*Q . (2.18)
Similarly, the combination of (2.11) with (2.13) yields

Vg Fi*R P, =RJ*P . (2.19)

The constraints imposed on P,@,R are determined
entirely by (2.14), (2.18), and {2.19), The last two

equations may be written in a more useful form if we
introduce a vector field I, defined by

I, =4g /2 (FXF) J'FY, . (2.20)
where we have used the notation’

(FX F)=FI*F¥,. (2.21)
Because of the well-known identity

FitFY, = [0k(FX F), (2.22)
we may write (2.20) as

Je =g Fifl (2.23)

When this is substituted in (2.18) and (2.19), the latter
reduce to the form

Vg F*R,Q,, =0, Vg F*R,P, =0, (2.24)
where, for the sake of brevity, we have put
R;=R  -RI,. (2.25)

Now, Eq. (2.14) is obviously satisfied if P, and @,,
are proportional, that is, if there exist scalars i, v,
not both zero, such that

AP, =10 ;. (2.26)

However, let us suppose to the contrary that P’j, Q,;
are linearly independent, in which case they span a
two-dimensional plane II, in the dual tangent spaces
T,(p) of V, at each point p of V,. From (2.14) and the
identity F#*P P =0 it then follows that the vector
Ff”P,j is normal to II,; the same inference may be
drawn similarly for F*@ ., while (2.24) implies that
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FiRR, is also normal to II,. Thus the three vectors

Fikp ., F-"‘Q,j, F’”RJ are contained in the two-dimen-
sional orthogonal complement of II,, which implies their
linear dependence. Accordingly there exist three
scalars «,b, ¢, not all zero, such that

(lP”.'f'bQ’j'i-ckj:O. (227)

If ¢=0, this is identical with (2.26), and accordingly
we shall suppose that ¢ #0; for the same reason we may
also suppose that &, Rj are nonparallel and hence
span II,. Therefore, the orthogonality of Ff”P'j to 11,
may be expressed as

VEFMP = el R (2.28)

where u_ is some nonvanishing vector field. (In fact,
Eq. (2.28) is the solution of (2.14) and the second mem-
ber of (2.24).] We now substitute for R, from (2.27) in
(2.28), obtaining

Vg PP = —ac™tu em*Q P .

This is multiplied by F;.“k, the identity (2.22) being taken
into account, which yields

Vg (FXF)P

2 J

—_ -1 mihl gk

=—-ac e FMQ,,!P',

IR WrRNS By e muhl rs
==3lacTvVg M € ej,mF Q,.P,

DU TSR O gy Rl
=—3iac \/}gumé”‘ Frs@ P,

irs
=—dac Vg p (7FM +hFIm + §IF)Q P,
or, if we use (2.14) once more,

[HFXF)+iac? Fmu QP =iac™ (F™u, P ,)Q ;.
(2.29)

Here it should be noted that Eq. (2.28) implies that the
coefficient of Q,; on the right~hand side of (2.29) vanish-
es identically, which gives rise to (2.26) with vy =0,
Accordingly (2.29) implies (2.26) once more, which is
therefore an inevitable consequence of (2.14) and (2.24).

Moreover, since the structures of Eqs. (2.10), (2.15),
(2.16), (2.17) are identical with those of (2.11)—(2.14),
an analogous analysis applied to the former set yields
the conclusion that there exist scalars o, 7, not both
zero, such that

ol . =7V .. (2.30)

The substitution of (2.26). (2.30) in (2.5), (2.7), re-
spectively. reduces these representations to the simple
forms®

(2.31)
(2.32)

e
;fhj“,iyh Yhej®

. VLY
1)'”:3‘ /Eh’zkfbk_;-

Our conclusions may now be summarized as follows:
The field equalions associaled wilh the single invavian!
vaviational pyinciple specified by lhe Lagvangian 2.8)
uniquely delevmine (he stvucture of the Clebsch repre-
senlation (2.4) of e electvomagnetic ficld lensov Fy;
as given by (2.31) and (2.32); furthermove, the tensor
F . salisfies the extended Maxwell equations

(V’EFM)U =dJ",

hi

(2.33)
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(Vg F*49)  =-S*, (2.34)

where J*, S* denote the electric and magnetic current
densities respectively.

In connection with these field equations the following
observations may be of some relevance. From (2.32) it
follows that

i =l/2hitR
WM =g R R, e

But

Paii1; = Prijir + P& ™ Ryt

where R,,,; denotes the curvature tensor of V,, while

hilk -
€V R, =0

identically by virtue of the cyclic identities satisfied by
the curvature tensor, Thus

Bi,=0 (2.35)
identically. Also, it follows from (2.31) that

fHh = gL/ ki |
so that, as before,

=0 (2.36)

identically. With the aid of (2.4) the field equations
(2.33) and (2.34) may therefore be expressed in the
form

Wg f1),=J", (2.37)

i(Vg o), =-5". (2.38)

From the form of the representations (2.31) and (2.32)
it is evident that (2.37) and (2.38) involve the fields

¥, and ¢, separately. It would appear, therefore, that
the electric and magnetic current densities give rise
independently to the vector potentials ¢, and ¢, respec-
tively. Also, since the covariant derivatives on the
left-hand sides of (2.37) and (2.38) may be replaced by
partial derivatives, these equations imply the con-
servation laws

J,=0, S, =0. (2.39)

The representations (2.31) and (2.32) clearly indicate
that f,,, b,,, and hence F,,, are invariant under ordinary
gauge transformations. However, th is invariant under
a far more general gauge transformation: namely

:0,"%*9,7 ¢j—’¢5+xi’ (2.40)

where 01, X; are arbitrary solutions of the system of
partial differential equations

91’,,- 9}::1+ig'”2g,,,g,,,€”""’xp,m:0' (2.41)

Ordinary gauge transformations are obviously special
cases of (2.40).

In conclusion, let us briefly glance at the explicit
form of the field equations (2.33) and (2.34) in flat
space—time. Relative to a coordinate system in which
x*=4jcf, where c is the velocity of light in vacuo, the
electromagnetic field vectors, E, H are represented as
usual by®
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iE, = F%, Ha=%6aﬂ.,FB', (2.42)

where €,4, is the three-dimensional permutation symbol.
Equivalently,
E, =%€, 5 F*% {H, =F**%, (2.43)

If the 4-vector representation of J*, S* is taken to be

1
th(%j? 1p), Sh:(zsy iU),

where p, 0 respectively denote the electric and magnetic
charge densities, it is easily verified with the aid of
(2.42) and (2.43) that (2.33) is equivalent to

(2.44)

I XH-=- —=-j 2.4
V+E=p, VXH TrLL (2.45)
while (2.34) reduces to
veH=o0, _\7xE--l a_l_{_:_l_s' (2.46)
c ot ¢

These field equations are identical with those postulated
by Schwinger.* Moreover, when (2.42) is written out in
full in terms of (2.4), (2.31), and (2.32), in which we
put =y, ¢, ¥3), =(¢;, ¢,, ¢,), together with

Z[)4=iV, 4)4:in (2.47)
it is found that
1 3y
== - X vx 2.48
E vv ¢ ot ¢ ( )
and
193¢
= - - = == .49
H=9Xy-vU-- =5, (2.49)

whose formal symmetry is quite striking. In fact, these
representations are equivalent to the Helmholtz de-
compositions (according to which any vector on a three-
dimensional Euclidean space can be expressed as the
sum of a gradient and a curl) of the vectors

1 39 1 9¢

+ = =+ + = =

B+ oo ad HY T
respectively.

(1l. THE ENERGY-MOMENTUM TENSOR
For any invariant variational principle based on a
Lagrangian density whose functional dependence is given
by
L=L{g > Yuurs Do Do)
there is a simple prescription for the determination of
a unique, symmetric type (2.0) tensor density, whose

divergence vanishes whenever the field equations are
satisfied. More precisely, writing

oL

(3.1)

AW = 22 Ao 3.2)
08 ;
it may be shown, merely by virtue of the fact that L is
a scalar density, that'°
. oL oL
hi— foghiowgld | 22y 4 02y
20M = Lghi - g [M,. Wty (y,p = Uy,
aL oL
+ = ¢, + — - .
a¢h ¢l ad)h,k (d)hk d)k-t)]’ (3 3)
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the divergence of which is a linear combination of the
Euler—Lagrange expressions associated with L.

In the case of the Lagrangian
Ly=4Jg Fi*F, (3.4)

where F,, is specified by (2.4), (2.31), and (2.32), we
have, as before,

with

Jer =V, = bpias ika:d)Hk_d)kll’ (3.5)
so that (3.3) assumes the form

2NN =g [ g H(FRf,, + iF*hepk ) + S (F» F)gh], (3.6)
where we have introduced the notation

(F+F)=F*F, . 3.7
The field equations corresponding to (3.4) are simply

FM,,=0, F*/, =0, (3.8)

as is immediately evident from (2.33) and (2.34); ac-
cording to the general theory A", =0 whenver (3.8) is
satisfied, which, because of (3.6), implies that

T},=0, (3.9
where we have put
ATh= =20 = Vg [Fi'(@g, ), = ty)
+F*“(¢”h"‘bhn)—%(F’F)Gi]' (3.10)

We shall regard (3.10) as the enevgy—momentum ten
sor density of the electromagnetic field.

Since (3.9) is crucial to the entire development, we
shall briefly indicate how this assertion may be verified

from first principles. A simple calculation yields
$(Fe )y =Fly 1t FH0, 0, @.11)

and thus, if (3.8) is taken into account, it follows di-
rectly from (3.10) that

CZT{;U = ‘/EF“(wtlnlj ~Upins = Yrijin)

+GF*j'(¢llhlj—¢hll|j—d)lljlh)‘ (3-12)

But the term involving F/! may be written as

Vg P Wany = Vo) = 200y = taira)
= —\/EF”gk’"d),,(Rxmnl = 2Ry

Z%\/EF“E”"'%(RMM =R jni = Rim1s)s

which is zero by virtue of cyclic identity satisfied by the
curvature tensor. Similarly, the term involving F*#

in (3.12) may be shown to vanish, which establishes
3.9).

In order to facilitate the treatment of the algebraic
properties of the energy—momentum tensor density
(3.10), it is appropriate to use matrix instead of com-
ponent notation, Let us write

F=(Fi)=(Fig,)=(g!'F,,),
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and similarly for F* | f, b, etc. In accordance with
(3.7) and (2.21) we shall also put

(f'b):‘“flkbkt:—flkbht:_tr(fb)=(b°f)v (3.13)

(fxb)=—f*p, == f*' bk, = ~tr(f*b)= (bXf). (3.14)
Because of (2.4), we have F=f+ib, so that

(FeF)={(f-AH—=(b-b)+2i(f* b), 3.15)

(FXF)=(fXf) - (bxb) + 2i(fxb). {3.16)

By means of a direct calculation the following identities
may be verified:

F*o+b0*f=—3(fxb), fo*+bf*=-3(fxn), (3.17)

fXo* —of=3(f-0M, fo-b*f*=-3(fb), (3.18)

where I denotes the unit (4 X4) matrix. In particular,
putting b =7 in (3.17) and (3.18), one obtains

Y ==5(rxN1, (¥ -f2=3(rf. (3.19)

It should be observed that the identities (3.17)~(3.19)
hold for any pair of skew-symmetric matrices f,,, b,.

With the aid of (3.18) and (3.15) we may now express
(3.10) in the form

ng_llzT
= Ff+iF*p* = X(F- F)I
=—f2-(*P+ilf*b~bf)

~H(f+ P =0 b)+2i(f D)

==f2= W) -3(f-p= -0 (3.20)
Alternatively, if (3.19) is applied, it is seen that

~ g AT =32+ (P + 07 + (0* ). (3.21)
Since

tr(fA) =—- (- N=(f*f*)=-tr(f*)?,
it follows directly from (3.21) that

tr(T)=0. (3.22)

It should be noted, however, that the trace~free char-
acter of T is merely a result of its algebraic structure,
and does not depend on the specific nature of the tensors
fy; and by ;.

In classical electrodynamics the square of the ener-
gy—momentum tensor is a scalar multiple of the unit
matrix, a phenomenon which is exploited, for instance,
in the “already unified field theory” of Rainich.!!
Accordingly we shall now evaluate 72 from (3.21) in
order to determine the circumstances under which this
property is preserved for the general case under dis-
cussion. To this end we note that, because of (3.19),

2+ (PP =177 = (PP +afffef* =5l P2+ (PP

while
[F2 4+ (2002 + (0* 2] = (f= b2 + (0= b)f% + 4f%D*
+ 5(f- b B
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Thus, (3.21) gives

4t AT =4[(f+ £+ (b+ B)* + (F X f)?
+ xR +2(f N D+R,, (3.23)
where
R, =2(f £)d2 +2(b+ b)f? + 4(f2% + b°r?)
=4[ F2(6*)? + B2 (f* )],

in which we have applied (3.9) once more. But by
means of (3.17) it is readily established that

FRO*P2+ B2 f*)2 = R (fX DV = fOf *b* — bfD*f*,
so that
Ry, =(fXbPI+R,,,

where

(3.24)

- R, =4[ fof*b* - bfo*f*]. (3.25)
Now, let us introduce the commutator

A=fb~ bf, (3.26)
so that, by (3.18),

FrO* —brfr ==, (3.27)

With the aid of (3.19) we may then write
Jof*o* =5 (fXABXDU+rf*b*,

bfo*f* = (F XN X I~ Ab*f*,

and hence, with the use of (3.27), it is seen that (3.25)
becomes

R = ‘%(fxﬂ(bxb)1+ 4x2,

This is substituted in (3.24), by means of which (3.23)
can be expressed as

L6g e 12 ={[(f* ) = (b BIF +[(f XN~ (bx D)

+4(f Db+ b) +4(f xb)* I+ 16)%. (3.28)
Because of (3.15) and (3.16) this is equivalent to
16g7 c T2 ={(F+ F)?+ (FXF)2 = 4i[(F- F)(f* b)
+(FxF)fxb)]
+4(f e b b) =4(f.D)FI+16)2. (3.29)

Clearly T? is a scalar multiple of the unit matrix if and
only if
2=k, (3.30)

where « is an arbitrary scalar. This condition is equiv-
alent to the requirement that

A=k, (3.31)
where
v XA) =~ 4xk. (3.32)

In order to analyze the implications of (3.31) complete-
ly, we have to evaluate x* explicitly. From (3.26) it
follows that

l*’k — %ig-l/zelkhj(f;lmbmj - bhmfmj)
=ig'1/2€”'“ﬁ.,,,b”'j, (3.33)
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since b™, =~b,". But

do=1
ig /Zelhh.if;'m
— - ig’l/ze ""”(%ig”zG,,,,,nf*"’)
:%6,1"&:’3 xrs =[5’l"f*k] +6;f*jh +6’j;'f*lk],

so that (3.33) reduces to

A*”’ :f*lj bjk_ bljf*jk,

or
N =f*b —bf*. (3.34)
Because of (3.17) this is equivalent to
A*=fb* = b¥f. (3.35)

Accordingly the condition (3.31) assumes the form
(fo=0bf)=v(f*b—bf*) =v(fo* - b*f),
so that

(f=vf*)b=0(b~vf*), f(b—vd*)=(b-vb*)f.

However, a few simple manipulations indicate that this
is consistent with (3.17) and (3.18) if and only if *=~1
and

p(feif*)=qb+ib*), (3.36)
where p and ¢ are arbitrary nonzero scalars. Converse-
ly, it is easily seen with the aid of (3.34) and (3.35)
that (3.36) implies (3.30) with
de=F (A %Xr). (3.37)
It is therefore concluded that (ke square of the enevgy—
momentum tensor density (3,10) is a scalar multiple of
the unit matvix if and only if f and b satisfy the condition
(3.36), in which case the scalar  is related to the com-
mutator X = fb — bf according to (3.37).

(V. EFFECTS OF ELECTRIC AND MAGNETIC
CHARGES ON GRAVITATIONAL FIELDS

Up to this stage it had been assumed that the metric
tensor of the underlying manifold V, assumes preassign-
ed values. It is more instructive, however, to consider
the more general case when the field equations to be
satisfied by boik the tensor fields g,, and F, are de-
termined by a single invariant variational principle. To
this end we shall consider a Lagrangian of the form

L Gna8hne138narsm ¥n¥nans P, ¢h.k) =a/gR+L, 4.1)

where L is given by (2.8), while R is the curvature
scalar R=g/R,,, defined in terms of the Ricci tensor
th :Rj”,‘k, and a is some constant to be specified
presently.

The Euler—Lagrange tensor density corresponding to
the metric tensor field in (4.1) is given by

A , - - -
FH(L) = — m( oL )+_a_l( aL)_iL_
9X70X™ \98hj,1,m ' \3gy;,1/ 98,

=E*(avVg R) = A%

4.2)
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in terms of the notation (3.2) applied to (2.8) [it being
observed that A* assumes precisely the same form for
{2.8) and (3.4)]. It is well known that'?

EM(avVg R)=avg [RM - 3ghiR], (4.3)
and thus it follows from (4.2) and (3.10) that the cor-
responding Euler~Lagrange equations are

aVg[RI- 3 6]R]+ 57T} =0. 4.4)

However, according to (3.22), we have Tj. =0, so that
a contraction over j and % in (4.4) yields R=0. Thus,
putting a= (167k)"'c*, where « is the constant of gravi-
tation, we may express (4.4) in the form

Vg R, =CT,,, 4.5)
where
C=8wkc™2. (4.6)

Moreover, since the term involving aVg R in the
Lagrangian (4.1) does not involve the fields Yy @, In
any way whatsoever, the analysis of Sec. II concerning
the Euler—Lagrange equations involving the Clebsch
potentials is applicable verbatim, thus yielding the field
equations (2.37) and (2.38), that is,
(‘/Efkj)u =J" (Vg p**), = - S*.

Vi

4.7)

The system consisting of (4.5) and (4.7) vepresents the
Einstein—~Maxwell equations in the presence of elec~
tric as well as magnetic charge distributions, it being
understood that the energy—~momentum tensor density
which appears on the right-hand side of (4.5) is given
explicitly by (3.10). Again it should be emphasized that
this derivation of the field equations does not presup-
pose a particular representation of the electromagnetic
field tensor F,; in terms of 4-potentials.

In order to determine the nature of the interaction
between the gravitational and electromagnetic fields as
implied by this system, we shall now construct an ex-
plicit solution of these equations for the case of a pair of
static fields #,, ¢,. Such fields are prescribed by the
conditions

by =0, Yy=iVx*), ¢,=0, ¢,=iUK*). (4.8)
According to (3,5), we then have
fus=0, faa=iV, ,, bLs=0, bk,=-U,. (4.9
From (4.8) and (4.9) it is evident that
VE frof=—cabry | protog
(4.10)

i@basz _GaﬂyU.” 1)0‘4:0,
which immediately implies the validity of the identities
(2.35) and (2.36) [as was to be expected, of course].
However, the potentials U and V must be such that the
field equation (4.7) is satisfied, where it is to be ob-
served that the explicit structure of these equations de-~
pends crucially on the nature of the metric. The latter
is now assumed to be static and spherically symmetric
in the sense that, relative to a coordinate system in
which x* =7, x*=0, x*= ¢, x*=ict, the metric tensor
may be expressed in the form

&, = —diagle*, ¥, r?sin’6, ¢*], (4.11)
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where diag(a, b, ¢, d] denotes the 4X4 diagonal matrix
with (ordered) diagonal entries a, b, c,d, while x and v
are real functions of » only, these functions to be ulti-
mately determined by the field equations. Thus

g= (det(grhj)l =yigin?f et (4.12)
while the inverse of (4.12) is given by
ghi=—diagle?, v, 7 2sin 26, e™]. 4.13)

Now, for an arbitrary metric, we have from (4.9),

b*hj:ghlgjmbrm
:(gmgﬂ _ghlg_;‘;)U’l +(gh4gj2 —g"zg"“)U,z

+ (gh4gj3 _ghfigj‘l)U .y
But since (4.13) is diagonal, it follows that, relative to
the metric (4.11),

*12 __ *13 __ *23 _.
p*12=0, p*¥=0, p*¥=0, (4.14)

b*“:—g“g“U'l, 6*24:—g22g44U'2, b*34=—g33g44U.3,

so that (Vg b*4),, =0 identically for « =1,2,3. Thus,
according to the second member of (4,7), our original
assumptions regarding the field by, can be consistent
solely with a magnetic charge distribution for which
S* =0. But, because of (4.14), the fourth component of
the second member of (4.7) yields

a 3
(@g“g‘“U,l)Jf 5}‘2’(\/;}522},’%{],2)'*' —3}'3_(\/:5“933(’(’74411-3)

=S,

axt

and hence, if we substitute from (4.12) and {4.13),

3 5. -G /2 8U> 3 ( . O- aU)
- — M —_— Pelrvi/2 22
oy (r sinfe 3 Y sinbe -5

0 1 oU
+ 2 a-n72 ZYY_ o4
20 <S'm6€ ag 5%
This is the field equation to be satisfied by the magnetic
potential U(r, 8, ¢}. For a spherically symmetric po-
tential U=U(»} in vacuo (that is, in regions where $*
=0), this reduces to

(4.15)

Ez—[yze-(wwzlﬂ]zo’

where U’ =dU/dy, which may be integrated to yield

Ur:y,},-ze(}.w)/z, (4.16)

in which y is a constant of integration. By analogy with
classical magnetostatics, we shall interpret y as the
magnetic charge which gives rise to the static potential
Ufr). [Here it should be observed that y is real by
virtue of the fact that U is real, as is evident from
(2.48).1

An analogous treatment of the first member of (4.7)
gives rise to the conclusion that J* =0, while the po-
tential V(r, 6, ¢) must satisfy a field equation which is
identical with the equation (4.15) for U, except that the
right-hand side is to be replaced by J°. Again, for a
spherically symmetric potential V= V() in vacuo (J*=0),
this gives rise to

v’ :61"26()“”’)/2, (4.17)
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where the constant of integration ¢ is interpreted as the
electric charge which gives rise to V.

Let us now turn to the field equation (4.5), whose
treatment clearly requires the explicit evaluation of
T,, for the static fields defined by (4.8) and (4.9). From
the second member of (4.10) it follows that the only
nonvanishing elements of * are given by iVg b*3 =~ U’
= - i¥g b%, With the aid of (4.11) it is then inferred that
the only nonvamshmg components of Vg b/, are ivg b7
=U’r?sin?6, ig b%,=—U'r?. Accordingly the square of
the matrix (b’,) is given by
b? = (U’)?r *sin®6diag[0,1,1,0].
Because of (4.12) this implies that
b* = (U')2e- ™ diag[0,1,1,0]. (4.18)

Similarly, since it follows from (4.9) that the only non-
vanishing elements of (b*,,) are bf,=-U'=-b}, itis
seen that the only nonvanishing components of b*"! are
¥ =—eU’, b =¢vU’, giving

(b* P =~ (U")2e- ™) diagl1,0,0,1]. (4.19)
If we now substitute from (4.16), we may infer from
(4.18) and (4.19) that

b* + (b*)? =2r-tdiag[-1,1,1,-1]. (4.20)

In the same manner it is easily established with the aid
of (4.10)—(4.13), and (4.17), that
£+ (r*)?=e’r-4diagl, -1, - 1,1]. (4.21)

This, together with (4.20) is substituted in (3.21) to
yield the following expression for the energy—momen-
tum tensor density:

T=3c%®-»*Wg r-*diag[-1,1,1,~1]. (4.22)
Because of (4.11), this is equivalent to
e 0 0 0
Tp=3c€" =y Ng r™ g _’(;2 —rzginze (()) -(4.23)
0 0 0 e

This expression occupies the right-hand side of the
field equation (4.5). The explicit form of the components
of the Ricci tensor which occur on the left-hand side,
relative to the metric (4.11) is, of course, well known,
being given by*'?

Ruzé -+ - r ™,

Ryp=eM1+3r/ - %7'71’] -1, Rg=Rysing,

R44— ey—l[l " _ %hlvl +%(VI)2+,"-1VI].

Putting
C=1c2(2 - 4?)C, (4.24)

and proceeding along the usual lines,'* we see that Egs.
(4.5) assume the following explicit forms for (j, k)
=(1,1), and (j,h) =(4,4):

-
1_n - -
V= 1) - = Criet,

1 A ~
sV =V P+ oyl = exvCroter = Crter,

the combination of which yields
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—r (0 ') =0.

If it is assumed that the metric is flat at spatial infinity,
this implies that x =~ y. Equations (4.5) for (j,k)=(2,2)
and (3,3) are identical, and now reduce to

FU+n)-1=-Cr2,
yielding

@ =1-2m/r+C/r2, (4.25)

where m is a constant of integration, which, by analogy

with the Schwarzschild solution, is identified with the

mass of the object which gives rise to the spherically

symmetric gravitational field. On substituting from

(4.6) and (4.24) in (4.25), we finally obtain
2m | 4k € -2

e¢=etr=1-— +
¥ ciy?

{4.26)

The metric (4.11), in which x, v are given by (4. 26),
represents a solution of the Einstein—Maxwell equations
in the presence of a pair of static fields V{r), U(y).!5
Moreover, as expected, the field equations (4.16) and
(4.17) imply the inverse square laws by virtue of the
fact that x =-v.

The respective signs which appear before the terms
€ and y2 in (4.26) may be somewhat surprising at first
sight, it being recalled that ¢ and ¥ must be real as a
consequence of our construction. In order to trace the
origin of this phenomenon, which is obviously inherent
in the structure of the energy—momentum tensor, let
us evaluate the component ~ 7, (which is interpreted as
the energy density in classical electrodynamics) by
means of the representation (2.42) in flat space—time.

From (3.10) and (3.5) we have
=Fif,, —iF*px — 36{(F * F). (4.27)

In terms of the notation (2.47) it follows directly from
(2.42), (2.43), and (3.5) that

274
cT,l

Féaf‘la:E (VV+— a_z;))’ iF:abIQZH (VU+](; g—t-¢>

while
(FF)=2(H* -

When these values are substituted in (4.27) with j=4=4
it is found that

’T; =E* <vv+1 aw) H-(VU+l Qﬁ)—%(Hz—E"’),

’

ot ¢ of
(4.28)
or, after an application of (2.48) and (2.49),
ATi=3H?-E?) —E* (VX ¢) - H (Y Xp). (4.29)

In classical electromagnetic theory, in which ¢ =0 and
H=VXy, this reduces to the well-known form

-PT = LB+ ),

which is always nonnegative. However, in the present
context, this can no longer be asserted. Indeed, in the
case of the static field defined by (4.8), it follows from
(2.42), (2.43), (4.9), and (4.10) that

E=-VV, H=-VU,

so that (4.28) assumes the form
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- T = L(E? — 1), (4.30)

which may obviously assume both positive and negative
values. In particular, when the solutions {4.16) and
(4.17) are substituted in (4.30), the latter assumes the
value

- T, =3€* -y,

[as is also evident directly from (4.22)], whose sign de-
pends on the relative magnitudes of ¢ and y.

V. DUALITY ROTATIONS

A conceptually important role in previous theories'®
based on the existence of both electric and magnetic
charges is played by the concept of invariance under the
so-called duality rotations.!” It would appear that in
Schwinger’s theory a most significant aspect of these
rotations is contained in the relations

(5.1)

by means of which a magnetic charge at a point may,
in a sense, be “transformed away” by suitable choice
of the angle 6. Clearly (5.1) is the fourth component of
the relation

p=pcosb+0sind, 0 =-—psind+ ocosh,

Jh=Jtcos@ +S"sing, St =—J*sinf + S* cosé, (5.2)

which ensures the invariance of the field equations (2.33)
and (2.34) under the general duality rotation

F,;=F,;cos6~F} siné, F¥ =F} cos8+F,, sind.
(5.3)

We shall see that, within the context of the present
analysis, there are two fundamentally distinct approach-
es, both of which lead directly to (5.1)—(5.3). The first
of these is based on transformations of the potentials,
namely,

ij:chose+¢jsin9, q;f:—szin9+¢>jcosl9, (5.4)

these being suggested directly by (5.1). Because of
(3.5) this gives rise to

Fns =foy COSE—ibF, SIn8, f, = [}, cos8+b,, sind, (5.5)

together with
ghj =b,, cosb +if siné,
B (5.6)
by; = b}, cost —if, . siné,

It is immediately evident from (2.4) that (5.3) is irplied
by (5.5) and (5.6), which will be called the induced
dualily votations [having been induced by (5.4)]. On the
other hand, the rotation (5.3) also results, in a trival
manner, from

SFnj =S, c086~f¥ siné,

f¥ =1 cosb+f,. siné, (5.7
b,; =b,, cost ~ b sinb,
b}, = b} cosf+b, . sinb, (5.8)

which we shall call the standard duality rotation [since
its structure is identical with that of (5.3)]. The field
equations (2.33) and (2.34) are invariant under both

92 J. Math. Phys., Vo!. 18, No. 1, January 1977

types of duality rotations, provided that (5.2) is as-
sociated with each, as will be assumed henceforth. For
future reference we observe that, as a consequence of
(5.2), the electric and magnetic charges ¢ and y of a
particle must be subjected to the transformations

¥=eccosf+ysing, y=—esind+ycosb, (5.9)

in order to ensure the invariance of the theory under
(5.3).

There are, however, significant differences between
induced and standard duality rotations. For instance,
the identities (2.35) and (2. 36), together with the special
form (2.37) and (2.38) of the field equations, are in-
variant under the former, but not under the latter. On
the other hand, it may be easily verified that the ex-
pression (3.21) for the energy—momentum tensor den-
sity T is invariant under the standard duality rotation,
while this is not true for the induced duality rotation.
Thus an application of the former cannot affect the
question as to whether or not 72 is a multiple of the unit
matrix. However, it may also be shown that the com-
mutator x =fb ~ bf is invariant under induced duality
rotations, and hence the latter is also incapable of af-
fecting the condition (3.30) which determines the char-
acter of T2, Nevertheless, it may be worth observing
that the equivalent condition (3.36), which is automati-
cally invariant under the standard duality rotation for
fixed p,q, is invariant under the induced duality rota-
tion if and only if p and g transform according to

Z):pc059+qsin9, q=-psiné+qcosh, (5.10)

whose structure is identical with that of (5.9).

VI. THE EQUATIONS OF MOTION OF A TEST
PARTICLE

We shall now consider the motion in V, of a test parti-
cle of rest mass m, endowed with electric and magnetic
charges, under the influence of an external electro-
magnetic field F,,. It is supposed that the effects of m
and these charges on the tensor fields g,, and F,; are
negligible. If the equations of motion are to be derived
from a variational principle, as is assumed here, the
central problem revolves about the determination of a
suitable (single integral) Lagrangian A(x/, %/). where
X =dx?/d7 for an as yet arbitrary parameter 7.

It is supposed that A is of the form

A=N7y - A, (6.1)

where A, refers to the inertia of the particle and ¢ A,
is the interaction Lagrangian. If it is required that the
action integral [A dt be invariant under coordinate as
well as parameter transformations, it is necessary to
stipulate (i) that A is invariant under coordinate trans-
formations, and (ii) that A is homogeneous'® of the first

degree in x7. This leads to the usual form for A,:
Ay =mc(g, X 2, (6.2)

for which (under the exclusion of null-directions'?)
d 3l 2o
£,0) = E(MJ) T
- /)A"h - (l’Ao .
e [o2) ()], e

Hanno Rund 92




where Di*/DT1 denotes the absolute derivative of x* with
respect to 7. If, in particular, the parameter 7 is
identified with the proper time o of the particle, that is,

d1?=do* =g, dx"dx’, (6.4)
then A,=mc, and (6.3) reduces to
E;(Ay) =mcg,,;(D*/ Do), (6.5)

As regards the interaction Lagrangian A, the situa-
tion is somewhat less obvious. In addition to the con-
ditions (i) and (ii) it is stipulated (iii) that A, does not
contribute terms involving higher derivatives of %' to
E, (A): (iv) that in the absence of an external electro-
magnetic field A, is the derivative with respect to 7 of
some scalar functlon 5 [so that E,(A)=0 identically
whenever F, =0]; (v) that A, is 1nvar1ant under the gen-
eral duality rotatmn (5.3) (so that the resulting equa-
tions of motions possess this property).

Condition (iii) implies that 82A,/9x?3x* =0, and thus,
by (ii), that
A =Z 0, (6.6)

where Z (x" is an as yet unspecified vector field. We
therefore introduce the 1-form

w=Z,dx) = Adr, 6.7)
whose exterior derivative is

do=3(Z,, -2, )d" A dx!, (6.8)
which can be expressed as

dw=3E (A )dTA dx’. (6.9)
According to condition (iv), we must have w=d2 , that

is, dw=0, whenever F, =0. This requirement is cer-
tainly satisfied if there exist parameters «, 8 such that

de=3@F —Bth)dx"/\ dxi, (6.10)
If it assumed that dw does indeed possess this form,
then, by condition (v), the coefficient of dx* A dv/ in dw
must _be invariant under the duality rotation (5.3). Thus
if a B denote the transforms of a and 8 under (5.3),

is necessary that

(@F,; -BFxX

= (Xcosd - Esinb)F (asmG+ﬁcosQ)F

=aF

hj

- BFY,,

yielding

o =a cosf+ 3sing, E:—asin@+ﬁcos€. (6.11)

This transformation has a structure which is identical
with that of (5.9), and accordingly it would be consistent
to ultimately identify o and 8 with constant multiples of
e and y respectively, that is, to set

o=ke, B=ky. (6.12)
Let us write (6.10) in the form
dw=3Q (6.13)
where we have put
Q=3(aF,; — BFf)dd A dx . (6.14)

Obviously the most crucial aspect of the identification
(6.13) is the resulting requirement that
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an=o0, (6.15)

which, is equivalent to
a(F, h/k+ij.h khrJ) a( h1k+ijh+Fkhj) 0. (6.16)

In order to analyze this condition, we substitute from

in turn,

(2.4), noting at the same time that, by virtue of (3.5),

Fasor T Fipn TS, =05 By T bfn T O, =0 (6.17)
identically. Hence (6.16) reduces to

Myt M, ;=0, (6.18)
where we have written

M,, =iab,, - Bf%. (6.19)

But (6.18) implies the existence of a vector field Wj(x")
such that

My, =W, = Wiy

(6.20)
which is clearly a condition on the potential fields i,
and ¢, that is not necessarily inherent in the field equa-
tions. However, unless this requirement is satisfied,
there cannot exist an interaction Lagrangian A, as

specified by (6.7) and (6.13).%

Therefore, before proceeding, let us glance at the
implications of (6.20) more closely. Clearly (6.20) may
be expressed as

Vg M*hi = Siehitepg, = jehithgy, | (6.21)
from which it follows that
3 , . .
axi (Vg M) = (\/EM*M)U =2 €Wy ;= Wayp) =0,
where, in the last step, the cyclic identity satisfied by

the curvature tensor has been used. Conversely, if

this condition is satisfied, there exists a totally skew-
symmetric relative tensor field W*? such that

Vg M*hi =3 whil/3x!, However, any such field W*! may
be expressed in the form ie!*W,, with 3! Wk:ie,”.,kW"“,
which guarantees the existence of a field W, such that
(6.21) holds. Thus a necessary and sufficient condition
that (6.20) be satisfied is represented by

(Vg M*5), =0, (6.22)
On the other hand, it follows from (6.19) that

Vg M*i = ionlg b¥hs + Vg 11, (6.23)
so that the field equations (2.37) and (2.38) imply

(Vg M*7), = BJ" — ast, (6.24)

Thus the cvucial condition (6.22), and hence also (6.15),
is always satisfied in vacuo, or more generally, when
J* S are related according to

BJh —aSt=0. (6.25)

Because of (5.2) and (6.11) the left-hand side of (6.25)
is invariant under the duality rotation (5.3); moreover,
it is remarkable that the tensor M, as defined by (6.19)
is invariant under the induced duality rotations (5.5) and
(5.6), while this is not true for the standard duality
rotation. Also, because of (2.35) and (2.36),

(\/E th)lj =
identically.
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Assuming, then, that (6.22) is satisfied, it is con-
cluded by means of (6.8) and (6.14) that the identifica-
tion (6.13) yields

Z, =2y, =aF, ~8F},. (6.26)
In view of (2.4), (6.19), and (6.20) this is equivalent to
Zin— Zn,; = (Xj,h ‘Xh.j) + (W,,h - WM),
where we have put
X, = B¢,

whose invariance under the duality rotation (5.4) follows
directly from (6.11). Thus

(6.27)

Z,=x,+W,+d ,, (6.28)

where ® is an arbitrary scalar field. This vector field
is to be substituted in (6.6) to yield the final explicit
expression for the interaction Lagrangian A;, where it
should be noted that $ , may be omitted since it does
not contribute to E (A,).

More directly, it is evident from (6.8), (6.9), and

(6.26) that
E,(N)=(aF,, = BF} )", (6.29)

This holds for any choice of the parameter 7; however,
if we again identify 7 with ¢ in accordance with (6.4),
the derivatives ¥* will represent the components of the
4-velocity of our particle. A combination of (6.4) with
(6.29) now yields the final form of the equations of
motion, namely

E (A)=0, (6.30)
where
E,(A) = mcg, (D3*/D0) + ¢ F , - 8F)%",  (6.31)

which, by virtue of our construction, is tensorial and
invariant under the general duality rotation (5.3).

In flat space—time, with g,.=~9,;, it is found with the
aid of the representation (2.42) that Eqs. (6.30) assume
the form

ﬁ(ﬁgﬁ) =0 (B+ v XH) +8(H - c"'v X E)
(6.32)

for j=1,2,3. Because of the homogeneity of A [which
implies that E (A)%/ =0 identically], the fourth member
of (6.30) is a direct consequence of the three equations
(6.32): in fact, it is merely the energy conservation
law:

d( mc® ):(aE+BH)'V. (6.33)

(ﬁ '(1 PP E
In view of (6.11), and the classical expression for the
Lorentz force, the parameters o and $ are to be iden-
tified with the electric and magnetic charge respectively
of the test particle.

In conclusion let us briefly glance at the explicit form
of the condition (6.18) in flat space—time for the case of
a static field as defined by (4.8). From (6.19), (6.23),
and (4.9) it follows that under these circumstances
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M, =0, Mf=-ialU, +igV .

Thus M,, =0, while the vector M=(M,;,M,,,M,,) is
given by

M=-V(aU-8V). (6.34)

The condition (6.18) then reduces to
aViU -8viV =0,

which is automatically satisfied by the solutions of
{4.16) and (4.17). Thus, in this case, the validity of
the equations of motion (6.32) does not depend on any
additional conditions (as was to be expected from the
general theory above). Indeed, it is precisely within a
context of this kind that these equations of motion are
applied by Schwinger,?! who considers the motion of a
test particle with electric and magnetic charges «,8 in
the field generated by a stationary body possessing
charges ¢ and y. It is remarkable that the conserved
angular momentum vector of Schwinger may, by virtue
of (6.34), by expressed (in the nonrelativistic limit) as

rXmv+ My 2,

which may shed some further light on the physical sig-
nificance of the tensor M, .
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Wentzel’s elegant method for deriving the quantal generalization of the Sommerfeld quantization
condition, which has been criticized by other authors, is justified and put on an irrefutable basis. Clarifying
comments on some questions related to the discussion in the present paper are also made.

1. INTRODUCTION

Wentzel (cf. pp. 519—21 in Ref, 1) has devised an
elegant method for deriving, in the JWKB approxima-
tion of any order, the asymptotic quantal generalization
of Sommerfeld’s condition for bound states in a single-
well potential. It was, however, pointed out by Kramers
(cf. p. 836 in Ref, 2) that a further establishment of
Wentzel’s proof is needed. Later Dunham, ® who re-
peated and strengthened Kramers’s criticism of
Wentzel’s proof (cf. pp. 715 and 718 in Ref. 3), used
essentially Zwaan’s* method to justify Wentzel’s result.
More recently Wentzel’s method of proving the quantiza-
tion condition has been used by other authors (cf. p. 186
in Ref, 5, pp. 384—5 in Ref. 6, and p. 630 in Ref. 7)
but without the desired clarification of the proof. The
purpose of the present paper is to clarify Wentzel’s
proof by filling certain gaps in it. In this way one can
justify Wentzel’s proof completely and thus in a way re-
ject the criticism raised against it. Unless otherwise
stated, our notation follows those used by Wentzel.'

As preparation we discuss in Sec. 2 the representa-
tion in the complex x plane of wavefunctions, which tend
to zero as the independent variable x tends, along the
real axis, to one of the limits -« or +«, but which
need not correspond to eigenfunctions {i.e., which need
not be zero at both =« and +=). This discussion is
related to results obtained by Birkhoff (cf. pp. 696—700
in Ref. 8), Kemble (cf. pp. 558—60 in Ref, 9 and pp.
574—5 in Ref. 10), Seifert (cf. Satz 1 on pp. 175—6 in
Ref, 11), Olver (cf. p. 809 in Ref, 12 and Secs. 2 and 4
in Ref. 13), and N. Froman and P.O. Fréman [cf. Egs.
(3.41), (4.4a), and (4.4b) in Ref, 14; cf. also Ref, 15|,

In Sec, 3 we describe in passing how the single-
valuedness of the wavefunction has been used by
Sommerfeld (cf, pp. 160—1 and 166 in Ref, 16) and by
Kemble (cf. pp. 559 and 560 in Ref, 9 and pp. 105, 107,
and 574—5 in Ref, 10) for a very simple derivation of
Wentzel’s quantal generalization of the Sommerfeld
quantization condition.

Our analysis of Wentzel’s own proof of this quantiza-
tion condition is then given in Sec. 4.

In Wentzel’s quantization condition [ef. Eq. (12) in
Ref. 1] the integrand in the left-hand member is not real
in the classically allowed region of the real axis, and
the right-hand member is proportional to an integer, k.
For the first-order JWKB approximation, Kramers®
wrote the quantization condition in a more convenient
form, where the integrand on the left-hand side is given

96 Journal of Mathematical Physics, Vol. 18, No. 1, January 1977

by a simpler expression, which is real in the classical-
ly allowed region of the real axis, and the right-hand
side is proportional to a half-integer, & +3. Dunham
{cf. pp. 71920 in Ref. 3) transformed Wentzel’s
general quantization condition involving higher-order
JWKB approximations into a generalization of Kramer’s
half-integer quantization condition. Dunham considered,
however, only the first few higher-order JWKB correc-
tions. The transformation was later made quite general
by Urban® who considered JWKB approximations of any
order (cf. pp. 186—7 in Ref. 5), Starting from
Wentzel’s quantization condition with all terms included,
and using a transformation of the sum of the terms with
odd indices in the JWKB series obtained by N, Froman
[cf. Eq. (5b) in Ref. 15], we give in Sec. 5 an alterna-
tive derivation of the half-integral quantization condition
involving phase-integral approximations of arbitrary
order. This quantization condition is the same as the
quantization condition derived by Dunham and Urban (cf.
above).

2. REPRESENTATION OF WAVEFUNCTIONS
VANISHING AT - OR AT + < BY JWKB FUNCTIONS
OR PHASE-INTEGRAL FUNCTIONS IN CERTAIN
REGIONS OF THE COMPLEX X PLANE FAR AWAY
FROM THE CLASSICALLY ALLOWED REGION

Consider a single-well potential and assume that for
the function p®(x) in Wentzel's' Eq. (1), the zeros off the
real axis as well as the singularities lie far away from
the classically allowed region of the real axis, Cutting
the complex x plane between the two classical turning
points, i.e., the two pertinent real zeros of p*(x), we
choose p(x) to be positive on the upper lip of the cut.
Whether the bottom of the potential is approximately
parabolic or not, it follows from the general behavior
in the complex v plane of the level lines of the function
‘expli[*p(¥)dx]! that, if one excludes a certain region
around the classically allowed region and also a more
remote region containing the further zeros and singu-
larities of p(x), which may possibly exist, and considers
a certain band encircling the classically allowed region,
there is in this band a region L to the left in which any
point v can be joined by a path from - along which

exp[-i/*p(x¥)dx] increases as one moves from -« to
¥, and there is a region R to the right in which any point
¥ can be joined by a path from + along which

exp[-i[*p{x)dx] increases as one moves from +w to
¥, and for L and R there is a common region above as
well as below the real axis. See Fig. 1.
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FIG. 1. The full-drawn curves in Fig. 1a (which refers to the
case of a harmonic oscillator) and Fig. 1b (which refers to the
case of a quartic oscillator) are anti-Stokes’ lines, i.e., level
lines of the function | exp{if*p(x) dx}!, where pl(x) is the func-
tion in Wentzel’s! Eq, (1). The dashed lines are Stokes’ lines.
In Fig. 1lc the regions L (indicated by ////) and R (indicated by
////) are shown.

Recalling results obtained by Birkhoff (cf. pp. 696—
700 in Ref. 8) and by Seifert (cf, Satz 1 on pp. 175—6
in Ref. 11), one realizes that, even if the energy does
not correspond to a bound state, a solution y of
Wentzel’s! Eq. (1) tending to zero as x— —« is, except
for a constant factor, in the region L asymptotically
represented by the expression

exp[J' 2—;1 :zo(-z-%)vy,(x)dx], (1)

provided that we choose the sign of y,(x) so that y.(x)
=—p(x) [cf. Eq. (6) in Ref. 1]. Similarly, a solution 3,
tending to zero as x— + is, except for a constant fac-
tor, in the region R asymptotically represented by the
expression (1) with the same choice of sign for y,(x) as
above.

To make Wentzel’s proof free from objections it is,
as will be seen in Sec. 4, sufficient to use what has
already been said above. At this point we shall, how-
ever, make some further comments related to the con-
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tents of the present section but of interest also in other
contexts.

In the first-order JWKB approximation with yq(x)
— —p(x), expression (1) becomes [cf. Eq. (9) in Ref, 1]

ool 32w
:const-p'”%x)exp(—zhﬁf p(x)dx>. 1)

From what we have said above, it is, in particular,
clear that a solution i, of Wentzel’s’ Eq. (1), which
tends to zero as x— — <, is approximately equal to the
expression (1), except for a constant factor, in the
region L, and that a solution i, which tends to zero as
x— + = is approximately equal to the expression 1,
except for a constant factor, in the region R. With
quantitative estimates of the approximations involved,
this result can also be obtained from work by Olver
(cf. p. 809 in Ref. 12 and Secs. 2 and 4 in Ref. 13) and
by N. Froman and P,O. Fréman [cf. Egs. (3.41),
(4.4a), and (4.4b) in Ref. 14],

The first-order JWKB approximation is the same as
the lowest order of certain phase-integral approxima-
tions introduced by N, Fréman,'® the higher orders of
which are related to the higher-order JWKB approxima-
tions in the way described on pp. 453—4 in Ref. 17. For
the applications to certain physical problems which often
arise, for instance, in connection with the radial
Schrodinger equation, it is important that there now
exists a satisfactory and simple procedure for modifying
these phase-~integral approximations of arbitrary order
(cf. Ref, 18 and Ref. 19, pp. 126—9). When these
(unmodified or modified) phase-integral approximations
are used, one can prove; with quantitative estimates,
according to the methods developed in Ref. 14 (cf. also
Ref. 15) that a wavefunction (4, or ¥, respectively)
which tends to zero as x— -~ or as x— +, respec-
tively, is, apart from a constant factor, in a region
similar to the above mentioned region L or R, respec-
tively, approximately given by the expression

g (x)yexp[-i [ “q(x)dx], w

where g(x) is the truncated series (16) in Ref, 19 with
the appropriate choice of sign for ¢(x), In the case of
unmodified phase-integral approximations of the order
2N +1 the function ¢(x) is given by the truncated series
—@mi/m)y Yo [h/@ui)P" v,,(x) containing only terms y,(x)
with even indices v; cf. (1). Note the differing sign con-
ventions for the functions v, (x) and ¢(x).

When the energy is not equal to an eigenvalue, the
previously defined solutions ,(x) and iz(x) are quite
different and linearly independent, but yet, after having
been multiplied by convenient constant factors, these
solutions can both be represented by the same truncated
JWKB expression (1) or the same phase-integral ex-
pression (1”) in the common parts of the regions L and
R (cf. Fig. 1). Therefore, the Wronskian of ¥;(x) and
¥g(¥), which is different from zero since #,;(x) and P(v)
are linearly independent, is obviously not obtained
correctly when calculated by means of (1) or (1”). To

N. Froman and P.O. Fréman 97



explain this fact we note that, when P;(x) and #.(x) are
represented by (1) or (1”) in the regions common to L
and R, the relative errors are small compared to unity,
whereas the absolute errors are not small compared to
the values which %,(x) and ¢4(x), respectively, assume
in the classically allowed region of the real axis, since,
in the common parts of the regions L and R, the values
of [4.(x)] and i¥z(x)! are large compared to the corre-
sponding values in the classically allowed region. The
Wronskian of ,(x) and #g{(x), which can be obtained
when $,(x) and ,(x) are approximately known in the
classically allowed region, can therefore not be obtained
correctly when 7 ,(x) and 4,(x) are represented by (1) or
(1”) in the common parts of the regions L and R. The
calculation of this Wronskian is important in connection
with the normalization of the wavefunction [cf. Eq. (6)
in Ref. 20; also c¢f. Refs. 21 and 22] and in problems
concerning the probability density at the origin., *

3. USE OF THE SINGLE-VALUEDNESS OF THE
WAVEFUNCTION FOR DERIVING WENTZEL'S
QUANTIZATION CONDITION IN A VERY
SIMPLE WAY

The exact wavefunction ¥, corresponding to an eigen-
value of the energy, shall tend to zero when x — -« as
well as when x—~ +, In the case of a single-well poten-
tial this eigenfunction ) must, except for a constant fac-
tor, be asymptotically represented by the expression
(1) in the whole band consisting of the regions L and R
(cf. the previous section). Since the exact wavefunction
is single-valued also around the classical turning
points, its asymptotic expression (1) must be single-
valued when x moves, for example, one turn around both
classical turning points. This requirement was used by
Sommerfeld (cf. pp. 160—1 in Ref. 16) and by Kemble
(cf. pp. 558—9 in Ref. 9 and pp. 574—5 in Ref. 10) for
deriving Wentzel’s quantization condition, i.e., Eq.

(12) in Ref. 1, where k now appears as an unspecified
_integer which is not a priovi related to the number of
nodes of the eigenfunction. Being based on the repre-
sentation of the bound state wavefunction by expression
(1) at some distance from the classically allowed re-
gion, such a proof is to some extent related to, although
more straightforward than, Wentzel’s proof, which will
be discussed in the next section. When the quantization
condition is fulfilled, expression (1) is single-valued in
the whole band consisting of the regions L and R, and
this simple expression represents there the bound state
wavefunction #(x). It is, in fact, only when x approaches
the classically allowed region between the classical
turning points that one needs to use a linear combination
of both JWKB functions to represent the bound state
eigenfunction #{x).

4. JUSTIFICATION OF WENTZEL'S PROOF

Consider the exact wavefunction i,(x) for a bound
state of a quantal particle of energy E, in a one-dimen-
sional single-well potential. It is well known (cf. p. 630
in Ref. 17) that the solutions of the one-dimensional
wave equation have no zeros outside the real axis, and
that the zeros on the real axis are all simple zeros
situated in the classically allowed region. Furthermore,
if the index k enumerating the energy eigenstates, which
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are all nondegenerate, is chosen such that E, <E,

<E, <-+-, the eigenfunction ,(x) has precisely k (= 0)
such simple zeros, but no singularities, in a region of
the complex x plane from which we exclude the remote
region containing possibly existing poles of the poten-
tial. In the region thus considered the wavefunction
1,(x) is a regular analytic function of the complex vari-
able x with precisely % zeros, which are all simple. In
the same region the quotient ;(x)/4,(x) is thus an ana-
lytic function of x with simple poles at the k zeros of
$p{x), and at each one of these poles the residue is equal
to 1. If C is a closed contour which lies in the region of
the complex x plane under consideration and encircles
the k zeros of #,{(x) in the positive sense, we thus have
the formula

1 Palx)
2 J B dx=Fk, (2)

which is exact, since ,(x) is assumed to be an exac!
eigenfunction,

We can choose the contour C to enclose the two
classical turning points and to pass everywhere far away
from the classically allowed region, so that we can rep-
resent the eigenfunction ,(x) by the asymptotic expres-
sion (1) everywhere on the contour of integration C.
From (1) it then follows that the asymptotic formula

blx) 2w S/ R \*
WD R ) ®)
is valid on the whole contour C. Since the series on the
right-hand side of (3), when truncated, is slowly vary-
ing on the contour C, it is not dangerous to use such a
truncated expression for approximately calculating the
integral in the exact quantization condition (2). We can
thus insert (3) into (2), getting Wentzel’s asymptotic
quantization condition [Eq. (12) in Ref. 1]

f i (iyyu(ﬂ dx = kh, 4)

o \2 i
C

where, as previously mentioned, v,(x)=~p(x) with p(x)
positive on the upper lip of the cut along the classically
allowed interval of the real axis, and where the path of
integration C encircles the classically allowed region
in the positive sense. In (4) the contour C can be de-
formed conveniently provided that it does not cross any
branch cuts or singularities of the functions v,(x).

Although not as simple and direct as the proof de-
scribed in the previous section, Wentzel's proof has the
merit of showing clearly that the quantum number % is
equal to the number of nodes of the eigenfunction.

5. TRANSFORMATION OF WENTZEL'S
QUANTIZATION CONDITION INTO A SIMPLER
FORM

In Wentzel's quantization condition (4) the terms v,,
Ve, +++ as well as the terms v;, v;, *** appear in the
integrand in the left-hand member. Because of the pres-
ence of the latter terms, the integrand is not real in the
classically allowed region of the real axis, As we have
already mentioned in the Introduction, Dunham? and
Urban® have transformed Wentzel’s quantization condi-
tion into the now well-known form, in which the inte-
grand in the left-hand member contains only the terms
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Yos Y2, **- and is real in the classically allowed region
of the real axis, and the right-hand member is propor-
tional to the half-integer quantum number % +3. The
argumentation used by Dunham and Urban can be ex-
plained as follows. From Wentzel’s' Eqs. (9) and (6) it
follows that y,(x) = — id[Inp?(x)]/dx, and recalling that
p%(x) has precisely two simple zeros inside the contour
C defined in the previous section, one thus realizes that
$oyi(x)dx=—m. Since, furthermore, it can be shown
that for any odd value of v> 3 the function v,(x) can be
written as the derivative with respect to x of an analytic
function which is single-valued on the contour C, one
gets the formula

f b (i) Vop(X)d = =5, (5)

Cn:o 27

Using this formula, one can write the quantization con-
dition (4) in the form

©

=f n\*" L
fL(z—) Varl¥)dx = (& + )k, (6)

n=0

where the asymptotic series in the integrand on the left-
hand side is real in the classically allowed region of the
real axis. By reversing the sense of integration along
the path C and at the same time changing the signs of
the functions wv,,(x) in (6), one obtains this quantization
condition in a form corresponding to Eqs. (10.22) in
Ref. 14 and (13) in Ref, 15.

We shall now demonstrate another way of transform-
ing Wentzel’s quantization condition, i.e., Eq. (4) in
the present paper, into the form (6). Following N.
Froman (cf, pp. 542—3 in Ref. 15), we realize that

3 () n0=, (5) e

v=0 n=0

+2”7&%{m[z(§’;—z>y(x)]/} (1)

According to Eq. (6) in Ref. 1 we have y2(x)=p*(x). The
function p*(x) is single-valued and regular in the region
of the complex x plane under consideration, and in this
region the only zeros of p*(x) are the classical turning
points, which are simple zeros of p*(x). The truncated
series 3 ¥ [h/(27) " y,, (x)/yo(x), which has no branch
points in the region of the complex x plane under con-
sideration, has a certain number of simple zeros in the
neighborhood of each classical turning point, and at the
two classical turning points it has poles, the order of
each pole being equal to the number of zeros in the
neighborhood of the classical turning point in question
(cf. pp. 456—9 in Ref. 17). Hence this truncated series
is single-valued in the region in question of the complex
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x plane, and it is, furthermore, close to unity far away
from the classical turning points. For the reasons men-
tioned we get [cf. (7)]

h d N h 2n -1/2
Tr{ln[z(z) W"] }d"

_ 4 -1/2

37 £dx [lny0 (x)|dx

_r
8mi

Il

fl

d—i— [Inp?(x)] dx = — Lh. 8)

Inserting (7) into (4), and using (8) with N=w, we per-
form, in an alternative way, the transformation of
Wentzel’s quantization condition into the form (6).

Using the symmetric phase-integral approximations
mentioned in Sec, 2, N, Frdman'® has in another way
directly derived the quantization condition in a form
equivalent to (6).
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We show that the generalized electromagnetic field tensor f"w and the magnetic and electric charges in non-
Abelian gauge theories have little to do with the Higgs scalars and/or the dynamics of the Lagrangian.
They are consequences of a symmetry in the theory. We present several exact static dyon solutions to the
nonlinear classical field equations in both massless and massive Yang-Mills theories, which possess both
electric and magnetic charges. The implications of F v are also discussed.

1. INTRODUCTION

Yang and Mills emphasized that local isospin gauge
symmetry leads to gauge fields B} and completely de-
termines the interaction dynamics of the gauge fields.'
Several particular solutions to the classical Yang— Mills
field equations have been discussed, ?~® Recently, it was
pointed out that because of the local isospin gauge sym-
metry, one can introduce a unit isovector, e.g., v°
=%/, to connect the gauge field B; and the Abelian
electromagnetic field tensor 17’“,, associated with the
magnetic monopole in such a way that (a) F‘W is isospin
gauge invariant and (b} :F_‘u,, reduces to the usual electro-
magnetic field tensor F,,=3,4, - 3,4, if v*=(0,0,1).°
Because v%(x) is not a dynamical quantity, the theory
consists of kinematics and dynamics. The kinematics
possesses the symmetry in question, the dynamics does
not. The symmetry referred to and used was that of the
kinematics throughout.

In this paper, we consider the static solutions with
Bj#0 and we obtain the dyon solution, having both mag-
netic and electric charges. We also find an exact static
solution Bj for which the total energy of the system is
finite, but the solutions Bj are nonpointlike and the dyon
carries an imaginary electric charge. It is shown that
the conserved magnetic and electric charges in non-
Abelian theories have nothing to do with the Higgs sca-
lars and/or the symmetry structure of the Lagrangian.
Rather, they are a consequence of the symmetry of the
kinematics part of the theory. A massive Yang—Mills
theory is also considered; it is found that in this case
the dyon solution exists too.

2. SPECIAL STATIC SPHERICALLY SYMMETRIC
SOLUTIONS

The classical field equations for the Yang—Mills field
Ba arelﬂ
M

B, =0,Bs~3,B; + e B, B, Bj=A", ey
B, +ee® BB, =0, (2)
Q“BZ = . (3)

We locok for the static spherically symmetric solution
of the form, ®

B‘i’: €iabvb(r)B(’V}: i; a, b= 1: 2) 39 (4)
B =09(0)G(), v°(r)=7v"/7. (5)
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The constraint equation (3) is automatically satisfied.
Equation (2) can be written as

2B 3eB®: , . eG? _
ai8i3—7— p - e“B +—:’—;—(1+€1’B)—0, (6)
a,.aic_%g_‘lefG-ZezBaczoe ()

Introducing the variable C(») =1+ erB(r»), we have

2
%%}C;: C(C%-1) - e%2G%C, (8)
d daG\ 5
E(rz%—)vzc}c ) (9)

The trivial solution C =0 to (8) leads to the nontrivial
special solution,

B(r)=-1/(er), Gr)=G/r+G;, Gy=e¢, (10)
where G, and G, are constants of integration and Gy=e

because of the requirement FW =F,, when ©"=(0, 0, 1).

We try to find a solution B which is regular at ¥=0.
By a stroke of luck, we find the following solution to (8)
and (9) (note that here C and G can be either positive or
negative),

C(v)= ar/sinav,

G(») = i(ar cosar ~ sinar)/(er sinar), 1y

where « is an arbitrary constant. Unfortunately, these
solutions are undefined as -+ if o is real. However,
if a is imaginary, i.e., a=i8 with 8 real, we have an
exact solution to Eqs. (8) and (9),

N Br __ Br—sinhfr
co= sinhr 0 B = er sinhB» ’ (12)
G{ry= ! (B¥ coshBv — sinhfv),

ev sinhfr

which can be easily verified. These solutions are regular
at both » =0 and » ==.% We note that such a finite solu-
tion for arbitrary » is possible because BJ [or G(r)]is
nonvanishing. If BY is set equal to zero, Eq. (8) becomes
Y2PC /dv? = C(C% -~ 1) =C? in the region C?> 1, say =7y,
where we have the asymptotic solution C =V 2 7;/(7; = ¥),
r=7, In this case, the nontrivial solution C(») diverges
at some finite r=v.°
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On the other hand, if one looks for the static solution
of the form

Bi=v'fY(»)/r, Bi=g"r), (13)
one has the Ikeda— Miyachi solution®
7(r) =A%/¥?, A°=integration constants,
g = (1 - ];’) l:a'“ +5p'? cos(e—f—> +¢’'%sin <%é)] s

= const, (14)

where A= 1A, a®=constA’, |b'i=ic’l, anda’, b/,
and ¢’ form a right-handed orthogonal system. It is in-
teresting to note that if AxXg#0 the vector g appears to
rotate around the A axis, with the angle between A and
g constant everywhere, when we travel from one pointe
to another point in space.

3. LOCAL GAUGE SYMMETRY AND THE DYON

What is the “physical” meaning of these classical
solutions ? One may regard the B-vector Bj, as com-
posed by isovector “electric” and isovector “ magnetic”
fields®:

E?: ?0’

a, 1 a
Hy,=3¢€,;;B3;,

(15)
which do not correspond to physical reality in nature,

It would be more interesting and meaningful if B}, could
be related to the usual electromagnetic fields. Indeed,
this is possible because of the local gauge symmetry.5

We introduce a local unit vector +*(x) (#*+*=1), which
transforms like an isovector under the local SU(2) trans-
formation and we construct a generalized electromag-
netic field tensor F,, more closely related to F,,, so
that we may actually split the 6-vector F,, into the usual
electric and magnetic field associated with interesting
objects such as the magnetic monopoles or the dyons.
Their existence has been speculated in relation to the

fundamental problem of charge quantization and discussed

by many authors.® To accomplish this in the Yang—Mills
theory with Bf =A*, it is natural that F,, satisfies the
requirements: (i) F,, is gauge invariant and (ii) F,, can
be reduced to the usual F,, when ¢*=(0, 0, 1), We define®

Fuv — Z,aBr‘zw - €'1€abcl'a(Du Z'b)(D,,l'c), = l,a(.\.)’

=1, (D,1?)=23,1" +ee® B9, (16)

which is indeed gauge invariant, and Fn‘w:Fw when
©*=(0,0,1). Now, the electric and the magnetic fields,
E; and H,, are related to F,, by

E;=F;, Hy,=3¢,;,F. (17)

Definition (16) is interesting because E; and H, in (17)
can be interpreted as the fields produced by the mag-
netic monopole or the dyons. Since *»°=1, we may
write (16) as

F,, = 3, (v°Bf) = 3,(0°B°) = "l %3, %) (3,1°). (18
For completeness one might mention that the compo-
nents of B;, perpendicular to v° in isospace form a
charged vector meson relative to the components of B,
along v* as electromagnetic field.

101 J. Math. Phys., Vol. 18, No. 1, January 1977

If the theory involves a scalar field ¢°, one usually
defines'’ F,, in (16) with ¢* replaced by ¢°/|¢!, as pro-
posed by ’t Hooft.® We stress that the ratio ¢°/I¢| has
nothing to do with dynamics, although ¢° is determined
by dynamics. The reason is that one looks for solutions
of the form ¢°=»*£(»), where £(v) is the only quantity
determined dynamically. Therefore, ¢°/i¢| has nothing
to do with £(») or dynamics, just like the unit isovector
#%. Note that the form ¢°=+%£(») is determined by sym-
metry consideration alone.

To see the sources which generate the field FW, let
us define the magnetic current'® %, and the electric cur-
rent j, :

Iy = 3 €0 F*Y, (19)

j, =3F,,. (20)
They are both obviously conserved currents,

Mey=0, 2*j, =0, (21)

and hence the magnetic charge M and the electric charge
Q@ are conserved,
d d .
—(;;M:Efkodar/(zm) =0,
(22)

so=2fier/an=o.

When the fields By are free from singularity lines, we
have the identity

€rpur0°[9, (1°B) = 3,(r°BL) =0 (23)
and the magnetic current k, can be written as®
Tn == (1/20)€5,,, € 0°0%0" "% 1°, (24)

The relations (18)—(24) hold for arbitvary local unit
isovector v*(r,1), v°»*=1. It is striking that these re-
sults are the consequence of the symmetry embedded in
(16) and have nothing to do with the interaction dynamics
of the system. We note that, in fact, symmetry is the
most basic concept in gauge theories. The concept of
symmetry leads to the gauge fields B and completely
determines the interaction dynamics of Bﬁ.1'3 In the
same sense, we may regard the dyon as the consequence
of local isospin gauge symmetry.

In general, the magnetic charge A is given by

1 1
M=2 f o= - g f €m0, (005 | . (25)

We require that #°¢*=1 and that °(x) is single valued.
We can write M as

1 (o(ey. v, v
e B [t g, -
gne f (ry, vy, ¥3)
This equals the integration over a unit sphere in iso-
space multiplied by a wrapping number #,
M=~ (3/4ﬂe)fvzslndsz':—n/€, (27

where # is an integer. In particular, for fixed constant
v® we have M=0. For the case!'’

vy=ar /A, vy=vyrs/A, vy=[(ry)?-a?l/A,

A=[(@n)? + (ryry)® + ((r)? = ?] 2, (28)
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we have the total magnetic charge M=~ 2/e¢. In this
context, it is worth pointing out that the magnetic charge
density %, in (25) vanishes everywhere except at the mo-
nopole position where the space derivatives of »® have

6 type singularities. This position corresponds to the
zeros of the Higgs field ¢%(x), as discussed by 't Hooft.®
We emphasize that the form ¢%(x) = R%(x) £&(x) with R®
=8, or R°=7"/r is specified before the field equation
for ¢? is solved. Usually we determine the explicit form
of R*(x) by some sort of symmetry considerations. We
may remark that although (25) does not involve gauge
fields one should not regard gauge fields as having
nothing to do with the magnetic charge.!’ (See Sec. 7.)

4. THE DYONS

For the special type of solution given by (4) and (5),
the definition (16) with ¢®=+%/# leads to

E=VG(r), (29)

H=-r/(e??). (30
The fields E; and H, related to solution (10) are

E=-er/¥, H=-r/(er). 31

This shows the presence of a stable dyon'! at r=0 with
an electric charge ¢ and a magnetic charge g=1/¢,
satisfying the Schwinger condition eg=1.°

One may wonder why such a dyon with a point source
is possible. The answer is that the solution (10) is sin-
gular at ¥=0 and, therefore, the solution (10) has a
5 function type source® S2 defined by

- b
Sp ="B),, T+ ec* BB,
{euﬂbl‘béa(r)> b= 1) 27 3; z‘b = ’,b/'y’
[ed
1°83(r),

However, the magnetic charge g in (31) has nothing
directly to do with this source S%. {See Sec. 3.}

w=0,

The solution (12) leads to the following electric and
magnetic fields:

_ir B2 _-r

E=23 (1 - (sinhBV)2> » H=23

Unfortunately, this corresponds to a dyon with a point
magnetic charge surrounded by a cloud of imaginary
electric charge without a pointlike core. Thus, the par-
ticular solution (12) is, in contrast to the solutions (10)
and (14), not physically meaningful.?®

(32)

The Ikeda— Miyachi solution (14) gives

E=rk(r-g)/[F*(1-k/N]+g/r-x(r-g)/7
+1(1 - k/7ved[r b sin(eA/r) - r. ¢ cos{eA/») ]/,

(33)

H=-r/(er) +A X1/, (34)
The magnetic flux is

[H-ds=—4n/e (35)

because the second term in (34) does not originate from
the magnetic charge. The electric field E is a rapidly
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oscillating function of » as ¥~ 0, and there is no simple
picture for this solution.

5. STATIC ENERGY

If one defines the static energy E; of the system by E
== Lyy (where Lyy is the Yang—Mills Lagrangian'), as
suggested by ’t Hooft, ® one has

Eq :f“ﬁ”[iB?jB?j - éBCOIiB[(I)i]

_ a4 [~ dC\? | (C?-1)? ez(dG>2 ]
= ZJ, d’[(ﬁ) e -5\ )
(36)

which is divergent for the solutions (10) and (11). The
Ikeda— Miyachi solution (13) and (14) also leads to a
divergent energy. The remarkable feature of the solu-
tion (12) is that it gives a positive and finite energy

_4m d[.,dG] _ ,{dG\ )
Es—?\ﬁ\, (E I:GYZE’]—V’Z(E) +2G2%C? ), (37

where B is real. We note that direct calculation of

the Hamiltonian' H, of the system shows that H;=0 for
the solution (12). Also, in general B in (12) may be com-
plex with Ref#0. In this case, we have E = 478/¢e? for
Ref >0, E,=~-4mB/e? for Ref <0 and H,=0.

6. MASSIVE YANG-MILLS FIELDS

From the experimental viewpoint, if the dyon exists,
it is probably massive. We wish to point out that the
above discussions also hold for a theory involving mas-
sive Yang—Mills fields f; (x). Let us consider the
Lagrangian'?

L==3f,, P+ IMAHE +50, UM U+353,¢ - (3" +ef" X
—Sef, - (U ¢ — 92" U) + 42 (2 + UP) + seM U
Mg 3,8 — 35D, + M/ ),

f,,=0,f, 9,1, +eif, o

(38)

which is, except the last gauge-fixing term with the
parameter £ invariant under distorted local SU(2) gauge
transformation.'® The Lagrangian (38) leads to field
equations for f°(x), ¢%(x), and U(x), and ¢°(x)=01is a
trivial solution. In analogy with (4) and (5), we set f}

= €;50°B(»), fi=1°G(»), v*=7"/7. We find that

— — — — 2 _ 2 _ 2
VaB_2 B-Eng_ezB“-ﬁ(l +eyB)..e_B(U+.2ﬂt> =0,
72 v r 4 e

(38}
_ - —— _ 2 _ 2
VZG-;‘ZZG—fl—eBG—ZezBZG—e—G<U+EA—/IZ) =0, (40)
v 4 e
2 _ —
VAU +5 (G2 - 2B) (U +2M,/) = 0. (41)

By inspection, we see that U=~ 2M,/e is a trivial solu-
tion to Eq. (41), and Eqs. (39) and (40) reduce to Egs.
(6) and (7) respectively. Therefore, all subsequent dis-
cussions hold equally well for the Lagrangian (38) in-
volving massive Yang—Mills fields.
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7. REMARKS AND CONCLUSIONS

In the solutions (10) and (14), B} may be zero and the
nonvanishing B? leads to the magnetic monopole. ® When
=0, the static particlelike solution with positive and
finite energy such as (12) has not been found.*'®* We con-
jecture that the nonvanishing Bf is necessary for a posi-

tive and finite energy E,.

We note that F,, in (16) is invariant under isospin
rotation, However, when one identifies the local unit
isovector * with #*/», (16) must be understood to be
invariant under the combined isospin and space vota-
tion.® Also, although (16) leads to zero magnetic charge
(i.e., reduces to the usual F,,) if one chooses a fixed
constant isovector v®=6,; yet when one chooses *
=+*/r and rotates it to 2°= §,; one will get the same
magnetic charge e with the type of solution given by
(4) and (5). This comes about because the solution of
Yang—Mills fields will also be rotated and become sin-
gular as discussed in Ref. 10.

The proposition of the definition (16) for the electro-
magnetic field tensor is not a direct dynamical conse-
quence of the Lagrangian in non-Abelian gauge theory.
The isovector defining the gauge invariant field tensor
(16) need not be a Higgs field but might have some other
origin without having any dynamical nature. The local
unit isovector 1%(x) is not a dynamical field because it
does not obey any field equation. In Ref. 10 the con-
served magnetic charge in non-Abelian gauge theories
is regarded as the consequence of the topological struc-
ture of three Higgs scalar fields in a three-dimensional
space. However, from the above discussions, both the
existence and the conservation of the electric charge
@ and the magnetic charge M, as shown in (22) and (27),
have nothing to do with the presence of Higgs scalars.
Rather, they are related to the basic concept of local
gauge symmetry. We note that ©*(x) is an absolute ele-

ment because it is not a dynamical variable, even though

it transforms. Thus, the local SU(2) symmetry of the
present theory is broken due to the presence of »%(x)
as an absolute element.'* This is related to the fact
that all the quantities in a theory having transformation
laws under a group does not mean the theory is sym-
metric under the group.'® On the other hand, %(x) could
be treated as a dynamical field by putting appropriate
terms, i.e., 3(3"0®+ e€®B%°)? in the Lagrangian. This
term combined with a constraint *(x)2%{x) = const will
lead to a mass for the gauge field B] and the constraint
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can be treated by the usual method of Lagrange
multipliers.
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Maxwell and Wien processes as special cases of the

generalized Feller diffusion process
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It is shown that Maxwell and Wien type processes are special cases of the generalized Feller diffusion
process. In particular, both are obtained for specific parameter values from the delta function initial
condition solution of the generalized Feller equation. For specific values of the independent time variable,
one obtains the well-known distribution laws of Maxwell and Wien of statistical physics.

1. THE GENERALIZED FELLER EQUATION

In a recent paper, ' this author discussed delta func-
tion initial condition solutions of the generalized (one-
dimensional, autonomous, parabolic) Feller equation

Huw)=A(2)u,,+B(2)u, + C(2)u—u,=0, wu=u(z,t),
(1.1a)

on the domain z >0, {>0, with coefficients
A(z)=q2*?,

B(Z)2812x+622; 61;26(_00’ oo)’

C(z)=pz*+8,, p=AB, -a(l+2)]

a>0,

(1. 1b)

We assume in this paper that A< 1. The variable z will
be interpreted as a length variable, ! as a time variable.
Since in the applications in Secs. 2 and 3 the parameter
B, will not appear, we set from now on 8,=0 in (1, 1b).

Because of the choice of p in the coefficient C(z), Eq.
(1.1) is of Fokker—Planck type, i.e., it can be written
in the form (8, =0)

1) =[A(2)u],, - [B(2)u], — u,=0
with

(1.2)

B(z2)=2A"(2) - B(2)=[2a(1+ ) - B,]2*.
The functions A(z) and B(z) are called the diffusion and
drift coefficients, respectively.

Equation (1. 2) and its adjoint have the basic solution
V(Z, /; v, 5) — b?«g-l-v (1-X)/2n1+hv(I-X)/ZZV(ZZ'C (1-%)/2)
X exp(~ £ = n*7Y),
in which
t=tn, E=zb, n=yb7,
b=b(t,s)=[a(l = APt - )] 7,
v=(1-2) (o™, -1 -21),

and where Z (x) is a cylinder function, i.e., a solution
of the Bessel equation

t>s=20,

u” +xtu + (1 - Px2u=0.

By saying that V is a basic solution we mean that, as a
function of z and ¢, V is a solution of I(#)=0 and, as a
function of v and s, V is a solution of the adjoint
equation.
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Using V, we form the function
V¥(z, v)=(1- b3 n5*V(z, t; v, 0)
=(1- )\)bal gsx—v (l-x)/znou (1-)\)/22 v(yo)

X exp(— 7 ~m57), (1.3)

— {1-2)/2
70_250 )/ ,

in which the subscript 0 signifies that s =0, By writing
7, in (1.3) instead of the original Z,, we want to
indicate that we have chosen particular cylinder func-
tions, namely,

(7)) (v<1),
J.= (1.4)

L) (v>0),

where I,, is a modified Bessel function of the first kind.

In going from V to V*, we have disregarded the constant
factor exp(- vmi/2) which occurs if we specify Z (ir,) to

be the Bessel function J,(ir,).

The function V*(z, {;v) is a solution of I(u)=0 as a
function of z and /. Details and a more general mathe-
matical exposition of the properties of the generalized
Feller equation will be presented elsewhere.

With /7, given by (1.4) one can show? (formula 6. 643.2)
that

Jo Vi, ) ay
converges since A <1 by assumption.

Let 6(z - z,) be the delta function applied at z,> 0.
We consider the delta function initial condition solution
Us ,0(27 = fo” V¥(z, L;)(y - Zo) dy=V*(z, t;zo) (1.5)
of I(u)=0.
We concentrate our attention now on the case that V*
in (1.5) is taken for 7 (v,) =L (7,) with v<1. Then we
may let z,+0 in (1.5). Using the asymptotic formula

for I_, for small argument and observing {1.3), we
obtain the positive solution

g (2, ) =1lim ug o(2, )

20=0 (1.6)
1-X  ioepaa- -
— 1—-(1 — V) bolgol v(1 A)exp(_ 3;—11) )1)

of I{u)=0, which corresponds to the delta function initial
condition applied at z=0. This means that

Uy (2, )Y0 as t+0, 2>0,
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independent of the parameters A< 1 and v< 1. In other
words, the solution u, (2, ) of I(u)=0 corresponds to a
completely concentrated initial state at z=0.

Furthermore, u,{(z,!) has the following properties:
(1) [T uy(z,0dz=1, v<1(1<1),
i.e., #;(2,¢) is conservative and a source solution of
H{u)=0 if v<1 (A<1),
(2) ug (2,40 as z+0, />0, A+ (1-21)<0 (x<1),

i.e., 15 (z,!) is singular if A+ (1 -2)<0 (A< 1). If it
is singular, it is also conservative (A <1),

(3) If w,(2,!) is singular, then, for fixed />0 and as
a function of z, u,(z, ) has exactly one maximum which
is located at

2, (h={-al+ (1 =20)]1 =)} 7 (g,=0). (1.7)

z,(1) and the velocity z,(/) with which the maximum
propagates are functions of the parameters A and v.

2. THE MAXWELL DISTRIBUTION LAW
In the coefficients of I{u)=0 we set A=-1,
a=(kT/2m, B,==2a (8,=0), where
k = Boltzmann constant,
T =temperature,
m =mass of molecule,

l,=some characteristic time.

We observe that /, may be expressed as / = z,2;! in
terms of some characteristic length z, and some
characteristic velocity v,. Then (1.2) takes the form of
a heat equation with constant diffusion coefficient and
nonzero z-dependent drift coefficient,

[t eT/2mlu,, ~ [(t T/ M)z u), — u, =0,

Since v =~ ;. the function (1.6) multiplied by ¢, becomes

oz, 1) = FRUH1)E expl~ £),

(2.1)
2t 1/2

bo(H)=5({,0)= ( °ka »  Eo=2zbgl(h).
It is of Maxwell type for every (>0 as a function of z.
It is singular and conservative, and

fowua(z, Hdz=t,.

According to (1.7), the abscissa z,(!) of the maximum
of the Maxwell type function (2.1) is

z, ()= (g—%@)m 1712 = (1), (2.2)

and the propagation velocity z,(¢) of the maximum is

1/2
(0 = (‘gfnT) 17250,

If we introduce the velocity variable v={;'z, where v
denotes the magnitude of the velocity vector, we obtain
from (2.1) for (=, the well-known Maxwell distribution
law?®

4 m \3¥% m
P(v)=u, (4,0, 1) = N (W) 7% exp (— ﬁ—f)vz,
in which P(v) has the physical unit probability/velocity
interval dv.
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Using (2.2) with t={,, we obtain the also well-known
formula for the most probable velocity v,

v,= 312, (L) = (2R T /m)} /2,

The indicated transformation of variables may be
directly applied by setting u(z,t) = U{(»,{), z=t,», and
leads to the equation

kT kT
2mt, v Ut

17'1U] -U,=0.
v

0

3. THE WIEN DISTRIBUTION LAW

In the coefficients of (u)=0 we set now A =0,
a=2mckT/wyh, §,=-2a (8,=0), where the meaning
of 2 and T is the same as in Sec. 2 and where

¢ =velocity of light,
7 =Planck’s constant,
w, = some characteristic frequency.
Then (1.2) reduces to the special Feller equation

[27rckT ] 8nckT
woﬁ 2z

Here v=-3, and (1.6) multiplied by 12(:T)*/7wic®*® be-
comes

g (2, 1) = [2(RT Y/ 1wl BB () E2 exp(~ &),
bo{ty=5(t, 0) = (2rekT/wiilt, &,=zbt{t).

This function is of Wien type for every { >0 as a func-
tion of z, It is singular and conservative, and

fom g (2, ) dz = 12(RT Y /1wic® i,

From (1, 7) follows the abscissa of the maximum of the
Wien type function (3.1) as

2, )= (6rckT/w i) = 3b,(t),

which implies that the propagation velocity of the maxi-
mum is identically constant,

2, () =67ckT/wH>0.

(3.1)

(3.2)

We introduce now a frequency variable w by setting
z=2mcwy?w. Then, for t=w;!, we obtain from (3, 1) the
well-known Wien distribution law (limiting case of the
Planck law for high frequencies) (Ref. 3, p. 173),

Qw) =4, (21cwRw, wy') = (71/1%c )w® exp(= 7/ kT )w,

in which Q(w) has the physical unit energy density/fre-
quency interval dw.

By means of (3.2), the most probable frequency w, is
obtained as

w,=(wi/2rc)z, (w3') = 3kT /H.

Carrying out the change from z to @ in the original
equation, we obtain

wokTﬁ’lw Uyw — ZkaTﬁ'lUw -U,=0.
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It is proved that there are no spherically asymmetric solutions of the Fermi-Thomas equation
V(u/r)=(u/r)**E, where £ is unity inside the surface u =0, and zero otherwise. This is proved by
showing that the boundary conditions on u at the origin and on the surface at infinity necessarily lead to
unphysical discontinuities in u at the surface u =0, except for the case where u is spherically symmetric.
A simple, only approximately statistical model is presented, which may replace the Fermi-Thomas model

for asymmetric systems.

I. INTRODUCTION

The statistical model of Fermi! and Thomas? is a non-
empirical method of determining atomic properties,
which has been applied to several problems in atomic
physics. It has been used with some success to calculate
interatomic and interionic potentials, and also to cal-
culate atomic energy levels and wavefunctions.®* It is
particularly useful for obtaining approximate wavefunc-
tions for moderately excited single electron terms, as
a complement to the Bates—Damgaard®® method. It has
also been used to calculate wavefunctions for any elec-
tron in a many-electron atom or ion, by providing an
effective potential for the electron in question. The main
advantage of the Thomas—Fermi method is that it is
rapid and may be extended over the whole range of en-
ergies available to a bound electron. The self-consistent
field methods of Hartree or Hartree—Fock are practic-
able only for the lower lying states, and the long numeri-
cal iteration schemes may be justified only by the in-
creased accuracy of the results, compared to the
Thomas—Fermi (TF) method.

In all these applications, the TF potential is chosen
to be spherically symmetric. This has the obvious ad-
vantage of simplicity, and of giving a potential with no
parameters to adjust (or at most one).* For single elec-
tron levels, this choice corresponds with the expected
state of the core on which the tower of single electron
terms is built. On the other hand, if it is known that the
core for such a tower of states is asymmetric, the use
of asymmetric TF potentials suggests itself, especially
for comparing corresponding states in towers built on
different cores. In fact, many of the tabulated atomic
states” form towers of single electron levels built on
asymmetric cores. A typical example is neutral oxygen,
where all but a very few of the tabulated levels belong
to one of three towers:

[0 = |485)5, nl), (1.1a)
|0) = 235, i), (1. 1b)
‘ Oy = | 2P3O/2a nly. (1.1c)

The cores for these towers correspond very closely with
the ground states of nitrogen and Or.

Atomic cores may be asymmetric for a number of
reasons, most obviously angular momentum specifica-
tion and configuration interaction. The asymmetry is
intimately related to the shell structure of the atom,
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stemming mainly from the imbalance in electron confi-
guration in unfilled shells, and generally decreases with
the number of electrons. Now the TF equation contains
only a statistical assumption, and has in it no informa-
tion on shell structure. (This is its main advantage).
Consequently, it is probably a poorer approximation to
the core, the larger the asymmetry is. On the other
hand, it is not unreasonable to expect that if the asym-
metry is not too large, the TF equation may still be a
sufficiently good approximation to give useful quantita-
tive results. Asymmetric TF potentials would be of phy-
sical interest in this context because of the simplicity
and rapidity of their application.

Here the results of an investigation of asymmetric
TF potentials are presented. An analytic theorem is
proved, that the only solutions which satisfy the physi-
cal boundary conditions are those which are spherically
symmetric. This somewhat surprising theorem is re-
markable because such proofs for nonlinear differential
equations are quite rare. The theorem shows that the
lack of physical information in the TF equation is fatal;
there are no asymmetric solutions. The potential of an
asymmetric core must be obtained otherwise. Whereas
this potential certainly does not satisfy the TF equation,
it may satisfy an equation which differs from it by terms
which are small, in some sense. Such asymmetric po-
tentials would be only approximately statistical.

The next section reviews the TF model and proves the
theorem, and the last section suggests a simple approxi-
mately statistical model of asymmetric cores.

1I. THE THOMAS-FERMI MODEL

The TF model of atoms and ions is well known® and
will only be reviewed here. In terms of the rescaled co-
ordinate v,

X=r/0d,, (2.1)
where

o=(3m/4)2/3(22} /%) (2.2)
the potential is

v Ze (14(X)+C>’ (2.3)

4ne ogay \ X

where # satisfies the TF equation

V2(u/x) = (n/x)3%=p. (2.4)
Copyright © 1977 American Institute of Physics 106



The constant ¢ represents the maximum energy that
electrons in the ion may have; for ¢ =0, there is no net
charge, and the model describes an atom. The charge
density, p, is normalized such that

Z[pdx=N<2Z, (2.5)

where N is the number of electrons in the atom. The
boundary condition at v =0 is

11(0):1. (2-6)

The boundary of the atom is that surface where the
charge density vanishes. [The existence of this surface
is actually an assumption based on physical considera-
tions. However, its existence is shown below to follow
from the condition in (2.5).] It is defined by

u(xgy) =0. 2.7

Clearly (2.4) requires # to be positive inside this sur-
face, and therefore the gradient of i is negative at the

boundary V.
n-Vu]sfo. (2.8)

Outside this surface the potential satisfies Laplace's

equation
VE(u/x) =0, (2.9

subject to the boundary condition that at large distances
the potential tends to zero. Namely

), (2.10)

limu=-c|x|+¢g+0(1/

X 0

X

where ¢ is the total charge on the ion,

q:l—AV/’Z. (2. 11)

Across the surface # =0, the potential and its gradient
are continuous. The possibility that there may be a sur-
face density of charge is rejected as unphysical, since
at the boundary there is no phase space available, and
p is regarded as a smooth function away from x =0,

The model is investigated here by considering two
particular curves which extend out from the origin to
infinity, along which « satisfies a differential equation
with certain useful properties. The positivity of # and
p is crucial to the argument, which shows that the bound-
ary conditions on the derivative of # are not satisfied
simultaneously at the origin, boundary, and at infinity,
unless the solutions have spherical symmetry.

Consider the region where (2. 4) applies, and assume
that it contains no absolute maxima or minima in #, with
the exception of the origin itself. Since # is continuous
and single-valued, the surfaces

u=const=M (2.12)

do not intersect each other. These surfaces cannot ex-
tend to infinity since then the total charge carried by the
electrons diverges. The surface u=0 is a possible ex-
ception to this and may be at infinity. Consequently, the
surfaces (2.12) are all closed, and therefore must con-
tain an absolute extremum of #. By assumption, the
origin is the only such point, and therefore it is en-
closed by all these surfaces.

If the surfaces are ordered according to their mini-
mum distance from the origin, R_,,, then a sequence of
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the M values associated with each surface is defined.
This sequence must be monotonic, since otherwise at
least one extremum of M (R_,,) exists, and on that sur-
face # must be an absolute extremum, violating our as-
sumption. In addition, M must be monotonically decreas-
ing. For, if it were increasing, it would start from
unity at the origin and increase, always remaining great-
er than unity. Again the charge would diverge. Thus M
must decrease monotonically from unity at the origin,
remaining positive everywhere. Thus on each surface «
=M, the gradient of « is negative.

n-vu|,<o0, (2.13)

Equation (2. 8) is a special case of this formula.

On each surface there are at least two points where
the distance from the origin is an extremum. The set
of all these points form at least two lines extending
from the origin out at least as far as the surface «=M,.
If, due to a symmetry of «, there is a degeneracy, it
may be removed by choosing one of the lines of minima
and one of the lines of maxima. By defining, in general

f=xV, (2.14)

it is shown in Appendix A that along the line of maxima,
where u is denoted w, w satisfies the following equation:

dw/dv? = f(w) - py dw/dr, (2.15)

where p, is a positive definite function, which is zero
only if the surface # =M,;, whose maximum distance
R... is 7, is spherical, and 7 is the distance of the point
on the curve from the origin (not the distance along the
curve), Similarly, along the line of minima, where u

is denocted », ¢ satisfies

v /dv: =f(v) + pydv/dy, (2.16)

where p, is positive definite, and is zero only if the
surface u=M,, whose minimum distance R, is 7, is
spherical. It is important that f for the TF equation is
positive definite, By solving the TF equation for x < x,
where x; is small but finite, Appendix B derives the
boundary conditions on these functions:

v(0) =w(0) =1,

di dw

(2.17)
{2.18)

From the discussion preceding (2.13), ¢ is a positive
quantity, and the derivatives of w and ¢ are either nega-
tive or zero.

This system of equations gives the function # on two
curves. At a given value of 7 it is clear that

Pw/dv? = dp /dr? (2.19)

and since these functions satisfy identical boundary con-
ditions at =0, it follows that

dw/dy = dv/dr (2.20)

and

w(r) = (7). (2.21)
The equality holds if and only if py =p, =0, which is the
spherically symmetric case.

The possibility that « has absolute maxima and mini-
ma may be discussed using these equations. It is proved
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here that such extrema do not exist, so that the initial
assumption of their absence is exhaustive, covering all
cases of physical interest. An extremum may take one
of two forms; either lying on a closed surface, or lying
on an open surface, a line or at a point. In the former
case the gradient of » vanishes on the closed surface
and from (2. 15) and (2. 18) it follows that # must be a
minimum on the surface, u=1u_,. Outside the surface u
“ Upmpy and the charge (2.5) diverges unless there is a
maximum beyond the surface, so that « turns over and
may tend to zero. In the latter case, the set of points
where « is extremal are enclosed in closed surfaces,
u=M, (If M <1 then the surfaces # =M may consist of
two or more disjoint closed surfaces, one enclosing the
origin, the other the extremal points of #.) There is an
extremal line associated with these surfaces which sat-
isfies (2.15) before the extremum is reached and (2. 16)
beyond the extremum. At the extremum the gradients
vanish, and hence beyond the extremum (2. 15) requires
it to increase. Therefore, all such extrema are minima.
However, if w0 and is increasing with », then the
charge diverges, unless a maximum is reached so that
i may turn over and tend to zero. Thus, in all cases,
whatever the form of the extremum, only minima exist,
and the finiteness of the total charge requires that there
are maxima beyond each minima. (Without such maxima
# never reaches zero and remains finite as x—~.)
Therefore there are no extrema of # at all, other than
at the origin.

The finiteness of the charge of the electrons requires
that v go to zero at some finite surface or that « goes
to zero faster than x=3/2 at infinity. Thus the existence
of the surface =0 is established.

In the case that the boundary surface # =0, is not at
infinity, the previous discussion may be applied to the
region outside this surface, where f=0. The equations
corresponding to (2.15) and (2. 16) may then be integrat-
ed once to obtain the derivatives of w and ©:

R max exp(—' ermaxf)l (37‘) s

dv/dy =dv /dv| Ropiq CXP (fR’ pzdr>.

dw/dy =dw/dr (2.22)

(2.23)

min

where R, and R, refer to the boundary surface. On
letting ¥ —* and using (2.10), one finds

dw/drlg < -c (2.24)

and

dv/dr|g > -c. (2.25)

The equalities apply, as usual, only if u# is spherically
symmetric, outside the surface.

The final step is to match the boundary conditions at
the boundary. From (2. 20) and the positivity of the sec-
ond derivative of w, it follows that

dw/dr| g > dw/dvip_ > dv/dr|g_ . (2. 26)
But from (2. 24) and (2. 25),
dw/dr\g, < dv/dr| g, (2.27)

These equations are inconsistent unless the equalities
apply, namely only for the spherically symmetric case.
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If the boundary surface is at infinity, then the finite-
ness of the charge requires that the derivatives vanish
faster than x°/2 at infinity. Then

lim  dw/dr| Ry — dv/dr| g

Rmin= >

= OB )B2 (2.28)
where these variables refer to the surface u=M and

the limit is equivalent to M ~ 0. But from (2,19) and
(2.26) the left hand side is necessarily an increasing
function of R_,,. Again the boundary conditions cannot
be satisfied except for the case of spherical symmetry.

The only possibility not covered by these two cases is
that where the boundary surface has a finite R_;,, but
infinite R,,. This case is highly unphysical, due to the
enormous asymmetry, and one does not expect the TF
model to apply. However, mathematically, it may be
considered as a limiting case of a finite boundary, in
which case the above analysis applies and shows that
such solutions do not exist.

This completes the proof of the absence of spherically
asymmetric solutions of the TF model.

111, DISCUSSION

The arguments presented here may be adapted trivial-

ly to the more general case
V2p = ¢*

where v is any noninteger number. The crux of the proof
is the positivity of the right-hand side and the positivity
of ¢. It does not apply to complex solutions of (3.1).
Because the potential is coulombic around its only sin-
gularities, it must be spherically symmetric every-
where. This phenomenon is well known for linear differ-
ential equations, and has now been extended to the sys-
tem (3.1 also.

(3.1

The problem of determining the potential of an asym-
metric atomic core cannot be solved using the TF mo-
del. However, a simple procedure for obtaining an ap-
proximately statistical potential is to perform an angle
dependent scale transformation on the spherically sym-
metric solution #,(7). Then

“p('\’y 99 d)) = 1(5<X2:; nlelm(ex d))) (3' 2)
im

in a simple generalization of the technique of Ref, 4,
where only 7, is included to obtain a one-parameter
semiempirical model. This procedure has the attractive
feature that in the limit where the asymmetry vanishes,
the potential satisfies a model which is remarkably
accurate.*

APPENDIX A

In spherical polar coordinate (v, £;) the gradient of a
scalar function « is

Vu= n{ui + E(hglll;i)z} Lz
i
=, (A1)

where n is the unit normal to the surface # = const.
Similarly

xVEu/x) = Vi~ (2/x)u,
=(k+n-Vu, - (2/x)u,, (A2)
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where
K =divn. (A3)

Along the surface # =const, the extrema of x are given
by #,,=0, and at such an extremum

XV2(u/x) =u + (K= 2/X)u,. (A4)

If 7(£;) is a solution of the equation u =const, then the
extremal value of ! is obtained by varying &;:

0="5ull, £;)
= Bl + 25 0kt + % 0l%uyy + 281 )4 B8y,
i i

+0, 688y, (A5)
i,7

Therefore at the extremal
uei(l, éj‘):o (A6)
and

AEE é‘giégjutitj:mlxr (A7)

i,i

where 7 is positive at a maximum of / and negative at
a minimum. Writing the angular coordinates of the ex-
tremum as §;(R), where R is the extremum, gives the
identity

u“(R, £(R))=0. (A8)
Differentiating with respect to B, we have

g gy + g, dE;/dR =0 (A9

at all points along the curve defined by £;(R). These are
the extremal curves of the text. If U(R) is defined by

U(R) =u(R, £;(R)), (A10)
one obtains
Ugg =f— (k= 2/R+ Uz (a11)

along the maximal curve, where (A9) and {A4) have been
used, and f is defined in the text (2.14). Now K is re-
lated to the curvatures of the surface ¥ = const at the

extremum, namely
K=2/7, (A12)

where 7, is a mean radius of curvature.® At a maximum

¥, <7 and at a minimum 7, > 7, Then the function
p(R)=k~2/R+ 7 (A13)

is positive definite at a maximum and negative definite
at a minimum. Thus along a curve of maxima

wrr =f - py(R)wg (A14)
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and along a curve of minima
Vir =f+p2(R) Vg. (A15)

If p;(R) ar p»{R) vanishes, then the surface is locally
spherical up to order (6£)%, as may be seen from (A5).
However, I(%) satisfies a second order differential equa-
tion on the surface u=const, and if both first and second
derivatives vanish at some point, then I(£) is a constant.
Therefore the condition for sphericity of the surface
1 =const is

p1(R) =p,(R)=0. (Als)
APPENDIX B
Near the origin write
u:u0+x2flmxlylms (Bl)
1-1
where u, satisfies the symmetrical equation
up =x1/23/2 (B2)

and expand the left-hand side of (2.4) to obtain the lin-
earized equations

Fim 120+ 1) /2] £ = Fotg/ 2 2 fy e

The radial functions are expanded in a power series in

(B3)

¥*/2 and have the form:

740:1—gx+§-x3/2+0(x5/2), (B4)

Fim=1+23"420 +5/2) 4 O(x%/?), (BS)
Then, near the origin

Uy =~g+0(x"?) (B6)
and is spherically symmetric. Therefore,

dw dv

W(O) = d7(0) =g, (B7)
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A classical perturbation theory*

Charles Schwartz
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A compact formula is found for the perturbation expansion of a general one-dimensional Hamiltonian
system in classical mechanics. The technique is also applied to the mathematical problem of functional

inversion.

PERTURBATION THEORY FOR CLASSICAL
MECHANICS

We consider a system with one degree of freedom,
with the Hamiltonian H =H(p, ¢) being independent of the
time /. We assume that we have bounded, periodic
motion at some value £ of the energy. That is, the
equation £ =H{p, ¢) describes a single closed curve
(the orbit) in the p—g plane (phase space). Now con-
sider the integral

7= [ [dpdgs(E-H(p,q)), (1)

involving the Dirac delta function; the domain of the
integral is to include the orbit. We shall first show that
this integral T is equal to the period of motion at en-
ergy E.

Doing the integral over p, we get
—~ [| 2H ‘ -
T:[dqb (1, q) |

— , (2)
P

where p,, are all points satisfying £ =H(p,, ¢) for fixed

¢. But we have from Hamilton's equation of motion

., oH
Q=3 (3)
and we then see that the expression T is just
]
4 _ f dl = T(E), (4)
E q E

where the integral goes once around the orbit.

We can thus express the time average of any function
F of the dynamical variables taken over the orbit at
energy £, as

(F;E) :T—(l—E—)/fdpdq 8(E~H)F(p,q). (5)

Now, for the perturbation theory, suppose that we are
given H=H + M, and we seek an expansion in powers of
A. The basic step is to regard E as an independent vari-
able and then write the Taylor series expansion,

O~ Hy- M) = 2 (— wld%)"a(E-Ho), (6)
T(E) =3 (1'“”" (diE)f[dp dglHy(p, 9))"6(E - Hy)
_: (__ K)" d n .
-2 S (5) oo B, @

Here, the subscript “0” means that the averages are
performed over the orbit of the zeroth-order Hamil-
tonian H;,. This formula is very compact; its evaluation
involves only the operation of integration over the un-
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perturbed orbits, followed by differentiation with re-
spect to the energy. For comparison, one may look at
the formulas obtained in “canonical perturbation theory”
(see, for example, Saletan and Cromer!), That analysis
is based upon the action-angle formalism (our result
can be reexpressed in terms of action-angle variables
but there is no particular advantage in doing so) and ap-
pears as an expansion for the energy E, thought of as a
dependent variable; the expansion formula is there
worked out only to second order in A, and the form is
quite messy in appearance.

We also get the formula

(=" dY\ nr.
T(E)(F;E>:"Lz=0 o (d“E) T((EYHIF; E),. (8)

We will compute some examples based upon the
harmonic oscillator,

which has the solutions (at energy £) given by

g =V2E L sin(wyl + ¢), wy=vk/m,

p =vV2Em cos(wyf + ¢), (10)
TWE)=2n/w, (independent of E).
1. Consider the perturbation Hamiltonian H, = l¢°
1 2n <2E> no/2 .
(H} E) = — ol — g, 11
H}; E) 2nf0 as( = | sinf| (11)

This integral may be evaluated and the derivatives with
respect to £ are likewise easily evaluated; the result is

21 & (wo/2-3)! 1
Twy om0 (DT nl(nea/2-n)!

/2-1n
<[22 (28)"T.
k k
For 0 =2 we get the familiar result,

© 1 n -1/
r(g) = 27 5, (-2 (ﬂ) _z2r <1+2A> e

w a0 (=HInl \ & wy I3

1/2
1t
=27 (rm) :

Having this series explicitly given, we can ask about
its radius of convergence. The ratio of successive
terms, for large », is

Rn~_)\0 E g )(0-2)/2
k k o-2

and thus we will have convergence up to that value of the
energy E for which this ratio is 1. We now ask for the

T(E)

(12)

(13)
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significance of this critical value of the energy,

6]

It can be readily shown that at this energy the orbit
reaches an amplitude at which the total potential energy
has a zero slope and the motion thereafter is qualita-
tively different. Thus we conclude, at least for this
example, that the perturbation series will converge

for all energies for which the period is a finite and con-
tinuous function of the energy. (In this we must allow
for changing the sign of A.)

E*= (14)

2. Consider the perturbation

H1=§43+§r14+§q5+§q6+-~-. (15)
We calculate
+%5‘;€—"_1T°§%22”+%Z—:)+0(33), (16)

which gives the leading energy dependent corrections to
the period of a general nonlinear oscillator,

APPENDIX

The expansion technique used above finds application
to some problems removed from Hamiltonian mechan-
ics. Consider a given function F whose inverse is
sought:

y=F(x), x=F1(y).

We assume that F is a monotonic function, so that this
inverse is unique, Now suppose we have F= F, + \Fy,
where X is again a small parameter, We would expect
to find an expansion

FYy)=Fli(y) + 21 NG, (v),

where the terms G, could be found by a lenghy process
of Taylor expansions, What is somewhat gurprising is
that we can find a compact formula for the general
term in this series.

Again, starting from the integral of a delta function,
we have

fdxc(y—F(x))=}}—(x-)

Substituting F= F, + 1F;, we make the Taylor series
expansion of this same integral to get

2 () faxo(y - mn e,

n=0

dx d i
=—=—F"(y),
xaF=1 (y) dy dj’ (3)

Equating these two expressions, and then performing
one integral in y, we get

gy By 4 3 X (4N (i)
O N

Again, the trick in finding this compact formula was
to regard y, and not x, as the independent variable.

x=F61 {y)
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For one simple example of application of this formula,
consider

8,
y::xa+)\x 5

we find the inversion:

" b n n-1 n8
w=yirer  EN (i) "

=t n! dy axa‘i rayl/ @
_ 1/,.”, oy (Bea)/ayn (nB/a+1/a-1)!
=¥y g}( A" ) n!a{n[(ﬁ- a) Gt]+170z}! .

This series is readily seen to be convergent up to that
point at which dy/dx becomes zero for either sign of .

Now consider extending this technique to functions of

several variables:
Vi :Foi(x) + )\Fii(x), X= (x1,x2, cen ,xN)y 2:1’ N’

where we wish to solve for x; in terms of the y,. For
simplicity we take the function F; to be the identity
function:

yi=x; +10;(X)

[later, one can set x; :Foi(z) to recover the more gen-
eral case]. Now consider the following integral:

f ﬁa e dEnS(vi~ £ = ABL(ED <+ S(v i = ABN(ED)
° é
Byt df)iii(, )

- det - G(E).

by changing integration variables from the &;’s to

m=&+ K‘bi(&);

we see that this integral has just the value G(X} where
x; are related to y, by the equations given above. (The
determinant is the Jacobian which is needed to make
this transformation work out simply, )

Now we use the Taylor series expansion, as before,
using the variables y; to expand the arguments of the
delta functions in power series in A:

6o = ﬁai eagy 5 BN (7 0.0’

it vy

X8(yy = &)+ 8(y 5 — £y) det c,,ﬂ@%if ‘ .G(E)

n! ll,lz,n.,l,ﬁi 53):1 ayl"

8y ¥ )\_4)_(8 )
ov;

(=" i 9 .3

[
1.

Gly).

><¢),1(y) -+ ¢y, (y)det

This general formula is not exactly in the form of a
power series in X because the determinant is an Nth
degree polynomial in A; but it is the most compact form
of the functional inversion problem for several varia-
bles. Using the equation that results from setting G(x)
=1, we can rewrite the general formula as

="

A
2 N FYOTY J

G(x)=c(y>+i‘1

8 3
X[—a—;':- .o W,"’G(Y)](p'l("r)' ,e ¢1"(y)
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xdet

6,,+Aad;‘£z) ‘, [3 G(vi,v) | !21,1)2 aing; (v, v2)
Vi

oV 0vq A
involving the commutator of G with the derivative 3G(vy, ), 1n¢zLy, yz)]
+ 2220 7 2 £l Yy, 4
operators. 375 2 vy 111, ¥2) 922 (v, ¥2)
For the case N=1 we have of which a special case is
. AN\ . o 1 a\ Il g\t et
Gix)=G(y [(—) G( ] " =y t+ 2 (0" [ = 19017
: ) €00 A=t G O LG T ) e
« [1 a aqg‘(‘v)] , v=x+ o), For another special case consider the linear forms

N
and this can be rearranged into a strict power series b(x)= EA”"! for any N.

in 2, yielding Then, taking G=1, we find the formula
*© n n-1

Sx) = . +5‘ (_ )\) _a_) n aG(‘) (o \n N

Glx)=G(x) o \ay ") —— 1 - =2 = ™

(v s
det(1 +2A) " aop n!  Iptp eyl Riskoe .. ky
xAltki’Alzkzy LN yA

This formula is equivalent to our earlier result on
function inversion with one variable. This formula was Tkn

first published by Lagrange in 1770 (see Whittaker and where the set of labels (ky, %,,...,k,) goes over each
Watson®; the derivation given there does not use delta permutation of the set (Iy,7,,...,7,).

functions and has the added virtue that one can more

readily see what the radius of convergence of the series

will be). The formula we have given above for several

variables is, as far as we know, new. For N=2 the

series can be rearranged and, with some care, we

obtain *This work was supported by the National Science Foundation
under the Grant Number MPS 74 08175 A01,
Vi=xp+HAB (K, Xg), Vo =X+ Adalry, Xy), {E.J. Saletin and A.H. Cromer, Theoretical Mechanics

© 141 fa-1 (Wiley, New York, 1971), p. 241,
G o) =G(v,, vo) + Z - )" T 1 1 _B 2E, T. Whittaker and G, N. Watson, A Course in Modern
by x0) =Gy, vp) + 22 (= 2) I X ) ; 4
n=i '1*'2-'! li 12 6\' GAPS Analysis (Cambridge U, P, , Cambridge, 1958), p. 133,
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Gleason measures on infinite tensor products of Hilbert
spaces
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Nowak [Bull. Acad. Pol. Sci. Ser. Sci. Math. Astron. Phys. 22, 393-5 (1974)] has given an example of a
consistent (in the sense of Kolmogorov) family of Gleason measures [A. M. Gleason, J. Math. Mech. 6,
885-94 (1957)] { m,} defined over @ [_  H; which do not extend to a Gleason measure on ®;7 , ¢H, for

a given construction of the infinite tensor product. In this paper we show: (1) In the example of Nowak it
is not necessary to assume, as is done, that the H, are infinite dimensional. (2) That every consistent family
developed from pure states, which is the type considered by Nowak, extends over the complete infinite
tensor product of von Neumann [Compositio. Math. 6, 1-77 (1938)]. (3) Even if each H; is two-
dimensional and the complete infinite tensor product of von Neumann is used, it is possible to give a
simple counterexample to the conjecture that every consistent family of Gleason measures extends by the

use of nonpure states.

1. INTRODUCTION

A Gleason measure is a function m from the collection
& of closed subspaces of a Hilbert space H into the unit
interval, countably additive on orthogonal decomposi-
tions, with m (@) =0<m(H) < ». Gleason! has shown that
every Gleason measure m can be represented as m(E)
=Tr(MPg), where Tr denotes trace, P, is the projec-
tion operator of the closed subspace E, and M is a
bonded, positive, self-adjoint, trace class operator on
H. It is evident that every such operator with trace
equal to 1 will likewise yield a Gleason measure.

The most elementary case of a Gleason measure
occurs when M is the projection onto a one-dimensional
subspace of H. In that case m is referred to as a “pure
state, ” this terminology arising from the quantum
mechanical origins of the subject.

Jajte has asked if there is for Gleason measures on
tensor products of Hilbert spaces a theorem analogous
to the well-known Kolmogorov extension theorem for
probability measures on cartesian products. Nowak?®
has recently given an example to show that a consistent
family of Gleason measures need not extend on a given
construction of the infinite tensor product. In Sec. 3 of
this note we show that for the case of products of pure
states, such as considered by Nowak, there is always
as extension Gleason measure on the complete infinite
tensor product of von Neumann which, considering the
quantum mechanical origins of the subject of Gleason
measures, is the natural setting for the consideration
of such questions. In Sec. 4, with an eye towards more
general Gleason measures, the properties of operators
on infinite tensor products are given. Finally, in Sec.
5, we show that a completely general family of product
Gleason measures will extend over the complete infinite
tensor product of von Neumann if and only if a condition
of “asymptotic purity” is obeyed. It therefore follows
that, even if each H, is two-dimensional, it is possible
to give a counterexample to the conjecture that every
such family of Gleason measures has an extension.

2. TENSOR PRODUCTS OF HILBERT SPACES

Let N denote the positive integers, and let {H,},. be
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a family of complex Hilbert spaces, with (¢, ) and

Il> i, denoting the inner product and norm of H,, respec-
tively. The finite tensor products ®%,,H, are defined in
the usual way, as being the completion with respect to
the inner product

[Z@ y,,,Z@z]

k n=l

ZHO

Ry n=1

of the linear span of the functionals

< ;g yn)(x) = nlfll (Xs Vo

where x=(xy,...,%,).

To define von Neumann’s complete infinite tensor
product (cf. Ref, 3), we proceed as follows. Denote
by A the set of all x =X, yH, such that 3~ | lix,ll, - 11
<ew, By @V, with {§}< A, we shall mean the bounded
functional on A defined by

(§ \) (x) = T1{x, ¥ s
n=1 n=1

where the infinite product is quasiconvergent in the
sense of von Neumann,

Definition 1: @f’:IHn is the completion of the linear
span of all bounded linear functionals of the form®,, v,
with respect to the inner product

REREIE R Eon R

This definition is, however, only one of many. The
definition currently receiving the greatest usage is that
of the algebraic tensor product.

Definition 2: Let & = {e‘,’} be a sequence of unit vectors,
with edc H,. Let A, ={xex2, H, :x,+¢° for only finitely
many n} The Hilbert space obtamed by completing the
linear span of the linear functionals ®,.,v, with v= A,
with respect to the inner product [+, +] is called the
infinite tensor product of the H, constructed about ¢ and
is denoted by
°H

ne

T @8
A

Each

®°H

n

E@S)
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is a subspace of ®i1 H,. Furthermore, von Neumann?
has shown that these subspaces decompose ®., H, into
mutually orthogonal subspaces.

3. A KOLMOGOROV EXTENSION THEOREM FOR
PURE STATES

Now let {H,} be a countable family of Hilbert spaces
as before. For each n let m, be a pure state on H,.
Let e, be the unit vector of H, which represents the
state m,. Then, for every p, ®%,,e, is a unit vector of
®%., H, and hence defines a Gleason measure ®’_,m,

over that p-fold tensor product.

The proofs of Propositions 1, 2, and 3 are given in
the Appendix.

Proposition 1 (1 of Ref. 2): The family {‘8’5:1"”"’
®L H,}, is consistent in the sense that if E is a closed
subspace of &/, H,, then

’ pel
(@m"> E)={® mn> (E® Hp, ).
n=1 n=1

We remark that Proposition 1 is true for arbitrary
Gleason measures. The following proposition is then
the Kolmogorov extension theorem for pure states.

Proposition 2: The family {®2.,m,, ®f=1 H,}, has an
extension to © 7, H,, namely that Gleason measure re-
presented by the unit vector ®,_, e,. That is, there

exists a Gleason measure m on ®% H, satisfying

n <E® (é Hn>> :f%-i m, (E)
n=p n=

for every p and closed subspace E of @21 H .

The next proposition gives the criterion for the
extension to lie in any particular construction of the
infinite tensor product.

Proposition 3: Let & ={e?} , be a sequence of unit
vector with el< H,_ and let
2 oy
rgl n
be the algebraic tensor product constructed about &.
Then the consistent family {g%,m , &% H,},-, has an
extension to

*H

1 n

iRar

if and only if
0<Tl \(en, e?,)n\
n=L

for some L.

We remark that in the example of Nowak?® (¢, %, =0
for alln>1.

4. TENSOR PRODUCTS OF OPERATORS ON
HILBERT SPACES

Let {H, },..y denotes a countable family of separable
Hilbert spaces over the complex numbers Z. Let®? H,
be the tensor product of H,, ..., H, defined in Sec. 2.
Further let {A,} -y be a family of bounded linear
operators, each An mapping H, into itself. Then we
may define® an operator ®*_A, from ®4., H, into itself
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by the formula

» » I3
(@A,) (@yn) =2 A
n=1 n=1 n=l

This operator may then be extended by linearity to the
completion %, H,. The operator ®,A, will be bounded
over ®f=1H,, with norm

»
=11 ||A

n=l me

»
7§1A"
The trace of this operator is likewise given by formula
?» o

Tr (@A,) =11

n=1 n=1
Therefore, the operator ®,?,144" exists as a bounded,

linear, nontrivial operator if and only if the infinite
product

Tr (A,).

ifa,)

n=l

converges to a nonzero quantity.

5. THE KOLMOGOROV EXTENSION THEOREM FOR
GLEASON MEASURES

Let {m,} be a family of Gleason measures over the
family of Hilbert spaces {H,}. Furthermore, let {M,} be
the corresponding family of operators. Then we have
the following proposition.

Proposition 4: The family {8, m,, ®,':,1H,,}, has an
extension to @ = H, if and only if 0 <I17,lIM,|l. That is,
there exists a Gleason measure m on ® 3 H, satisfying

n=X

o (so(3,8)) ~(2) v .

for every closed subspace E of ®,ﬁ§H" for every p if and
only if O<TIZ WM, 1.

n=11

Thus we see that if H,=R? for each n and M, =3,
where I is the identity operator of R?, then M, will
represent a uniform distribution on H, and yet there
will be no extension on @ £,H,.

The condition 0<TIT2, IIM, Il implies that |IM ]I —~1
and since Tr(M,)=1, we see that M, tends to a projec-
tion on a one-dimensional subspace if both are to be
true, Hence the states {m,},cy must become asymp-
totically pure.
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APPENDIX

Note: The proofs of the propositions given here utilize
the results of Sec. 4. This yields both simplier proofs
and results of greater generality.

Proof of Proposition 1

Let H, be the given countable family of Hilbert spaces
with m,, a given Gleason measure defined on H, and M,
the positive, trace-class operator representing m,.
Then for each p we define the operator ®%.,M,. Thus we
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where [, is the identity operator on H,,,.
Proof of Proposition 2

Let m,, be the given family of pure states and suppose
e, is a unit vector in the range of M,. Then let e=® ¢,
and let M be the orthogonal projection onto the subspace
spanned by e. Then, if we define

E':E®< ® H,,)
n=prl

for every closed subspace E of ®*,, H, we shall have

Tr (MPE,)=Tr(< %‘M"> PE) Tr ((é Mn) 3 1">
n=1 n=p n=p

=Tr((§iM") PE) =(§imn) (E).

Thus M extends the M,. That this extension is non-
trivial follows from the fact that IMI[ =TT}, lIM, ll=1>0.

Proof of Proposition 3

Let & = {e%} be the sequence of unit vectors about which

-~
o

g °H,

n=1
is to be constructed and let e, be the sequence of unit
vectors lying in the range of the M ’s. We must show
that the operator M =g ,M, is not the null operator on
°H,.

n

X8>

n

n
[
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This will insure that the extension exists on this con-
struction of the tensor product,

First we observe that
1=|m| =nm|,
=sup {[Mx , Mx]:xe§1°H,,, | x| :1}

and since the elements of the form x=g,y,, v,=e, for
all but finitely many n generate the tensor product under
consideration we see that |IM|l, =0 if and only if Mx=0
for every such generator.

However, if we set

x=(%'y) of & ¢
- n=13" n=L"’

then
L-1 ™
M, Mx)=T1 [y, e, 1T [Ced e, |?

Thus, if M|, =0,

for every choice of L and y,,...,¥;.,.

it follows that

nl:IL |(eg’ en>n’ =0
for every value of L. On the other hand, if |[M|l,>0,
then for some choice of L and v;,...,y,.;, Mx#0 and

hence for that choice of L

nl:[L |<e2’ eﬂ>n| > 0'

!A.M. Gleason, J. Math. Mech. 6, 885—94 (1957).
’B. Nowak, Bull. Acad. Polon, Sci. Ser. Sci. Math.
Astronom. Phys, 22, 393—95 (1974).

3J. von Neumann, Compositio Math. 6, 1—77 (1938).
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Exact results for second-neighbor surface magnons in an

fcc lattice
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An exact dispersion equation f(£2) =0 is obtained for (001) surface magnons in an fcc lattice with nearest
and second nearest neighbor Heisenberg coupling. On the Brillouin zone boundary a closed expression is
given for the frequency Q, while a simple root search yields £ for wave vectors inside the zone. These
exact frequencies confirm the results obtained by Trullinger from a Gottlieb polynomial expansion; a

discussion of the latter method is given.

Recently Trullinger! demonstrated a new approxima-
tion scheme for solving discrete one-sided linear equa-
tions by expanding in orthonormal functions of a discrete
variable, the Gottlieb functions. As an example he
solved a surface magnon problem with coupling through
second nearest neighbors. The purpose of the present
paper is to exhibit an essentially exact solution of thig
latter problem, by means of which several features of
the Gottlieb polynomial method are clarified.

Let S;(x, v, !) be the left-hand circularly polarized
component of spin on the particle at position (x, y) in the
mth layer of an fcc lattice [12=0,1,2,..., measured
inwards from the (001) surface]. With the ansatz

Sy, v, 1) = S(n1) expille, x + kyy - wi), (1)

the equation of motion, previously given in equation
(3.1) of Trullinger’s! paper, can be written in a con~
venient form:

QS(n) =Ly(S(m ~ 2) + Sm +2)) + L (S - 1)

+Son+1N+LyStn), m=2, 2)
QS{1) =L, S(3) + L{{SQ2) + S(0)) + Ly SQA), 3)
S(0) = L, S(2) + Ly S(1) + Ly S(0). (4)
Here
Q=w/SJy, (52)
Ly=-dy/Jy=~7, (5b)
Ly=~-[1+cosk,a+cosk,a+coslk, +k,)al, {5¢)
L,=12 - 2(cosk, a+ cosk,a) + v[6 - 2cos(k, + k) a
~2cos(k, - &) a), (5d)
Ly=Ly-7, (5¢)
Lop=Lo - 4. (51)

dJy and J, are exchange integrals, and a is the lattice
spacing.

Equation (1) is a finite difference equation for the
{S(m)}, with constant coefficients L,, Ly, L, As such
it has basic solutions of the form

Si (7,2) — exp(_ )\im) = tim’ (6)

where direct substitution in (1) yields an equation for
the {li}a

(t+ Y+ (L /L)t +t )+ Loy/Ly~2-R/L,=0. (7)
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The four solutions are

[:%[M+'W$"4]; %[Wg_ Wt—4]’ (8)
where

W, =3~ (L /L) £ [(L,/L,) + (4/L)(Q+2L, - LY/}

(9)

In general these roots occur in reciprocal pairs, say
lyy 172, 4y, 151, where

[t51<1, Jt]<1, |tt>1, |&1]>1. (10)
The general surface magnon solution, which vanishes
as m —°, must thus be of the form

S(m) =Ai" + B&™ (11)

Equation (11) automatically satisfies (2) but must be
subjected specifically to the edge conditions (3) and (4).
This gives two linear equations for A and B, namely

Xy A+X;,B=0, (12a)

Xy A+ X B=0, (12b)
where

Xy =Qt; - Lyt - Lt} +1) = Logty, (13a)

Xyg=Qty — Loty = Ly(t§ +1) ~ Logty, (13D)

Xy =0 = Lot = Lyt~ Ly (13c)

Xp =9~ Lot = Lyt; — Lo (13d)

The condition that (12) have a nontrivial solution is
the vanishing of a determinant,

FO) =Xy1 Xpp - X2 X3 = 0.

Equation {14), with the definitions {13}, (10), (9),
(8), and (5) is an exact secular eguation giving the sur-
face magnon frequency . Its terms contain only
trigonometric and algebraic functions and so it is trivi-
ally programmed for a numerical root search. For
wavevectors (&, I1/a) on the zone boundary or these on
the zone diagonal (k,, [1/a - k,), Eq. (5¢) shows that
L;=0, so that neighboring layers are not coupled in the
equation of motion. A trivial exact solution is then ob-
tained with the ansatz

S@2n) =p",
S@n+1)=0, n=0,1,°"".

(14)

(15)
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Direct substitution in (2) and (4) then gives
p=r/r+4),
Qk,, 1/a) =10 +57 — 2(1 - 2%) cosk,a - 7*/(v +4),
(16)
Qk,, N/a-k,)=8+Tr+2vcos(2k,a) - ¥/(r+4). (17)
For example, if »=0. 2 then (16) gives
Q(ll/a, 1/a) =12. 190476190477,

which agrees with Table I of Trullinger, up to 11 signifi-
cant figures. This amply verifies the excellent con-
vergence of the Gottlieb polynomial method, at least at
the zone corner. At other points covered by (16) and (17)
similar agreement was found with the results obtained
by expanding in 10—~15 Gottlieb functions. Indeed, from
a root search on (14) good agreement was obtained
everywhere in the zone.

Several points now emerge concerning the Gottlieb
function method:

(i) Excellent results can be obtained for the eigen-
frequencies, as tested against an exact solution.

(ii) The Gottlieb solutions S(m) need not have the
correct behavior as m —«, In the present case the ex-
act solutions are sums of exponentials };A; exp(- A;m),
whereas the Gottlieb approximations of nth degree
have the simpler asymptotic form m" exp(— Am). Since
considerable freedom is available in the choice of A,
the asymptotic behavior is not necessarily well given by
the Gottlieb expansion. Even the A, corresponding to
optimum Gottlieb convergence appears to be only rough-
ly correlated with the exact A;’s. In general it is not
surprising that the eigenfunctions S(m) are less accu-
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rately determined than the eigenfrequencies Q; for the
problem can be formulated as a variational calculation
in which the frequency is stationary with respect to
changes in the eigenfunction. It should be noted that,
for many surface problems where the surface mode de-
cays rapidly, the asymptotic form of the excitations is
largely irrelevant.

(iii) The method presented in this paper is readily
generalized to give essentially exact results for linear
equations of the form

Stmy= 2o K(lm—m’l)S(m’), (18)
m' =0
where K has a finite range, say n. The method requires
a root search of an nth degree polynomial and of a
specific derived function f(f2), but is otherwise exact, It
is therefore probably preferable to the Gottlieb expan-
sion method, which is approximate and requires
diagonalization of matrices whose size increases with
the desired accuracy.

However, for a large class of nontranslationally-
invariant problems (e. g., the equation

Sm)=a(m)S(m)+ 25 K(|m-m'|)S(n’),
m 20
where o (m) is not constant), the Gottlieb function ex-
pansion continues to be available while the method of

the present paper fails.
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Hamiltonians with x—2-like singularity*
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A class of singular Hamiltonians with deficiency indices (1,1) is studied. By using asymptotic behavior of
functions from their domain, all self-adjoint extensions are described. The Friedrichs extension is shown to

be (in a certain sense) a limit of nonsingular Hamiltonians.

I. BASIC PROPERTIES OF SINGULAR HAMILTONIANS

During the past few years, a special type of the
singular Hamiltonian—quantal oscillator—has been in-
vestigated by several authors from various points of
view.! The aim of the present paper is to explain some
properties of a more general class of singular
Hamiltonians. Let us consider the linear differential
operator

a | st-1/4
L= g+ S o,

O0sg< 1, (1)
as the linear operator in the complex Hilbert space
L,(0, ). For simplicity, v(x) is supposed to be a real
function, continuous and bounded from below on [0, «).
L, is defined on the domain D(Ly) =C} of all infinitely
differentiable functions with the compact support in

(0, ) (finite functions). Clearly, L, is a symmetric
operator, At the point x =0 the case of the limit circle
occurs and at x = that of the limit point occurs, ?
From the Glazman theorem we conclude, that deficiency
indices of L, are (1,1).% Therefore, one-parameter
family of self-adjoint extensions (s. e.) exists.® It is
important to mention another property of L, °:

@, Lou) = inf v(x) |u|?, u=CF. (2)

In other words, L, is bounded from below. Now, the
following can be stated.® Let L be any s.e. of L;. The
spectrum of L in the interval (- =, infr(x)} consists
either of the only simple eigenvalue or it is empty.

Vice versa, any point of this interval is the eigenvalue
of some s.e. of L;,, To obtain further results, it is use-
ful to consider as an example the quantal oscillator!:

2 2
My=- 3%7+S__T];_/_4_ +x%, O0ss<1, 3

with the domain D{My) =Cj. Let us also consider the
adjoint operator Mj. The spectrum of Mj is the entire
complex plane €. Indeed, the eigenfunction, corre-
sponding to the eigenvalue -~ 4p+2+2s, p=C, is

2
B,, J(x)=x"1/?exp —(3(2—> T(p,s+1, ). (4)
In (4), ¥(a,c,x) is the confluent hypergeometric function
of the second kind.’ It is also possible to write
B, () =xViW, (1), p=1/2-k+m, s=2m, (5)

where W, , is the Whittaker function. It is easy to
understand why Mj is not self-adjoint. Integrating by
parts the expression

Q(u’ v} = (u; Mov) - (‘Wauy 77)’ U, ve D(M0+);
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we obtain

Qlu,v) = lirrol‘ (w'v-uv')x). (6)

Q{u, v) is generally different from zero on D(M})xD(M}).
The behavior of functions (4) for x ~0* is

0<s<lif~xt{(xs +0x%) + O(x>/2-9),

o=T(p-s)/T(p) C, (1a)
Frat L 0(0/%), o=+, (Tb)
s=0: f~x"? (lnx - 0) + O(x*/ % Inx),

o=~ (1/29(p) + v} C, {7c)
Fxt 400377, o=+, (7d)

In (7c), P(p) is the logarithmic derivative of the I'
function and y is the Euler constant.’

Due to the continuity of »(x), all functions from the
domain of Lj have the same behavior at x =0 as in
the case of M. Further, on the domain of any s. e. of
L, the form (6) has to vanish. [There is no term with
x =% in (6) for v{x) considered. ]

This and the general theory* proves the following
theorem.

Theorem 1: For any fixed o= IRU {+ =}, let L° be the
differential operator in Eq. (1) with the domain D(L?),
defined as follows: u< D(L®), if

(1) w e L,y(0, =) is continuous in (0, «);

(2) «' exists, locally absolutely continuous in (0, «);
(3) Lou< L,(0, »);

(4) In some right neighborhood of x=0, u is a linear

combination of the function with behavior (7) (for
chosen o) and a function g =o(x*/ %),

L°is as.e. of Lyand any s.e. of L can be obtained
in this way. L™ =L is the Friedrichs extension (F.e.)®
of Ly and has the same lower bound b = info(x) as L.

Let us consider again My(3). M° has a simple, purely
point spectrum Ag< Ay < s, FOor o—=—0, ;= -,
A, =4k ~2+2s, k=1,2,+*+, For 0 —~+=, A, —~4k+2
+2s, k=0,1,***. For 0=+, we obtain the well-
known case! with the eigenfunctions x!/%* exp(— x?/
2) L%(x?); L*(x) are the Laguerre polynomials. '

It is worthwhile to note the following fact: Due to the
vanishing of Eq. (6), the {lux of probability is non-
singular on D(L°) in the one-dimensional case. Analogi-
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cally, in the three-dimensional case (@(r) =u(r) »1) the
flux of probability ~j,7* is nonsingular.

{I. REGULARIZATION

In the monograph of Landau and Lifshitz,? a simple
method of regularization for singular Hamiltonians is
used. On the interval [0, €], ¢> 0, the constant value
(s —1/4)/¢ is substituted instead of (s®-1/4)/x%. Add-
ing the boundary condition #(0) =0, we define uniquely
a self-adjoint operator L..° In the limit e —~ 0, we get
the behavior (7b) for eigenfunctions for the case
s>0,%1t is easy, however, to obtain an analogical re-
sult for s =0,

We can associate a closed quadratic form 1, ()
= (u, L, u) with any LE.9 From the results given by
Kato, 1Y Theorem 2 follows immediately.,

Theovem 2: For any ze €, Imz#0, the resolvent
(L. - 2)™! converges strongly to the resolvent (Lp— z)!
of the F.e. of L, (as e ~0), Let dE(\) be the spectral
measure of Ly (Lp=[AdE()), and let X; be a continuity
point of dE(\). The spectral projector EQ\y) = [X* dE(\)
is the strong limit of the corresponding spectral
projectors of L,.

This theorem suggests, in fact, the possibility of
numerical treatment of problems with singular opera-
tors. Other approximative methods, using functions
with correct behavior at x =0, have been proposed re-
cently. ™ (In this paper, singular Hamiltonians are used
to describe physically real systems—quasilinear
molecules. )
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Starting from the formulation of the Hamiltonian dynamics in phase spaces with a symplectic structure, we
show that it is possible to formulate the mechanics recently proposed by Nambu by means of a mapping
from the even-dimensional Hamiltonian phase space to a “phase space” which displays all properties of
Nambu’s theory. The difficulties concerning the process of quantization of Nambu’s theory can be presently
discussed at classical level by means of a suitable interpretation of the meaning of the several Hamiltonians

of the theory. Some examples are given.

I. INTRODUCTION

Recently Nambu? proposed a new formulation of the
analytical mechanics for phase spaces which may have
even or odd number of dimensions. The physical motiva-
tion for constructing such formulation is based on the
Liouville theorem. Nambu shows that is possible to
formulate this theorem in phase spaces of even or odd
dimensionality by means of a suitable increase in the
number of the Hamiltonians. For an n-dimensional
phase space his theory has (z - 1) Hamiltonians, all of
them being constants of motion, The proof that the
Liouville theorem follows from this method is a direct
consequence of the result that the field of velocities
is divergenceless. One of the properties of the usual
Hamiltonian theory is also of this nature, namely, the
fact that the field of velocities v — (§;, p;) is divergence-
less allows for a proof of the Liouville theorem.? By
introducing a matrix representation for Hamilton’s
theory it is possible to show that the proof of Liouville’s
theorem follows similarly to the case of Nambu’s theo-
ry, the only difference, of course, being the dimen-
sionality of both phase spaces. This fact together with
the result that the quantized version of Nambu’s theory
is the usual Heisenberg representation of quantum
mechanics seems to indicate that there exists a con-
nection, at classical level, between these two formula-
tions. In this paper we look for such a relationship be-
tween the usual canonical dynamics and the new version
proposed by Nambu, The method which will be used is
the matrix representation of the Hamiltonian mechanics.
This formulation is a well known mathematical method
which has made infrequent appearances in the physics
literature.

in See. 1 we give a short summary of the matrix
formulation of the Hamiltonian dynamics, under the
several forms that it may be exhibited. In Sec. 2 we
show how it is possible to transform to another repre-
sentation which possesses all properties of Nambu’s
theory. At the last section of this paper we present
some examples of our method.

1. FORMULATION OF THE HAMILTONIAN
DYNAMICS IN 2s-DIMENSIONAL SYMPLECTIC
PHASE SPACES

We denote by {g;,p;), i=1,...,2s, the variables of
a canonical phase space. Let V,; be the space of the
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variables y*, a=1,...,2s, defined as a column matrix:

(1)
re i/’

Define the antisymmetric 2sX2s matrix 7 ag®
na bs éab na+s b __ gab (1 1)
3 R .
and 7% =0 otherwise. From now on we shall use the
first letters of the Latin alphabet to indicate degrees of
freedom ranging from 1 to 2s if they belong to the y

variables, or respectively from 1 to s and from s +1

to 2s if they refer to the ¢ and p variables. Thus,
yi=gq, a=1,...,s,

Vi=pos a=s+1,...,2s.

The Hamiltonian equations assume the form

4y _ e OH

ST By (1.2)
The matrix n? satisfies the condition
Tlab:[}’", yb]) (1‘3)

where [A, Bl denotes the Poisson bracket (PB) of the
dynamical functions A and B. The relations (1. 2) and
(1. 3) show that we can write the Hamiltonian equations
under the usual notation of Poisson brackets. The
Poisson bracket is here defined by

2 28
aya ayb

(4, B]=7n* (1.4)

and the equations of motion for closed dynamical sys-
tems may be written as

dF _  wOF oH

= ={F,H}=1 Ay Ay (1.5)
The field of velocities, ¢®=y%, is divergenceless,

o

ava :nabH,ab:O (1.6)

Equations (1.5) and (1. 6) for F=p(y), with p(¥) the
statistical distribution function allow us to prove that
for closed dynamical systems

dp _ 2

T W(pv ),

and the rhs vanishes as a consequence of the continuity
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equation for steady flow in V,,. This proves the
Liouville theorem in similar steps as those suggested
by Nambu. However, we still may have a difference

in dimensionality for both phase spaces. What we intend
to show here is just an analogy to the mathematical
steps followed in the proof of this theorem. Of course
this has nothing to do with any deeper analogy between
the two formalisms, but suggests that such an analogy
may exist.

A transformation of V,; on itself is a canonical trans-
formation if the fundamental PB relations are left
invariant,

y_’:i;’ [5,‘6,3}0]—_—7’”.

Thus, canonical transformations leave invariant the
tensor 7%,

7% =n%,. 1.7
From (1.4) we have
. ay? ay®
a B} _ 7S __nab
[y 7y ]—Tl ayr ays _n . (1. 8)

This relation represents an usual tensor law of trans-
formation, but now we have the constraint (1. 7). Taking
determinants on both sides of (1.8), we find (use that
In1#0, indeed, Inl=+1)

3y

3y =+1,

The connected components of a canonical transforma-
tion are those with Jacobian equal to (+1). A special
class of canonical transformations are the linear trans-
formations in V,,

5“=Lab ybo

The connected components satisfy |L|=1. From (1. 8)

we have in this case
LyL T =n. (1.9)

For infinitesimal linear canonical transformations we
have

§a=y4+£a(y)’ £a=€ab}'b.
From (1.9) we get
%, +n%e, =0 (1.10)

The quantity playing the role of a metric here is the
tensor n**. However since this tensor is antisymmetric
we have to define properly the process of raising and
lowering of indices. First we note that the inverse of
the matrix 1 is the matrix n°'= {y,,) = - (7®*). Raising
and lowering of indices will be defined as

X=X == X 1%

Xa = X Mra e XE
In general, for objects with several indices we have

Xu.-.d..ag:ndbxa...b-..c,

and so on. Using these results in Eq. (1.10) we find
=B,

Thus, infinitesimal linear canonical transformations
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correspond to 2s X2s symmetric matrices when all in-
dices are written as contravariant indices, The condi-
tion !L | =1 is then identically verified by matrices of
the form L%, = 0% +¢%,, if €® =¢". A possible generator
for infinitesimal linear canonical transformations is the
velocity field for quadratic Hamiltonians,

H=13b,y%, b7=b,
since then
gc = Gvﬂ = enﬂCbcs yl =€ b‘s ys.

We can easily verify that 5*° =5°® (use that b, =b, by
definition). Of course not all infinitesimal canonical
transformations need be generated in this way. We can
also present this transformation in the PB notation

5yt =£*=€[y°, H].

For our present purposes the representation which we
have discussed up to now (we will call it the y represen-
tation from now on) is not much useful. We introduce
another representation by means of a mapping on the
elements of the y representation as

Yt uf=14y
in such way that the doublet structure of the Hamiltonian

phase space is brought out explicitly,

20-1 __
w' "‘qu

w*e =Pas

This mapping is clearly not canonical for the y repre-
sentation since (1.9) is not verified for L = 7. It corre-
sponds to a relabeling of variables y* defining a new
column matrix w. Under this mapping the metric 5%

of the y representation transforms to a new metric £
according to

tE=m77, tT=-¢ (1.11)

(note that 7 is a 2sX2s orthogonal matrix). From (1.3)
and using the property that the 7%, are numbers, we
easily see that

£% = (mTr)® =(u®, u’].

a=1,2,...,s,

a=1,2,...,s.

(1.12)

From (1. 2) we have

oH ouf oH
de = - Toyed 20
Err il S 2

Thus, the equation of motion takes the canonical form

w=1417

» 0H

W= £ 57 =[ur, H]. (1.13)

We denote this representation as the w representation.
All mathematical formulas holding for the y represen-
tation will also hold here. The PB is presently defined
as

JA ©oB
— pab
[A,B]—E Fow Rrym B (1.14)
For any dynamical function F(x) we have
dF _ F ., ., OF 3H _
ar = s V= 5 gy =] (1.15)

(as before when we considered closed systems). The
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inverse of £ = (¢?) is the matrix £-!=(£,,), with
Eab == gab-

We may define a symplectic form on V,, as
<x7 w)= £ x*w®= gabxawb

for two elements x, % in V,,. But since Vj, is the space
of the vectors w = (#?) it follows that we must have
x=f(w), since otherwise this inner product will not be
fully defined. The PB is an example of a inner product
of this type,

[A,B]:@é aB> .

5 ® B (1.16)
Thus, the Poisson bracket between the dynamical func-
tions A{w) and B(w) may be given by the symplectic
inner product of the normals to the two hypersurfaces
A(w)=const and B{w)=const in V,,. The property
[A,A]: 0 is then a direct consequence of the symplectic
structure of V,,.

The process of raising and lowering of indices is
similar to that used previously for the y representa-
tion, with £2 and &, taking the role of a metric. Canon-
ical transformations in the w representation are defined
as

wa_..;)a, [ﬁ,a,ib]zgab’
which imply £=£. From (1. 14) we have for these
transformations
o 200 20 g
dut 9wt

(1.17)

Similarly as before the Jacobian of these transforma-
tions has value 1,

Linear canonical transformations are presently de-
fined as

w*=L% w®,
and from (1. 17) we have
£=LELT,

From the equation of motion (1.13) we see that the
closed dynamical system moves along a sheet of the
family of hypersurfaces H(w) = const, where H is the
Hamiltonian

dH OH , .o OH OH _ _
- du® 8w° —[H’H]—Oo

at st

From the geometrical point of view this means that
conservation of energy is associated to the symplectic
structure of V,,.

From now on we will restrict the discussion to the
particular case of s =3. The equation of motion (1,13)
can be rewritten under the form

ol € 00 JH/3w!
o )l=] 0e o0 oH /3 w* (1.18)
>3 00 € oH /3w’
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A 4 (wl'(l))
w'= (p) = wi(?) ’ i:1)2’37
01
€= (_ 1 0)=(€(a)(b)), 62:— 1, a,b:]., 2’
.3 (a/aq{
Vi=_T: .
dw a/8p;

Thus, the equations of motion (1.18) may also be pre-
sented as

- i — aH
wh=e=7. (1.19)
(These results may, of course, be easily generalized
for arbitrary values of s.) We denote this form of re-
writing Hamilton’s equations as the w representation,

It brings out explicitly the doublet structure of phase
space. The transpose of the operator Vv, is the row
matrix operator

'y o 0
Vi=[=— —]).
(8%‘ aPi)

Operating on the lhs of (1.19) with the operator VTi,
we get again the result that the field of velocities is
divergenceless,

T .. T (@ 0 oH
Viwz:ViEViH———G ars) a—wg-(?)a—wm;)zo.

In this expression as well as in all the others which
follow we are summing over all repeated indices. The
fundamental PB relations here take the form

k(b)]zﬁ(a)(b) 5iku

fwHe {1.20)

They clearly show that elements corresponding to dif-
ferent doublets have vanishing Poisson brackets. From
(1. 20) we have for the PB of the dynamical functions
A(w) and B(w)

A oB

[A, B]_:e(u)(b) ; ST -

w(‘ a) (1.21)

Thus, from (1.19) and (1.20) we have
(:,i(a) — [wi(a),H].

In this representation e = (!2*?) and € = (¢, (,) corre-
spond to the metric, Raising and lowering indices which
label the components on each doublet is carried out
similarly as before,

X =@y

() (a)
) =~ X(»)€ ’

D) _ ()
Xt =X €pytay = = Elymy X o

The inner product of the two elements x{* =£{* (w) and

wi® in V,, is given by the symplectic form

_ Aa)yty) __ayh) .
(x,w)=¢ Xica)Wip) =€ Xigy " Wepy

(note that the indices labeling the several doublets, that
is, the indices i,4,°°°, may be written in any position
since they correspond to an Euclidean structure}. In
this notation the PB takes the form

(4, B]= <aA §E> .

w ’ dw

Canonical transformations in this representation are
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mappings which preserve the form of the metric,

wi(a) _,—wi(a)’ [mi'(a)’ wk(b)]zﬁ(a)(b) 5ik‘

Therefore, from (1.21) we have for canonical
transformations
ITH® K

(c)d) Pl
awj(c) awi(d)

— §ikd D)

€ (1.22)

2. REPRESENTATION OF THE ANALYTICAL
MECHANICS IN TERMS OF FUNCTIONS OF
DOUBLETS

The w representation studied at the end of the last
section has two basic properties: It has an Euclidean
structure on the indices i, j, ** * labeling the several
doublets (for phase spaces of dimension 2s these indices
go from 1 to s) and has a symplectic structure for the
degrees of freedom associated to each doublet, In this
section we consider the case for s =3, the reason for
this choice will be made clear in the exposition which
follows. Presently we want to introduce a pure triplet
representation of analytical mechanics. In order to ob-
tain such a representation we have first of all to define
a mathematical process for going from the previous
set of three doublets to a pure state of three variables
defining the triplet state. For doing this we consider a
mapping from the space of the quantities w*® to a
space of variables z*, z' =z (w"?) in such way that in
the new representation the indices corresponding to in-
ternal degrees of freedom for each doublet are no longer
present. In other words, in the mapping functions we
are summing over all indices of the type (a), (b), etc.
This transformation will not preserve the canonical
symmetry of the w representation. Therefore, we now
have a formula similar to (1.22) but in the rhs we have
to write a new metric field, We denote this new metric

by p'*,

*(z) = [z} ] = @@ 2z’ 2z* 2.1)
pPe)=lg,2"]=¢ WW (2.

In general this new metric becomes a function of the
variables z!, a property which was not present in the
previous representations. We call this new representa-
tion the z representation.

The equations of motion become

dZ. aZ. e, jC aZi Ca)ld) oH
@ " a O = g e g -

Considering that H may be written as a function of the
z* we have

a2 o

ar =p a—Zk:[Zi’H]. (2.2)
The PB is here defined as
(4,B)= 24 (41,2 2B _pn 24 3B (2.3)

Erd Er it vy

The indices 7, j, * -+ are written as contravariant indices,
formally we may regard the matrix p'® as a symplectic
metric; however, here this interpretation cannot be
taken in the sense used before (defining an inner pro-
duct) since the choice that we will use for the p** will
imply that this matrix is singular. Thus, we keep all
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indices which refer to the z variables as contravariant
indices and do not use any definition for lowering such
indices.

We define the operation

{A,B,C}= *f*%‘if gf, Z—CE, (2.4)
which corresponds to the volume contained by the three
vectors VA, VB, and VC. The symbol €'/ is the Levi-
Civita symbol with €!?¥=+1, This operation may be
formally interpreted as a generalized “Poisson bracket”
derivable from the “fundamental generalized PB

relations,”
{z%, 27, ¥ =€t %,

The relations (2.4) and (2.5) are Nambu’s definition
of the PB.

(2.5)

We now particularize the general mapping (2.1) in
such a form that the antisymmetric tensor p** takes the
form

0G

227

[this is obtained from (2.4) for A=2z', B=G, C=2],
for G(z) a given dynamical function, Then,

ije 0G
227 °

ot =1z, G, 2*}= {2}, 2’ z}gG, =etin 2 (2.6)

p*=[zf, 2] =€ 2.7

For the choice (2.7) the equation of motion (2. 2), for

the zf, takes the form postulated by Nambuy,

dz' _ i;x 3G OH

it ¢ (2.8)
Equivalently we may write

dz ; P 3G 2H

W:[z‘,ﬂ]:{z , 29,25 —= T 5 ={z, G H} 2.9

Therefore the pair of dynamical functions G and H which
Nambu calls Hamiltonians are here represented by G(z)
associated to the weighting factor p** through Eq. (2.7)
and by H(z) which plays the role of the Hamiltonian in
th((e ?sual sense {note that H appears through the terms
(;_,j a )

In general we have, for any two given dynamical
functions A(z) and B(z),

2A @B ; 2A 2B
A ik i
[4,Bl=p" o5 55 =1, G2t 57 5
Then,
Bl=14, G, B}. (2.10)

The Eq. (2.10) relating the two types of PB is consis-
tent with the alternation and derivation laws. The first
law is obviously verified by both types of PB. The
derivation law is verified for A ~A,A,, or for B —B,B,,
for fixed G. From (2.10) we have for any dynamical
function A(z),

dA A .;
@ =g £

H]:{A’G?H}~

2.11)
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In particular, for A ~G we get

dG

5 =lG,H)={G, G, H}=0. (2.12)
Therefore, the function G(z) associated with the
“metric” of this phase space is a constant of the motion.
Again from (2. 10) we obtain, for B —G,

[A,Gl={4,G,G}=0.

Thus, the function G(z) has vanighing PB with any dy-
namical function A(z). This property is a direct con-
sequence of the definition of PB, with the p** as a
weighting factor,

0A 0G 280G 0A oG
— ik -tk _
[4,6)=p" 377 o =¢'" 57 57 72=0.

The function G(z) is here the analog of a c-number (in
the z representation) in the quantum theory. This ex-
plains the difficulties concerning the problem of quanti-
zation of this formulation, and the result that the
quantized theory is equivalent to the usual Heisenberg
representation of quantum mechanies.

As an example, for the free rigid rotator where
2t =L* (angular momentum, which presently is written
in function of the doublets as z* =3¢ *w]ew,) the func-
tion G(z) is proportional to the square of the angular
momentum, and therefore has vanishing PB with any

function of the angular momentum.

3. EXAMPLES

Besides the example of the rigid rotator given by
Nambu, some other examples of his theory are known
in the literature.! Presently we consider briefly three
examples which are of interest. These three examples
will have similar symmetry properties under rotations
[taking Cartesian coordinates (g, =x,), we consider the
class of Hamiltonians which have null PB with the
generator of infinitesimal rotations, § =~ 3 @,€,,L,,
where o, is an antisymmetric matrix (first order
infinitesimals) related to an orthogonal rotation matrix
by R, =0,,+a,,). This property will allow us to use
the same set of constants of motion for these three ex-
amples: The total energy and the square of the angular
momentum, Since the Lie algebra of the phase space
variables z! is related to the form of the constant of
motion G(z) through its definition {Eq. (2.7)], it follows
that we can use the same set of variables z for these
three examples (since we require the existence of the
same constant of motion for all three cases). A con-
venient set of functions z*(w™ %) for these examples is

i (a)pi ) __, Tl
2t =w;"Blayo Wy =wBw;,

for

00 10 0 2
1__ L 2. 1 3 _ L
ﬁ -2 3 B —2 00 > B -2 00
Thus,

1_1 2 1 3_
2 =53Dibr, Z =zapxy, =Xy 3.1)

(presently we use Cartesian coordinates, ¢; =x;). The
Lie algebra of the PB of the variables z! has the form

(2}, 2=~ 2%, [21,2%)==22%, (2% 2%)=2z" (3.2)
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(which satisfies Jacobi’s identity). From (2.7) and (3.2)
we have

8¢ _ 3 G _ ., 3G ,
E A A A =

which has as solution
G(z) = 3(2%) - 22127,
From (3.1) and( 3. 3) it follows directly that G(z) is
proportional to the square of the angular momentum
G(z)=-+ 17, (3.4)

i. e., it has the dimension of the square of an angular
momentum. We have

[A(Z), G(Z)] =0.

(3.3)

(3.5)

This condition holds for every function A(z) (as was
seen before), and implies that

2%, Gz)]=0. (3.6)

These conditions can be easily understood in the present
case by the following. From (3.1), {3.4), and (3. 6) we
see that the square of the angular momentum has null
PB with:

(a) 2! =kinetic energy times mass {(z!/» has the
dimension of a Hamiltonian for a free particle).

(b) 2% =function of +¥, that is z?=§+°, which corre-
sponds to the potential energy of a particle in a central
field of forces for a harmonic oscillator, where
2t = (mw*) v,

(¢) 2* =scalar product of the vectors x and p.

These three results are a direct consequence of the
invariance of the quantities z!, 2%, and z° under rota-
tions in the space of the variables X and p. The corre-
sponding conditions for the case of a rigid rotator are
simply the conditions [L*, L?J=0, which say that Lf is
invariant under rotations.

The examples that will be considered are:

(1) Free particle: For this case the Hamiltonian be-
comes equal to the kinetic energy which we denote by
the symbol H:

H=Hy=1/2m) p; p;=2z1/m. 3.7

Then, the two constants of motion G(z) = - 3 L* and H,
generate the motion according to Nambu’s equation
(2.8), and to (3.3) and (3.7) as

2=0, 2=2/m, Z=2z1/m.

(2) Isotropic harmonic oscillatov: Here the
Hamiltonian has the form
H=Hy+ 5k, k=muw?, (3.8)
and is written in the function of the variables z' as
H=2z/m+kz%. (3.9)

The equations of motion in Nambu’s representation
follow from (2.8), (3.3), and (3.9) as

=k, P2=Q/m)2®, 2'=(2/m)z} - 2k2?,

which may easily be seen to correspond to the usual
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equations of motion for the isotropic harmonic
oscillator.

(3) Motion of a pointlike mass in a centval field of
forces: In this case we have the Hamiltonian

H=H,+V{),

where V(r) is the potential energy of the particle of
mass m in this central field of forces. This Hamiltonian
is written in term of the variables 2} as

H=2zV/m+ V((2z9)1/2), (3.10)

The equations of motion in the Nambu representation
then follow from (2.8), (3.3), and (3.10) as

= @/ V'), 2=2%/m,
28=(-22%/%) « VI(») + (221/m),

where V' (v) =dV/dvr.
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We develop convergent series solutions in powers of the wavenumber (k = 27/MA) for the field (U) and the
normalized (dimensionless) scattering amplitude (g) for scattering by lossless penetrable obstacles whose
physical properties are specified by two real parameters. The first two terms of ¥ are solutions of Laplace’s
equation and the term of order k", n> 2, satisfies a two-parameter Poisson equation whose inhomogeneous
term is proportional to the k"~? term. The leading term of g is of order k* (as obtained originally, by
Rayleigh); the k* term is zero for shapes that have inversion symmetry, and vanishes in the forward
direction for all shapes; the k" terms, n> 3, are expressed as volume integrals of functions involving the
terms of Y up to order k" . Equivalent expressions in terms of surface integrals are included. For a plane
wave of arbitrary direction of incidence and a triaxial ellipsoid, we obtain explicitly the first four
nonvanishing terms of § (to order k°) and the first two nonvanishing terms of Im g (to order k*) and Reg
(to order k®). Corresponding results for spheroids, needle, disc, sphere, and for the one-parameter problems
are obtained as special cases. The necessary transformation of the ellipsoidal harmonics are also provided.

INTRODUCTION

We consider the three-dimensional problem of
Helmholtz’s equation corresponding to the scattering of
a wave with suppressed time factor {(exp(- iwt)) by a
lossless, penetrable, smooth obstacle with all dimen-
sions small compared to wavelength (X). The physical
properties of the scatterer are implicit in the transi-
tion conditions at its surface and in the interior value
of the wavelength: the field () is continuous and its
normal derivative is discontinuous at the surface, and
the interior wavelength (x,,) differs from x. Thus the
problem is specified by two physical parameters, the
magnitude of the discontinuity of 3,4 and the ratio of
external to internal wavelengths (5=2A/x;,).

In linearized (small amplitude) acoustics, this two-
parameter problem corresponds to the scattering of a
pressure wave {®) by an obstacle whose density {p.)
and compressibility (C_) are different from those
(p., C,) of the surrounding infinite medium; the asso-
ciated velocity field is proportional to V. The two
parameters of the problem correspond to the ratio of
outer to inner densities (/4 =p,/p_) and the ratio of outer
to inner compressibilities (C =C,/C_) or equivalently to
A and the index of refraction n=(C/A’/%. For -0
and C -0 the results reduce to those for a rigid scat-
terer (Neumann boundary condition).

Rayleigh"2 was the first to consider the problem of
approximating solutions of the wave equation for %
=27/2~0 in terms of solutions of Laplace’s equation,
Using potential theory results, he obtained approxi-
mations for the far field (essentially, the scattering
amplitude g) of the sphere! and of the triaxial el-
lipsoid? for the one-parameter problems of either equal
densities or equal compressibilities, and constructed
the corresponding approximation for the two-param-
eter problem by superposition, (We show that this
superposition procedure is valid only for leading term
approximation, )
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Stevenson® developed a systematic procedure for ob-
taining low-frequency approximations for the corre-
sponding electromagnetic problem. He applied the de-
velopment to the ellipsoid* and obtained the first three
terms of the expansion for the near field, and the first
two terms for the far field in terms of elliptic inte-
grals. Stevenson! also considers the special cases of
the spheroid and sphere, and cites additional papers®
which use alternative approaches.

H

The systematic development for the scalar problem
of the soft scatterer (Dirichlet condition) of arbitrary
shape is given by Morse and Feshbach.? For the special
case of the sphere, they give the first three terms of
the field and of the scattering amplitude explicitly. The
exact solution for the sphere was derived originally by
Rayleigh! as a Legendre—~Hankel series; he obtained
appropriate low-frequency approximations for various
cases of physical interest. 42 The most complete low-
frequency results available for spheroids are those of
Burke, ¢~ who used appropriate approximations of the
exact solutions in terms of spheroidal wave functions.
For the soft,® hard, * and penetrable® cases he obtained
4 to order #% and g to order K8, Existing explicit ap-
proximations for the soft and rigid sphere, the soft and
rigid prolate spheroid, as well as for the soft and
rigid oblate spheroid, are presented in Ref. 9, which
contains many additional citations to the original litera-
ture. A survey of Rayleigh’s work which also discusses
his contribution to two-dimensional problems has been
given by Twersky. 1 Other aspects of low-frequency
scattering are surveyed by Kleinman, " and other
approaches are considered in Refs. 12—15.

For the triaxial ellipsoid, Rayleigh’s approximation
of order %° for the scattering amplitude ¢ corresponds
to the leading term of Img. The leading term of Reg,
or order k5, was obtained by Twersky'? by direct ap-
plication of the general scattering theorem (generalized
cross-section theorem) to Rayleigh’s approximation,
By extending Twersky’s procedure, we obtain Reg to
order .% by using our new results to order %° for Img.

Copyright © 1977 American Institute of Physics 126



STATEMENT OF THE PROBLEM

We seek a solution ¢ of Helmholtz’s equation corre-
sponding to scattering of a plane wave ¢ by a penetrable
obstacle with volume v and smooth surface s. (We
take the origin of coordinates at the center of the small-
est circumscribing sphere S,, of radius a). In the ex-
terior V the solution y =y satisfies

(V2+k2)z[)"=0, k=kf§, E=2n/x,
P=0¢tu, ¢=exp(ik'r)s

where the scattered wave u satisfies the radiation
condition

lim fo | 2,(r) - iku(r)|*dS(r) = 0. (2)

®

In the interior, the solution ¥ =" is a nonsingular solu-
tion of

(VP + )Y =0, k=nk, (3)

where 7 is the relative index of refraction. On the
boundary the field is continuous and the normal deriva-
tive is discontinuous, i.e.,

P=97, 9" =804, CY
where 3,=0-V and 1 is the outer unit normal on s.

The two parameters we use are 4 and ( =£n%, or
equivalently B=f8-1and C=C -1, If B=C=0, then
the regions V and v are filled with the same material.
In this case the incident wave meets no discontinuities
in the medium of propagation and no scattering occurs
(i.e., y=¢ and u=0).

In V the solution of (1)—{(4) may be represented in
terms of an integral over v as

0(F) = explik- 1) + 7 f[BVh(k lr—r]). vyrixn)
v
- CR*k |r =’ - (r")] do(r’), (5)
where h(x) =hi" (x) = exp(ix)/ix is the normalized free-
space Green’s function for Helmholtz’s equation in

three dimensions, Using Gauss’ theorems, we can
transform (5) to a surface integral over s

(e) =expk 1)+ g f 18+ i [x= 1 Doyt

-y (r)o ke |r-x'])])ds(r). (6)

If we substitute the asymptotic form for 27 ~« in (5)
or (6), we obtain for » > a

u(r)~g(r, K)h(kr), (1)

where the normalized scattering amplitude g is given
by

.~ iB? “
g(i,k)z% /[iBr- vy (r’) + kCy(r")]

X exp{- ikT- r’)dv(r’) (8)
or by

gt k)= Z% f[(B +1)vyt(r’) + kY (r)F] - n

xexp(- kT - r')ds(r’). (9)
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The proof of the well-posedness of this boundary val-
ue problem, based on proving existence and uniqueness
for the solution of the corresponding integral equation
formulation of the problem, is discussed in Refs.
16—18.

We restrict consideration to small ka, where a is
the radius of the smallest sphere that circumscribes
the scatterer, and obtain series solutions in powers of
k. The incident plane wave ¢ =exp(fk-r) is analytic at
k=0, and we assume that the fields ¥~ and « are also
analytic at #=0. Therefore, convergent Taylor series
for ¢* and " exist in powers of k. The procedure we
follow reduces the boundary value problem for Helm-
holtz’s equation to a sequence of boundary value prob-
lems for Laplace’s and Poisson’s equations. Both the
differential and integral equation formulation are used
throughout. The integral equation which describes the
problem provides the nonvanishing terms of the far
field as well as the particular solutions of the Poisson’s
equations,

DERIVATION OF THE APPROXIMATIONS
A. The field

Since both ¥* and ¢~ are assumed analytic at =0,
the series

@ =1 L g1 (10)

converge in their regions of analyticity and can be dif-
ferentiated and integrated term by term.

The leading term in each of these expansions is inde-
pendent of £ and is identical to the solution of the cor-
responding potential theory problem (2 =0):

Vio5=0, ¢;=0;, dnbo=(B+1)2,6; ¢;~1. (11)
A solution to this problem is given by ¢;=1 everywhere
for any admissible surface s. Since the problem is well
posed!®!" and *, ¢~ are taken to be analytic at £ =0, it
follows that this solution is unique. Substituting (10)
into (1), (3), and (4), equating coefficients of equal
powers of k, we obtain

Vor=n(n-1nidi,, n.=1, n.=n,

12
¢;=¢t‘u an¢;:(B+1)an¢r-l- ( )

Similarly, substituting (10), and the entire functions

d(r)=exp(k-r)= ’%(l:!)n (k+r)". (13)
and
oy eXplkir—r'1) <\ @R r|ne
Rk | =2’ |) = =50 =2 S Ir-rm
(14)

into (5), we obtain
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. _ ,.. n £ nai n
oim=Gxr+ 2 2 (VY(p-1)

JI‘— ’p- (r-r’). qun-p(rl)dv(r,)
nn-1)C 2 fn-2
T 4r %%( p >
x [ e g, @ a0 15)

The expression (15) for ¢, satisfies the first equation
in (12). The term (kor)" of (15) is the contribution of
the incident wave to the nth coefficient. The remaining
terms are proportional to either B or C; those in B in-
volve the velocity field (i.e., V¢~) and those in C the
pressure field. The leading term ¢4 is unity, and ¢
depends only on B, Equation (15) expresses ¢, at any
point in V in terms of ¢;, 0<{ < (the interior coeffi-
cients of order less than or equal to the order of ¢;).

In order to determine the nonvanishing terms of ¢;
at infinity, we use the asymptotic form
r—-r’

T = r')[ +O<1>] r (16)

then (15) in the far field becomes
. N B n=1
oxte) (e xr+ £ 55(") (o= 5 [ Vo 00

=2
x|r=1'|"?av(r’)~ ——}Z(n;n 1)¢ "Z:,‘j<"";2)
x f(f’;-z-p(r')[r— I"“"1 dv(r"). (an

The contribution of the incident wave to the far field is
of order 7" which is three orders of magnitude higher
than the contribution of the terms that depend on the
parameters B and C. This is in accord with the fact
that the incident wave becomes progressively more
prominent while the scattered field dies out as we re-
cede from the scatterer. The far field form of ¢, is
expressed in terms of ¢;, 0<7<n-2, which are speci-
fied functions,

For eachn=1,2,--- Egs. (12) and (17) define a
potential problem whose solution provides the coeffi-
cients ¢; and ¢; of the expansions (10), i.e., the wave
theory problem has been reduced to a sequence of
potential problems which can be solved iteratively. For

n=1,2,-++ we have
1 B _r-r s(p! "Nl
1=k r- o ] T} voilr)dv(r')~k-r, (18)

- B -r!
b=k 0= [ FoEm e veiEaw)

__C_[ du(r’)
2r J, lr—r'|

di=k 1)~ o fﬁf—{—a Vo3 (x) du(r’)

~ (k- 1)?, (19)

3B _r-r’ r , ,
+747 Ir . Voi(r)du(r’)
3C [ _oi) . _3Cv
T or vlr-r'ldv(r) 27
~ 3B - 3Cv
~(k-r)+ o T fvdﬁ(r')dv(r')— —271 . (20)
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From (12) and (17) we see that the equations defining the
first coefficient ¢§ depends only on B while all higher
coefficients depend on both B and C, In the far field,

¢1 and ¢; are independent of parameters and the higher
coefficients depend on both B and C,

From (17) we obtain ¢;=0(»")y as ¥ — = and, there-
fore, the convergence of (10) becomes poorer as 7 in-
creases and fails to converge as » ~~, We may over-
come this difficulty by using (15) to express ¢, on S,
(a sphere centered at the origin with radius a +¢),
where ¢ > 0 and a is the radius of the smallest sphere
that circumscribes s; then, since iri{ =a+¢ <= for
re S,,. the series (10) converges on S,,, and provides
yonS,,. Thus by (4), Eq. (6) transform to

. *
¥ =exp(ik-r)+ yr

X -/; [AE|r =2’ )3, ¢*(2") = ¥ (£7)3, h(k | x - 1’| )]

a+e

xdS(r'). (21)

Equation (21) specifies §*(r) for Ir{ = a+¢ in terms of
P and 3,¢" on S,...

Equation (12) is Laplace’s equation for =1 and
Poisson’s equation for n =2, From (15) we see solutions
of Poisson’s equation are obtained by quadratures: All
¢7, 0<i<n-1are known (from the evaluation of the
successive coefficients), and the unknown term

B r-r/
4r J, lr-1x'|

* VL) dv(r’)
can be omitted because it is a harmonic function. The
term

nin - 1)C ¢Or2(r’)
s
47 o lr=r"l

dv(r’)

is also harmonic and can be eliminated. Thus the re-
quired particular solution of (12) is provided by the
nonharmonic terms of (15).

B. The scattering amplitude
Substitution of (10) and of

exp(= ikF . ') = EO (= n”") (727" (22)
into (8) or (9) yields
G ~_1e ,,"-1 (= 1) (_ B .
gt an;l Z:op!(n—l-p)'» n=p

. fw;-p(r')(?-r')"dz'(r')

v

+C/d);_l_p(r’)(?-r')"dv(r’)) (23)

or, equivalently,
B+1 - ne:
r-r')n
(n—p+1 '/;( )

PP, ds(F) + f $ra(x) (1)’ (ﬁ-f‘)ds(r’)),
(24)

% 0" 3 =k

g(F k)= = p!l(-p)!

L
47

George Dassios 128



where we used
v;=0, ¥ [Ads(r)=0, [ - veiE)dsE’).
Applying Gauss’s theorem to (12), we obtain
S, P dv(x) = [ 8- vi(x')ds(r’)
=n(n-DC+1Y/ (B+1)] [ ¢;5.5(r") dv(r"),
(26)

(25)

i. e., the flux through s of the nth coefficient of the
interior velocity field is proportional to the volume in-
tegral over v of the (n — 2)th coefficient of the interior
pressure field. The last equation in (25) is (26) for
n=1.

The coefficient ¢, is a harmonic function for n=1
and a solution of Poisson’s equation for »> 2 and, con-
sequently, represents a potential function of known den-
sity distribution over v, The gradient of this potential
V¢, is proportional to the velocity field. Furthermore,

=% L (0)(eperor . an
Hence, the integrals
J, Ortep@) (@ 2P do(r') (28)
are moments of the interior pressure fields, and
[ Vo' )E - 1)y dp(r’) (29)

are moments of the interior velocity fields projected on
the direction of observation r. The integrals in (24)
are moments of the flux through s of the same physical
quantities that appear in (28) and (29).

The first term of g is of order k%; all odd-order terms
are imaginary and all even-order terms are real. The
evaluation of g to order 2" requires knowledge of ¢j,
0<is<n-2 if we use the volume integral representation
(23), and 0 <7 <n-1 if we use the surface integral
representation (24); it is therefore more advantageous
to work with the form (23).

The first approximation

-~

i3
g{r, k)= l—f; [Cv -~ BT /v¢;(r')du(r')] +0kY  (30)

consists of essentially two terms, one of which depends
only on B and the other only on C; here v stands for the
volume. This result was obtained originally by Ray-
leigh, % who assumed from the start that the small %
approximation consisted of two terms, one proportional
to B and one proportional to C. Rayleigh obtained the
two particular approximations corresponding to B=0
and C =0 in terms of the potential theory solutions and
superposed the results to obtain essentially (30). We
show that for n= 2 the ¢ terms depend on both B and C
and g does not separate into two such sets of terms.

Equation (23) gives g as a sum of two sets of terms:
the one that involves the moments of the velocity pro-
jected on T has B as a factor, and the other that in-
volves the moments of the pressure fields has C as a
factor. The form suggests that if either the compres-
sibility or density of the scatterer is equal to that of
the surrounding medium, then the expression for g

129 J. Math. Phys., Vol. 18, No. 1, January 1977

would be devoid of the pressure or velocity fields,
respectively. If the densities are equal then B=0 and,
therefore, both the field and its normal derivative on s
are continuous: n°=C +1, If the compressibilities are
equal, then C=0and n*=1/(B +1) as holds for most
gases, If the inner density and the inner compressi-
bility tend to infinity, B and C tend to zero. The limit
B——~1 and C—-1 corresponds to the boundary condi-
tion 2,4*=0 on s (Neumann condition), and to y(r)=0
as is appropriate for the rigid scatterer.

The normalized scattering amplitude g satisfies the
reciprocity theorem!®

g(F, k) =g(~k, ~ ). (31)
In addition, g satisfies the scattering theorem!®
1 A A -
~gtr,0) -6 1) = [5G, R, Pae@), 62

where * denotes the complex conjugate and the integra-
tion is over the surface of the unit sphere, If the scat-
terer has inversion symmetry (r < s implies -~ res),
then

g(r,k) =gk, T)
and the scattering theorem reduces to

- Reg(t, B = [ 46, D5, ) an(p). 83)

In terms of real functions A,(%, k), we assume
g(F, K) = ik5A, + R4, +ikOA, + kA, +iRTA, + EA, + O (kY),

(34)
Then (33) gives
A,(F, k) =0, (35)
AgE, B0 == o [ 435, B Ay(p, B (), (36)
Aq(F, f<>=—é/[A3(f>, F)A;(B, k) +A;(B, DA 3B, k)] dp),
(37)

Therefore, for scatterers with inversion symmetry the
first approximation to Reg is of order &5,

Equation (36) gives the leading real part of ¢ in terms
of the leading imaginary part of g, and (37) gives the
second term of Reg when the first two terms of Img are
known, This method of evaluating the successive terms
of the Reg from Img was originally described by
Twersky, '* who applied the theorem to Rayleigh’s re-
sult A; for ellipsoids to obtain the corresponding A,
This method reduces the calculations significantly: In
order to evaluate the % term from (23), we require
¢3, 1<i<4, and for the #® term ¢;, 1 </ <6; however,
by using (36) and (37) only ¢ is needed for the »® term
and only ¢3, 1<i<3, for the #? term.

More generally for unsymmetrical scatterers, from
(32) in terms of (34) we obtain
AyF, k) =A,(k, 7), A,F K =-4,k,7),
Ay, K) =4,k P). (38)
Consequently, if F=Kk, then
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A,k k) =0. 39) 0= 4nkBAq(K , k) - 4mRPA4(K, k) + O (&%), 41)
The scattering theorem applied for ft:f' becomes where
~Regli k) =7 | leth, R [*aap) = wy Al R=ladkR] “)
follows from (36) for T =k. The first approximation
for the total energy scattered is proportional to the in-
verse fourth power of the wavelength! (Rayleigh
Using (34) and (39) in the first form of (40), we obtain scattering).

|

where 0 is the scattering cross section.

APPLICATIONS
A. Triaxial ellipsoid

We apply the iterative procedure (12), (17) to a triaxial ellipsoid given by

Z}—Q 1, a;>a,>a;>0 (43)
1=1 @

In ellipsoidal coordinates p, u, ¥ we have

-1 i-ihZ .
xt= St (- dra) - af + a0 - a4, (=1,2,9), (49)
with = hg<sv<hys u <hy <p <+, where 2hy, 2hy, 2h3 are the interfocal distances of the main ellipses, i.e.,
Wi=d}-di, W=al-a}, Mj=ai-d}. (45)

The value p =ay specifies the surface s of the scatterer, k, <p <a, the region v, and a; <p <+ the region V, The
outward normal derivative corresponds to ap, and in the far field we have » ~p. The directions of incidence and
observation are given by k=53_,i X, and ¥=3?_,0,X, respectively, where X, (2 =1, 2, 3) are the Cartesian unit vectors,

10=29

Expressions for (ke )" (r=1,2,3) in terms of surface ellipsoidal harmonics, as well as transformations be-

tween ellipsoidal and Cartesian coordinates are given in the Appendix.

Omitting long computa.l:ions,29 we give the solutions of the potential problems that determine the coefficients to
the order k3, as well as the two leading nonvanishing terms of Img and Reg in terms of elliptic integrals,

As shown for the general case (and as can be verified for the special case of the ellipsoid at hand) ¢§=1.

The coefficients of k£ are determined by (12) for =1 and (18). Solving this problem, we obtain
6i=2 (1-5v L)), )
$i= E S @7
where
V=aamas, Ii(p)= f,, m, I} =I}ay), Sw)=@?-m)t w?-nht/?, Hi=1+BVI}, (=1,2,3). 48)

The coefficients ¢} are determined by (12) for »=2 and (19). Particular solutions of Poisson’s equation are
provided by

¢f* =k 1), ¢f-=[(C+1)/(B+1))k ) (49)
The solution is
. + TLI%p) {p) ,
¢5=¢2¢_ %CVIO (p)— 2211213x1x2x3 Z/ i,,x,(,p) 2VM ;1:) [i B,,LL ][ " A at +1] + (A"‘" A ), (50)
C+1 .. 1 /C+1 1 M —
it 1ev -4 (5 -1)?./" s 5 2 (55 - ) - (B e[ B g ] o "o

The symbol (A ~—~A') represents a repetition of the last term with A and A’ interchanged, where

5T 5

The functions that appear in (50) and (51) are
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2 r g2
r _B"(ia,,_ag), o= (- Ui Tk, M= (8= aD(A-ad(A-ad) (53)

C-B{1
=C(A - d%) + Ba?, ur=2CAVI}+ B+1( 2VIA) (54)
The solution is expressed in terms of the elliptic integrals
“ du - du
0(n) — au 0_70 20y _ 2_ g2
rw= [ gy, P=re, 0= [ i A=t
° du
2 — —
Ia(p)“'/; (uf_ ai_'_a%)(uz_a%_'_a%)s(u) Py (a, ﬁ) 7) (1’ 2; 3), (2, 3, 1), (3, 1’ 2)’ (55)

Hi=1+2BVAI}, Hi=1+BV(@}+a)L.

The coefficients ¢} are determined by the potential problem (12) for =3 and (20), The particular solutions of
Poisson’s equations are

3 3
oft =tk + 22X [1°<p)- ,4._‘311:(;:)::3]21 o, (56)
3 7 43
=511 2 b o

The solution is

. . Lip) 3,
P3=03" + 3V§1> 13X kH? [TI" (A}z -3 af,) - TE(Ai- éi i%(2a +a3,> +Vh1hzh3 z,,xk T, 43;&
= n=1

n=1

3 3
x[r;(ai +27 z',z,A;‘;,,)- T} 6.«.14- Zf 2AS, )] 3 —LT + 1] +{A,— AL)
ns

n=1

X% I135:(p) i iiqt 1
+ st XoX n
6 hlhz IZ3 lea él a, , B +1 1hzh3 net ;2 (58)

3 3
¢3_¢>3'+3VZ) iy 1;;; [ ( -2 z,,a,2,> - r;(Ai- 1224 (2a§+a,2,))]

n=1 n=1

+ Vhyhyhy sz ikhkl_l_ls —A;I‘& [73 <A3 + i @ Akn) Ti (A4 + E i Aﬁ,)] [Z; A_LQ' + 1] + (A —AL)
- o

g — - g 4y Sl
+eVIXEX [ {L/’x iydy ( 3 )] )
Wi Hyg |20 & it \V T @ (59)
The symbol (A; ~—A}) represents a repetition of the last term with A; and A interchanged, where

A1 2(3 1 6)“2 1, -

Ar} 5{ [47a—3a Vi ?102+a, +2§la,,—a, , G=1,2,3). (60)

The A’s (functions of a;, B, and C, i.e., of the geometry of the scatterer and its physical parameters) are

a C+1 2BV 1[ Y BVF} BV ¢ [ 2]
1_ 1) - 2 3 2 _ 1 2y _
Ay= (H,, B+l 1) sl Ah=p[5(€ +d} +35d} -5 +1——{0ka?1 I3(2a% +a?) (1 +28,,),

3B 1 C+11
A=~ *{igm 21, +B+1 _Tgkhak,

Hy ooy 61)
3BV 1 ¢ a 3(C+1
ai="5 mz (10008 +at) - B ]+ 241 1,
3
A?zn 1+26 anaf,, Ain= mgkn(2a§+aﬁ),
where
TI=B+1, TE:]., r§=(B+1)(Ak+2ai), TZ"_‘AM
- 1 . - _H}-(B+1 R (62)
i=h-y, m=h, m= Bva, @ Ti=MhG
and
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m: AL-ql 1, k=n
—(= 1) n 3 n < ’
gkn ( ) h1h2 ]13 AI_ A;’ 6kn {0, b+ n, (63)
2 2 2 3 N du 3_ 73
wg:(Aa—ai)(Aa"aZ)(Aa_a!i)y I7(p)= (uz_ a%+a%)(u2_a¥ +A )25(u)’ Iy =1, (al)’
? = . 3 4 (64)
H3=1+BVA,(A,+2a))I} (n=1,2,3), 1123(13)2/ 25300) Iipg =Ip3(ay), H123+1+BV1123(£ a_3>
e

The corresponding primed quantities are obtained from the above relations by replacing A; by A}. In evaluating the
coefficients ¢3 we used

2 1—1 §3; yi_p0 g2 B-I 2, K -1 o Ii-1f
VoiIt= =1 1iP=—% 6 =4 =45
= ’ 1=1a” SR S B ai-a;z’ Is aj-a; ’ (65)

Having obtained the fields to order k3, we can determine the scattering amplitude g to order %% by substitution in
(23). Because of the ellipsoid’s inversion symmetry the coefficient of order k* of g is zero. Since the ¢j(r’) are
polynomials of degree ¢ inx] (n=1,2,3) for =1, 2,3 we see that the V¢j(r’) are polynomials of degree i - 1, Simi-
larly for (¥ <r’)" (e=1,2). Therefore, all integrands are polynomials in x, (n=1,2, 3) of degree 0, 1, and 2. As
a consequence of the symmetry of the ellipsoid, the only nonzero integrals are those whose integrands are either a
constant, or x2 (n=1,2,3). Thus, the only integrals that have to be evaluated in order to obtain g to the order %°
are the three principal moments of inertia of the ellipsoid. These are given by

fzdv—41—5a n=1,2,3). (66)

The term &3 of g is proportional to the zeroth moment of the ellipsoid, i.e., the volume 47 V/3. The term k* is
proportional to the first order moments which vanish by symmetry. (The first order moments give the coordinates
of the centroid which in our case coincides with the origin. ) The term %° is proportional to the second order
moments (moments of inertia). The form of the higher ellipsoidal harmonics implies that the term 2" is expressed
in terms of the even moments of the ellipsoid up to the (2 — 3)th order (integrals which depend solely on the
geometry of the ellipsoid).

Substituting (47), (51), and (59) into (23) and exploiting the symmetry and the form (66), we obtain the following
multipole expansion in terms of the directions T and k:

-~ 3 0 0 15 11z ol (pyyol (i,
Img (#, k)~ k3V[C B<Yf DYr) , 11 (rgi (k) , ¥ <r}1%Y1 (k))]
Zk V mm’ m em om om’
S0 2 A @y ) + g v ()Y (k) 67)

where

Z) E Yen(F) = P(cosf) cos(mo), YI™(r)= Pr(cosb)sin(me)

n.m n=0 m=0

and similarly for Yf,"‘(f() and Yﬁ"‘(ﬁ). The nonvanishing coefficients of the multipole expansion are

3 3
3 3
00 . 1 a3 L > 6 7 9 02_ 20_ L 'l ] 4 7

Qoo = g [“)n + 24 Wy, + 3wy +w,,)] +w’, af=oaf=12 (-1) ["Un+ 2. Whet 3"-’n:|°

n=1 k=1 n=2 k=1

3 3
1 4 7

alp=oaft= b 2 (80, 1[w3+ 2wl +307

3

3 3
af=ok=- 3 2 (- 1Ywi+ i 2 Z - 1)(30,, — 1w},

n=2 n=1 k=

&)

02 20 _ 13 13} _ 31 1 8 8
V3] g = 0’31‘0-1—2‘113'0:2“20’21'0- 251310:3—2531;“3* 35 (Wha — Wis),

3
00 Y 8
afy=an =5 HZ_‘I 1n = Dl
3.
Y 8
A =0= g 7—/} (48,, = 30,, — 83, w3,
n=
3.
11 pll L 8
13=P31= 30 2 (45, = B, — 303, )w3,,

3
a??al—ai}lazzzﬁﬂ c:S:L"J;‘}”é/—/(z6 +1)(w +w )

3

)

—
3
[
o
xr
0
-
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=R 3
2
azgzﬁll[w:_*'("l)(wzn_“’an) 4532‘01 B a=2:aéélu=3:é’(zlwi‘wg+wg)),
n=

where

c+1  _C\, B(VI-1) C+1 BV 2
1_ B 1 _ _ 2 1 2 27 _
@n =t (B+1 +23)+ (H"},)Z Ho+ 557 -1 a 2BV (Hz)g[S(c+1)an+B(V1n+1)an+2bV(an1,, ],
. B Cc+1 2BM )
W= g @Vall,+at), wi= ~2b 57 a5 @, wi= 7 Aa zﬁp«,, (A — A7),

C+1 6_c( C+1 ) 2, 2CM |

2B<B+1 H2)< o ) @n=3\Zpry %)t T St (A A,
2

Wl=-Cal, wh=120, Ww=2CVr,

1
Hk

where o | g1 MEANS that ¢ ™ equals the given form with 6 =1, etc. As we expect from the reciprocity theorem
we have @ =g MM and B =gmr.
The real part of g can be evaluated from the scattering theorem (33), Equations (36) and (37) give
KV [ 2 BZ(YY"(f‘)Y‘i"(k Vi) YT R), vE) YY) )] kﬂvz[ B s
+ = + - 00 _ 0
O N NV ) (H’)2 50 (2€ o0 = g7 YT(©)

Reg(r,k)=-

x E (g ver () + Bl Y (k) + ( (ﬁ—r— ),,E,(a%#'Y:M )+ B Yo' (k) + (k — r)]
y m'

+ O(k‘°), (68)
where the symbol k1) represents a repetition of the double sum with kK and ¥ interchanged. The orthogonality of
the surface spherical harmonics has been used as well as

J 2@ Pae®) =4n/3, p=e0,el,ol. (69)

The form of the multipole coefficients shows the existence of terms that depend on both parameters B and C, In
the limit as B— -1 and C —~ -1 we obtain the corresponding results for the rigid ellipsoid.

The scattering cross section is obtained from (40} by using (68) with r=k. For the special case k :f‘:fc,, we have

fom(xx) = 8gm» ng(ix) =0,

and
iRV B ]
Img(xnxl)~zT <C—F{ +d;0 (@fd + off + o} + aff + aff + ol + o)), (70)
kaZ( B2> kBVZ[ Ba +a
S S ym_ 1 CZ+ _rrr COD___ 11 13
Reg(xi s xl) 9 3H21 45 et 3 H1 . (71)

B. Spheroids

We obtain the corresponding results for spheroids by setting a,= a;, with @; > a, for the prolate, and @, <a, for the
oblate. We use the spheroidal coordinates

X cos¢
x;=pcosd, {xi}z (p*- hz)“zsme{ sing } 0<f8<q, 0s¢ <27, (72)
_ h3 Coshw, ay > as,
“\ikgsinhw, a;<a, 0S¢ <™ (73)
1
h3=(a%_a%)1/2 :{i}lhfila aizaZ’ (74)
and the definitions
Ozal/azzl, alzaz, (75)

A=yt tan (1 - 0%)!/%/0], a;<a,. e

The elliptic integral appearing in the solution of the triaxial ellipsoid can be evaluated exactly for spheroids:

1/2h3)1 h -
P ={ QBRI e e fo_ e )= /B~ 1/,

{(02 ~ 1) 2o+ (2 -1)172),  a;>a,,

1 9 3
B =Ho)== 5 (10 - Z27), 1= (10~ 7).
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2_ rp2 2 op2
=)= g - G | B30 (- 28,
_ 15p2 — 4h2 _ 15 95
2o g o= i R0 5 (0~ s - )
2pk3 7 8
11, (p) 1123(13 _%(IO(D) 15(p§—3h§)2 - 15(p%h - 15p>
_ e
I23’(P):]3'(P)=_%h§(10(p)— (gpfsh D p:(33(l:) -%3))

Also
=1+B(er-1)/(c?-1), Hi=Hi=1+B[(@*- 1)~ (cT-1)]/2(c*-1),
Hi=1+B{3[20®+1)(67=1) = (0*~ 1)]}/2(0*~1)%, Hi%=H}=1+B[3(c7~1)+ (20% - 3)(¢? - 1)}/4(0%~ 1)?,
Hi=Hi=1+B@*+1)[(c?-1)-3(07-1)]/2(0*-1)>, H}=1+B@0*+1)[3(20% +3)(07~1)-5(c%-1)]/4(c*-1)
HY =Hpyy=1+B(20% +1)[(20% - 7)(¢* = 1) + 15(c 7= 1)]/8(c% - 1)3,
H3=Hi=1+B@o? +11)[(20* +3)(0® - 1) - 3(40% + 1) (07 = 1)]/16(c? - 1)3,
HY =H} =1+ Bl{6® - 1)(80" - 180 + 15) = 15(07 - 1)}/ 16(02 - 1),
If we substitude the above values of the elliptic integrals, as well as a;=a;, 7 =0,
-W=-hr=30-a})=A"-af=}(A;-a])=5(A- ) =5(A3- ) =A[{-a}=Aj- @] =Af-af=-F(A - 0")
== 30— AD=- F(Aa;- A =- F(As- AP
in the solutions of the triaxial ellipsoid we obtain the corresponding solutions for the spheroids.
The scattering amplitude g for
k= (cosa, sina, 0), I = (cos 6, sinf cos¢, sinf sing)

is given by

i1 Py vl 5
Img(®, &)= ir? t;iaz [C B ,21 Y} (rI)-Ilif'i k) ] ik a1a§ » ,,Z; ()R ),
= i "nm ym

A 6.2 4 2 2 pi-lmyyi-l 8 (g
Reg(t,K)~— k_%i_“l<cz+ J_g_;;l Yy g‘{)il)f;{ (ﬁ))_ k;zéag [20788 £ “ Y1 )(..E “-“"‘Y"'(k))] k1),

The nonvanishing coefficients are

10 C+1 4(6_3)2(02_1)2<1 1 )
7%:§4pmw-(&+m[c lﬁE:T_M1 SBOAT E{‘B+1

25
001 ~1’7:(3]i) :1:37“3 a=2:37;i o:Zzs_ﬁT(oz"l)v
I’

2 2C+1 4(0?-1)(C- B)
Yo=Y =5 (2= 3C)0* - V)~ o5 [B(z&_ 1) +2(0* - ”]*"W{‘_'

w_2BC+1_4BR20*+1) Ly 2Bo%+1
Y2=gFy1T oHT ' '2T"9 H

2
yll - (Hl

&

2B 40%(0? - 1)3(C + 1)(H} - 1)?
A N v v ey 7y

2 2B 8(c = 1)2(C + 1) (H = 1)2
=% o7 + B+ Clt 5 (0 - 8) + o Ny @ 1 DA

£C+
g

g [BfoT + A(B+C)] -

—

0 2 _
227 Yoo ="— Yao=—Yia=— 2v35=

-+
-

When k= 1::);1, we obtain

. .. ik%aa} B ikPasad & 4
N — — —— + —
Img(x,, %)~ == |C H 30 ,.,Z;’.o Yot

. . kSala} ( ., B? > k8alal ( B 3 )
5 m——t - _ 142 00 _ 00
Reg(x,, X)) 9 c 3(Hli)2 45 Cvoo 3HI 2 Yint

For the prolate near-sphere we have

10~ 1=e[§ +ie*+ Lel]+0(eh),
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where e2= (02 — 1)/0% is small and 0> 1; for the oblate near-sphere we have
0= 1= (%0~ 3 +1e%/0’ - Le'/o']+ 0", (85)
where e? =1 - o2 with 0 <1. Using either (84) or (85) we obtain
=1+B/30+0(e?) (=1,2,3), Hi=Hi=H;=H}=H}=1+2B/50¢'+0(e?),

HY=HY = H}=H} = H}=H} = H,5; =1+ 3B/70> + O(e?). (86)
These reduce to the corresponding values for the sphereas o—~1+oroc—1-,
For the case of the needle, 4 > a,,
7=(2/0)Inc +0(1/0)~0, 0—~+o, (07=1)/(*~1)=(2Ino—-1)/(6®~1)+0(1/0*)—~0, 0—+eo, (87)
we obtain
H HA H —1, HY HY Hi., HY, H3, HY, HY H3 HY H3, HY His—~1+B/2, (88)
For the case of the disc, a; <a,,
T=1/2+0()—~7/2+0()~n/2, 0—-0+, T0~-1-=1 00+, (89)
we obtain
Hj, Hy, Hy, Hio, B, HS, H, HY Y — 1, HY, H}, H§, H}, H}, Hyp; — 1+ B. (90)
For both cases we have
éﬂ}=3 +B, Hi+H.+ ‘Zj)iH§=5+2B, .‘7_3)1 (H3 + HY)+ Hypy =7 + 3B, (81)

The appropriate form of ¢ for the needle or disc is obtained from (80) and (81) by substituting (88) or (90) into the
coefficients yjn

C. Sphere

The sphere corresponds to the degenerate ellipsoid ¢; =a, hf =0, 1=1,2,3; we have 0 <sp <w, u=v=0, with
7 =p. The elliptic integrals reduce to

Yp)=1/p, IMNp)=1/30%, IX(p)=I}(p)=1}(p)=1/5p° I}(p)=I(p)=11s3(p)=1/7p", (92)

=1+B/3, Hi=H.=H}=1+{B, H}=H{=Hyp;=1+1B, (93)
Specializing the solutions for the ellipsoid, we obtain in terms of the Legendre polynomials P,(k, f) =P, (cosb),

dr=05=1, (94)
R a B 3

1= (1 -4 m)rP,(cosG), bi= 5o 7Py (cost), (95)
. 7 248 (z 4a°B ) 2 . (r*=a\C+1  4*(1-20) 1072

%i=3 =~ 3 "5 " PeB 5/  Flos?), ¢2_< 3 )B+1 "T85 "3@pBYs) f2cosd), (96)
o aB 7 6a5g32+B+c)> +g(3_ 3a'B

P3=-2a C+3<B+3 +— 5 5728 3) Py(cosb) s\ =7 @B+ Py(cosb), on
e o3 9 (a 5B-3C+2) _ 2d%(C+1) 72(C+1)) 147°

p3==~2a°C+ 5B +3) 553 B3 B t T 7Py(cosb) + SGETT) Ps(cosé),

~ o5 sfC_ B ) .55(5c2-4c (C~B)C+1) , 3(B°+B+C) 2B
Img(r, k) =ik’a (3 B+3P1(cose) +ik%a VT 5B+ 1) + 5B+ 37 Py{cos?b) - —*——9(23+5)P2(cose)>,

(98)
Ao c? B ) [2c (C~B)(C+1)\ 2B(B*+B+C)
s B8 + _ 8,8 2 _ _
Reg(r, k)~ - k%a (9 Wpi(cose) k°a 135 5C4~4C+ BT1 ) SBT3 Pl(cosﬁg.
If we let B~ ~1 and C — -1, we obtain the solutions for a rigid scatterer:
5
¢5= 1, ¢1 —(1 + 3)7P1(c086), ¢2~ Za + 3 + '4—a—5 YZPZ(COSG),
27 3'r 3 9r (99)

3 5
$3=2a%+3 (— % + % + 1%,2)1’1(0059) + = (1 + g—'z—)rsps(cose)

The corresponding scattering amplitude is
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Img(r, k) ~ik%3[- } + § Py(cos6)] + ik%a®(t - &

Py(cos6) +% P,(cosb],
Reg(r, k)= - kSaS[L +4 P (cos6)] + kPab[E + & Py(cosh)].

(100)

The above result for the rigid sphere coincide with those given in Ref. 9, p. 376 (where k=—-%;).

D. Physical considerations

In this section we discuss the effects of the shape as
well as the orientation of the scatterer on the total en-
ergy scattered. We consider only the leading term of
the scattering cross section, i.e,, the k' term. For the
general ellipsoid we have

_4nv2k4( 2, BE N iE )
0, =—o—\C+ 3 (Hl) (101)
where H.=1+Bg,, Q,,:Vl},, n=1,2,3 and 3., ¢,=1.

Note that @, > a, > a5 implies that 0 <@, < Gy <Q; <1
and, therefore,

1/(B+1): <1/(H): <1/(Hy)*<1/(H}) < (102)

Hence, the maximum 0, occurs for incidence f{:;cl and
the minimum occurs for incidence ﬁ:iaz The larger
the projection of the ellipsoid on the line of incidence
(the larger the path length through the scatterer), the
larger the energy scattered. If we average o5 over
orientations, we obtain

4nV2k ( B3 >
(o,) = s 2 T @) (103)
For spheroids we have
_4nVRA[ ., | B*fcosa\? B (sinoz 2
0, = 9 [C + 3( H} ) + 3 Hé) . (104)

We give Table I for the values of @;=(c7-1)/(6?-1)
and ¢, =0(0 - 7)/2(c® - 1), where o and [ are given in
(75) and (76).

We have (1 +B@,)s (1 + B,) for a;Za,. Therefore,
0, becomes maximum at o =0 for prolate, and at «
=7/2 for oblate spheroids.

If we average 0, over orientations, we obtain

4na%agk4< " B? 282 )
® +
(oy 5 C SATBG.) T 90+ BG) - (105)

As the oblate spheroid approaches the disc or the pro-
late spheroid approaches the needle, the maximum of
o, increases, and the minimum decreases. Also, as the
oblate or prolate spheroids approach the sphere, the
maximum of o, decreases, and the minimum increases;
both tend to the scattering cross section for the sphere,

41ra6k4( 2, 3B >
0= "9 \“*Bran)

(106)

The radius of the sphere that scatters the same energy
(to the order #%) as that obtained form the ellipsoid
averaged over orientation is given by

3 1 2 3B -1
W3<°2+ 9 Q(H;) )(CZ“L (B+3)2) :

For the special case of equal densities, B=0, (81)
becomes

(107)
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r
ataic? b6 2a3a§CH(6CoT~a? - 2) "

Reg(r, k) =- = 135

(108)

The terms of order k° and k® for Reg(r, k) are

monopole contributions, i.e., if the densities are equal,
then the first two nonvanishing terms of the scattering
cross section are independent of the directions of inci-
dence and observation.

APPENDIX

If we denote by E® and FT the Lamé functions of the
first and the second kind, and by
Er(p, u, v)=E7(p)EF(L)ET(¥),

and

Frip, i, v)=Fr(p)EF(W)EL (V)
™ e du
=(2n+VE; f E 008w

the interior and exterior ellipsoidal harmonics, we

have the following expressions of the ellipsoidal

harmonics in terms of Cartesian coordinates:
E,=1, IE!

:hthhSz_: ] i:1921 31

3 2
El=(A-a})(h~ad)(a-ad)( 2 T2 +1) = E}(),

n=1A-an
E%ZE%(A'),

- h
IE§ ‘Zkihzhsxixzxsj ,
1

3 2
X
It = hyhyhy(A, - (A - ) (A, - )3 (E TR +1)
Ry \nag Ny~
=" (),
B =5 A,

IE] = hihihix (x,x .

TABLE I,
Prolate Oblate
a (*2 @ a Q @,
1.001 ,32483 . 33483 0. 001 ., 99843 . 00078
1.01 . 32985 .33482 0.01 . 98448 .00775
1. .30823 . 34585 0.1 . 86079 . 06959
1.5 .23296 . 38351 0.5 . 52720 .23638
2 .17356 .41322 0.7 .43205 .28396
10 . 02028 .48985 0.9 . 36184 . 31905
10’ . 00000 .49999 0.99 .33618 .33165
108 . 00000 . 50000 0. 999 .33516 .330186
George Dassios 136



The Cartesian monomials are expressed in terms of
surface ellipsoidal harmonics as follows:

X= IEI’ i:112y3,

ok

Hiyhohy
) _ (Do} +ad)

=TT

((A'-az)Ezm)Eé(v) (A - a})EZ
A-A

- (A—a%)(A'—a%)),

(u)EL(v)

xyxoxs B
X hyhyhohs

2 (pi+ah)/3(p}+adh; 1+25;,, EHUE (v
XiXn= hiylyhy 5 1(u) HY)

(= 1)}
hihgh§(A s =~ Af)

~ (A, - a)EZ (LEFMN,

+ [(A] - a)EFL(WEF 1 (v)

i’n:1’2’3’

XHXg= H —-‘j-za—"L—EW)E?(V

where p}=p’-di.

*This work is part of the author’s Ph.D. dissertation, in the
Mathematics Department of the University of Illinois at
Chicago Circle under the guidance of Professor Victor
Twersky. The work was supported in part by the N.S. F.
Grant GP 33368X.
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Macrocausal aspects of the S matrix related to the LSZ

asymptotic condition
H. D. Doebner and W. Licke

Institut fiir Theoretische Physik der Technischen Universitdt Clausthal, Clausthal-Zellerfeld, Germany

(Received 8 March 1976)

By use of the LSZ asymptotic condition in Hepp’s form it is shown that one may substitute functions s(x),
which converge sufficiently rapidly to 1 in positive timelike direction, for the step function 6(x°) in the
usual LSZ reduction formulas. This result, partly related to earlier work by Toll, does not depend on
microcausality of the interpolating field. Choosing s(x) such that s(x) =0 outside the forward lightcone, a
complete reduction to vacuum expectation values of T products of the interpolating field thus shows that it
is sufficient to know the n-point Wightman distributions at pairwise timelike arguments x,,...,x, in order to
calculate the S matrix completely. It is argued that this fact indicates some macrocausal property of the S

matrix introduced by the LSZ asymptotic condition.

1. INTRODUCTION

In Wightman quantum field theory the interplay between
the axiom of microcausality (in short, localifv) and prop-
erties of the S matrix has not yet been fully understood.
It appears that some results of axiomatic quantum field
theory usually derived by locality still remain valid
when locality is replaced by some physically better mo-
tivated and mathematically weaker assumption. For ex-
ample, Haag’'s asymptotic conditions may be directly
derived from the cluster property.! The cluster prop-
erty is physically more fundamental {for short-range
forces) and mathematically weaker than locality: Rapid
decrease of the field commutator in spacelike direction
is sufficient for a derivation of the cluster property by
translation invariance and the spectrum condition. 2
Rapid spacelike decrease of the field commutator is
also sufficient for a derivation of simple dispersion re-
lations.® We suppose that connected with the LSZ asymp-
totic condition and the hyperbolic propagation character
of Klein— Gordon solutions is some mechanism intro-
ducing certain macrocausal properties into the S matrix
whether the interpolating field fulfiis locality or not. It
is the aim of the present paper to indicate such a mech-
anism. We derive x-space representations of the §
matrix formally indifferent to microcausality (see Sec.
3, Part B).

For 2—2 scattering such a representation was heu-
vistically given already by Toll.* He modified the ori-
ginal LSZ asymptotic condition® by introducing a “causal”
factor s(x) with

suppsC V,, s(x)~1 for »®2~+w, x>0
(V. the interior of the forward lightcone), i.e., he
postulated (Toll’s asymptotic conditon)

&AWy =ili
(@ A% Iy =ilm | r i)

x3fsx (x— N8 |AW | )

in addition to the original LSZ asymptotic condition (in
which s is dropped). Corresponding modification of the
original LSZ reduction technique led him to some x-
space representation of the 2—2 scattering amplitude
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with a primitive domain of analyticity (in p-space) even
larger than that derived by locality. However, Toll’s
approach met two difficulties:

(i) The relation between Toll’s asymptotic condition
and the LSZ asymptotic condition was not exactly known.

(ii) Introduction of the factor s(x - y) which implies
the p-space analyticity properties unfortunately destroys
the support properties in p-space which follow from the
spectrum condition in the conventional approach. There-
fore the usual methods of enlarging the domain of an-
alyticity are not applicable.

While the first difficulty is overcome by the present
paper, a solution to the second problem is still
outstanding.

The paper is organized as follows. In Sec. 2 we in-
troduce a rigorous version of Toll’s general reduction
formalism as a consequence of the LSZ asymptotic con-
dition and some “causality” property of the test space.
In Sec. 3 we first derive Toll’s reduction formula and
then completely reduce the whole § matrix to vacuum
expectation values of modified T products which differ
from the usual ones in that the step function 8(x"~ +9
is replaced by a causal multiplier z(x, y) [=s(x - y) for
example]. In Sec. 4 we prove that at least the Schwartz
space S(R®) has the “causality” property required for
the rigorous version of Toll's reduction formalism.
Section 5, finally, is devoted to a short discussion of
our results.

2. ASYMPTOTIC CONDITION FOR FIELDS OVER
CAUSAL TEST SPACES

A. LSZ asymptotic condition and causal test spaces

Let C(RY) C S(R!) be some standard test space.® De-
note by C (R its complete n-fold 7 tensor product, ? by
C(R™ the Fourier transformed space, and by C (R") the
topological dual of C(R"). Let A(x) be a scalar Hermitian
field over C {R*) describing particles with mass m >0,
and let D be its invariant dense domain in the Hilbert
space /; hence

(wlAKx) [®) eC'(RY for ¥, e D,
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Without loss of generality® we assume D such that®
[azA(x) - A(x)R(F)DC D D

for all integers n > 0 and for all 2 (R*"). The vacuum
is written Q< D. Denote by (Af,)* the creation operator
for an ingoing (/ ~ - ), resp. outgoing, (/ —+=) particle
with wavefunction

Ax) = (2m)8/2 f
V=0

Fp =olw,p), op)cCRY,

3 (p) expl i), 8

14

and denote by / ,, </ the linear span of all ingoing resp.
outgoing r-particle states (»=0,1,2, --+) with p-space
wavefunctions in ( (R®"). Then the LSZ asymptotic con-
dition!! demands / ,, < D and

lim [ (AR | )o(x; 1) = (T (A2)*] &) (AD
t

for ¥eD, ¢cl,, ¢cC(RY,

where

0
o(x; ) =(2n)" /Z/dp 5(1))%%91 expli(p?® - wy)]exp(= ipx).
’ (2)

For the annihilation operators Af, corresponding condi-
tions are imposed.

Because of Eq. (I), condition (AI) implies asymptotic
relations of the form

tlir*n [ d¥dydv (¥ A(x) -+ Alx )AGAK) | BY(Y, v)p(x; 1)
= [avdv(¥|A(n) -+ A )ACNAL)* | B)R(Y, v),
with
RG v eCRY™), weD, dcl,, ¢cl(RY,
which are necessary for the usual reduction of the S
matrix. It is worthwhile to study the asymptotic (f -+ )

properties of @(x;!) in order to get further relations of
this type.

(AID

Consider the special case
@)= n 27 (PR’ - w,), heD(RY), 3
in which we have
olv; 1) =2ih(x% = )3 f(x) +ih'(x = )f(x).

For t—-+=, ¢(-;1 will rapidly decrease outside the
forward lightcone with vertex at an arbitrary fixed
space—time point!! y. The same holds for the general
case [see inequality (10) in Sec. 4, Part A]. Hence
B(x, We(x; 1) with 2 cC (R*"™D) should rapidly decrease
for x - v ¢ V, and even for {x, v) outside the region

G ={(x,v)eR®: (x=v)2> pu, x°=4">0}, u fixed.

So we expect the / — + limit of the left-hand integral
in (AID) to be independent of the form of the generalized
function (¥[A(xy) -+ < A{x,)A(3)A(x) | &) outside the region
(x, ) € G(1), e.g., the matrix element can be multi~
plied with a multiplier z(x, ) in C (R®) without changing
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the limit of the integral, provided z(x, v} rapidly tends
to 1 within the region (x,v) € G(p) for - +. This in-
dicates a large class of multipliers z(x, v) inC (RY), at
least for C = §, fulfilling'2

lim (1 - z2(x, WA, e (x; N =0 (4)

s
in C(R*Y™2) for arbitrary 2 cC(R*™V) and 565(1%4).

Such multipliers can be used instead of smooth 6
functions in the reduction of outgoing particles if, in
addition,

lim z(x, y)Ah(x, _l‘)(ﬂ#(x; =0 (5)

tomo

in C (R***?)) holds. The same z(x,y) can also be used
for the reduction of ingoing particles if (4) and (5) hold
for z(x,v) =(1 - z(v, x)) as well. Hence an interesting
question is whether C (R!) is “ causal.”

Definition 1; C(R') is called causal iff there is a causal
multiplier z(x, v) in C (R®), i.e., iff there is a multiplier
z(x, v) in C(R® with suppz C V, fulfilling (z_(v, x) =2,(x, ¥)
=z(x, v)):

(1) 1im, -, (1= 2,(x, WA(Y, V@7 (v; ) = 0 in C (R*™?),
(i) lim, ., w25(x, VX, 1)@ (v; 1) = 0 in C(RA™2),
for arbitrary # e C(R*™") and GeC(RY.

In Sec. 4 we explicitly construct a causal multiplier
in S(R®) which is also Poincaré invariant. Causality of
Jaffe spaces will be proved in a separate paper.

We summarize the main results of our discussion by
the following lemma.

Lemma 1: Let P(X, v) be a derivative of A(x)) -
XAWDAMWA(; ) - Ay, F=<n. I C(RY) is causal then
there are multipliers z,(v, v)=z_(v, x) in C(R®) such that
for all ¥’e D, dc/,, hcC(R*V), gcC(R" and for
all multipliers k(%, v) in C (R,

lim [ dvdyde(¥|P(%,v) ¥
t -z

X2y, X Jh(x, 000" (v; DR(X, ¥) =0 for r=1,...,n

(ATID)

holds and the LSZ asymptotic conditions imply
lim [d¥dv dy(¥|P(¥, v)A() | ®)2] (v, vA(F, v)e(x; 1)
tet

= [ dfdv(¥[P(x, y)(AL)*| &)R(E, v), (ATV)
lim [ dxdy dv(¥ | P(¥, v)A(X) | ®)2f (x, v)h(X, v)o*(x; 1)
Lot R .

= [ d% av(¥| P(x, v)AL, | ®)h(X, v). (Av)

B. Toll’s asymptotic condition

As mentioned in the introduction, Toll proposed? on
a heuristic level an asymptotic condition containing a
factor s(x ~y). Now, a rigorous mathematical meaning
of Toll’s ansatz can be given if s(xv - y) is a multiplier

inC(RY),
lim [ dx(¥|A(x)|®)s(x(x = 1) olx, 1)

=(¥|(A})*x|®), YeD, dc/,, ocC(RY. (AVD
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For causal z({x, v) = s(x —y) this relation can even be de-
rived from (AI) since, e.g.,
lim (1~ z(x, Yh(1 @™ (v +a; /) =0

te+o0
in the topology of C (R®) implies (#(0) #0),
lim(1-s{x-a)ef(x;0)=0

=40
in the topology of C (RY).

However, an asymptotic field theory based only on
Toll’s condition (AVI) meets serious difficulties. A de-
rivation of Toll’s reduction formula? requires asymptotic
relations of the type (AII)—(AV) which can be obtained
only formally from (AVI); so one has to postulate these
relations or one has to add an additional assumption to
get them. A very weak postulate of this kind, valid for
a sufficiently large class of standard test spaces, is
causality of the test space. But in causal test spaces the
asymptotic relations (AIID—(AV) can be divectly derived
from the LSZ asymptotic condition and Toll’s condition
has no technical advantage as compared with the LSZ
condition.

3. REDUCTION OF THE S MATRIX FOR CAUSAL
TEST SPACES

A. 2-particle scattering amplitude

Consider the 2—particle matrix element

(S= Dy =(Q| (%A% - A AR <Al @
with
Filp) = ;(w ,,p) 0, cC(RY for j=1,2,3,4

and insert for A

Then (K,=22-3%3%,

% the 1SZ asymptotic condition.

2%+ m?),

(S=Dpp= Lim i [ dv(K(QALAMA*

a,b=roo

AL ) ox(y; a, b)

holds, !* where

@;(x; @, 0)=(2m372 [ dp 6, ,(p)@,(p) expl= ipx),

5, () =exp(1(p - w,)a) - exp(i(p’ = w,)b)
@, 570 2mi(pY - wy)2w, )

Here the identity
@;{x; =) (6)

has been used. Choose a causal multiplier z(x, v) in
C(R® and apply to (A):ﬁ)* the asymptotic relations (AIID)
and (AIV). The result is the following lemma.

Lemma 2: Let ¢; cC (R and define }j(p) =
If z(x,y) is a causal multiplier in C (R®) then

Kx(ﬂj(ﬂ a, b)= i((ﬂj(«\'; a) -

aj(ww p) .

<Q| ( u out - AfélAl )(A‘Z)* l Q>
= -lim lm [dydy

a,brx o d=+x
(K2 (v, VELQ| AL AWMA@ @D 2)
X @3(v; a, b)@ylx; ¢, d) = = lim lim [ dxdy

a,bo+oc,d=deo
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f
- (K Kz, x)N(Q| A
X @F(v; a, b)@,(x; ¢, d)
holds.*

(WA (AD* | 2))

This lemma shows that the 8 function in the corre-
sponding heuristic ISZ reduction formula can be re-
placed by any causal multiplier to get a rigorous result.
The same holds for the well-known reduction formulas
with T or R products. Here the modified products

T (x,v)=2(x, NAAQ) +z(y, JARM)A(x),
R,(x, v) = =iz(x, M[AK), AW ]
have to be used.

A complete reduction to vacuum expectation values
needs two further similar steps and gives, e.g.,

lim lim lim lim
agibg=~®ag,bg~ ma4,b4' © a9 ,by -

(§=1)p=

X [ dxy e Ax (K B o K 2 (xy, X3) 2(x5, X))

Al | 9)
© @f(xy; Ay, b 03 (x3; a, by) @,(xy; ay, by) @y (xy; ay, by).

X z(x,, xl)K,%(Q)A(Xo‘) .

Assume'® z2(x, v} = s(x = v). Then, by translation invari-
ance of the theory, this may be written in p-space (as
an identity for generalized functions over C (R'®)]:

- in<p’r klipx k>in

= lm lim lim lim &%, ,,4(p )
a3,b3-°° Qg by~ ag.by~ > ey, by =

out

: éa*a,bs(k')ﬁaz,bz(— k)f),,l,z,l(—l))(ZTT)S/2
X6(p' +h —p =B Tylp’s k5P, k),
where
by Bex = (@M A= P)As A= B | ),
Topl=loyy = Fog; oy, o)

(6 0 - ) [

- expli(Eyky + Ey(ky + Ry) + Ey(ly + oy + ky)) s (Eg) s (&)
- s(5)NQIAEHOA(- EA(- - &) Q)
(£ =x;4 =X, ¥=Xx4). The generalized function
(R AEIOA(= EA(= £~ &) [ Q)
is implicitly defined by

[ diy dE, de(Q] A(E)HOA(= £A(- & - &) Q)

x(f avh(y, &, &, &)
= [ dxy - - - dxy(K, Q] Alxg) - -

X Iy, X5 = Xy, Xg = X5 Xy = X) for all ke C(R').

A Q)

This result, here derived from a LSZ field theory over
a causal test space, is an exact formulation of Toll's
reduction formula (Ref. 4, Sec. 3), for which the primi-
tive domain of analyticity was extensively discussed in
Ref. 4.
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B. Complete reduction of the S matrix to vacuum
expectation values of causal 7 products

Define “causal T products” by substituting a causal
multiplier z(x, v) in C (R®) for the step function 8(x"~ %)
in the formal definition of the ordinary 7 products'®
[S, being the set of all permutations of (1,..., 7

1 for X=1¢,

T(X)=)A(x) for X={x},
2 [ﬂ 2{Xg (), - o(ad)gl Alxgqay) -+ Alxg))
0CSy Lo=1

for X={xy, ..., x,}.

Then a complete reduction of the S matrix to vacuum
expectation values of T, products may be based on the
following simple reduction formula, well known for or-
dinary 7T products.

Lemma 3: Let ¢ <C (R*) and define 7 (p) = @(w,, p).
Moreover, let X be a (possibly empty) finite set of vari-
ables x;¢ R*. If z(x,y) is a causal multiplier in C (R?)
then, in the weak topology of C ', the relations

(@ [(AL)* T (X) = T(X)(AL)*| &)

=-limi [ ax(K (2| TXU{D[2Nela,0)  (RY
and "
(@Al T.00) - T(x)AL] @)

:alibrflw i [ dv(B(®| T, (Xu{x}| @) e*(x;a,b) (R2)

hold for arbitrary &</ ., ¢ €/ ja-

Proof: For X =¢ relation (R1) resp. (R2) is a direct
consequence of the LSZ asymptotic condition and (6).
Now let X be nonempty, say X={x,, ..., x,}. Then by
(AIV) and definition of T, we get

(@] T,(x)(Af)*]| &)

-—E lim fdx(n Z(/\u(p); u(;un) Z(A,,(,), Xpay)

o Sy b=t
X<¢ ‘A(Xo a )) o °A(Xa(r))A(xr+l) ' <pl>¢(xr+1; - b)
Moreover, if ¢’ € S,,; is such that ¢’(» +1) 27+ 1, (AIID,

implies

hmfdxre-ln Z( Xor (p) o'(p+l))

b

. <d) 'A(xo" a )) tt 'A(Xcr' {r+1 )) J él)@(xrﬂ; - b) =

Summation over all equations, obtained so far, yields

(®| T (XNA[)*] &

=lim [ dx(@| T,(X U{x})| @)@ (x,u; = b).

beoo

Similarly, using (AV) for ¢ —+= instead of (AIV) for
{ -~ we conclude with

(@] (T,(X))*AL, | ®)
=lim [ ax(@’ [(T.(XU{I)*| ©)¢*(x; a).

Thus (R1) is a direct consequence of both equations
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(take the complex conjugate of the latter) and identity
(6), again. The proof for (R2) is analogous. .

By application of the simple identities!’

)
ALTI(Al*|9)
p=l

=3 (alal, Aﬁ‘;)*lmﬂ Al)* | o),
p'=1
(o ALal)y* |
=(Q|AL (AT *| @) = (@ AlsAl) < | @)%,

we get the following relations:
(| H AoutT COAL*| 29

= lim zfd;\(K(Q}HA ,T(Xu{x})fcb))

absw

b +30 (@l A%l 9

p’=t
Al T (x)| 9%, %)

X o(x; a,

x(@| 0

o#n'k
@Al VAR

= lim zfdx (K <¢|T(Xu{x})n(A )*Jsz)) o*(x; a,b)

a,b-+o
+ é QAL (ALY oy@| 01 (Af)*| o). (8)
ar=1 pEp?

These relations already show that complete reduction
to vacuum expectation values of 7, products is indeed
possible. It is merely a matter of economical notation
to get a neat reduction formula.

Following Ruelle'® we introduce the “convolution

product”

(F+GYM) =25 (F(L)G(M\L))
1Cu
for complex valued set functions F, G defined for finite
subsets M of Z'={1,-1,2, -2, ---}. This product is
commutative and associative, hence corresponding
brackets for multiple * products are not necessary. Re-
cursively define

0 n+l
n*g,=1, M*G, G,,d*ﬂ G,
v=l v=l

for n=0,1,2,---. Note that

{ 1 for M=0¢,

1) = 0 otherwise,

in order to ensure 1*G =G, Analytic functions of G
can be defined via power series expansions preserving
their particular properties. For example, the defini-
tions of In and exp,

In*G = Z( }))a n*(G 1) for 0<G(¢) <

D’Ja"

1 v
exXp*G = ;—I‘I

preserve the relations

exp*(In*G) =G for 0< G(¢) <2
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and

In*(exp*F) =F for 0~ (exp*F)(¢)

In order to apply the * product formalism to the re-
ductlon of the S matrix, choose a sequence of test func-
tions @y, @y, @y Oy - iromC(R"‘) and define

S(M) <Q| 1 Auut
iCy
iy k(u

(Af’:)* i Q> for M Z'

[f ) defined according to (1}]. Moreover, choose an
arrangement 1y, 1, - - - of the set Z° and define the se-
quence of functions

Fy=1,

Sy if M ={r,, r,} for some & j,
(]\1) )
0 otherwise,

(/=1,2,--). Finally, define
SAy= lim -+ lim [ 0 dx;
ag,by e Gpobpm JCHOR,

T (g s hk)K\.k)<Q‘ I Al

. - out
REMi 1Ry ASES "N+\Rn

XTz( {,\'j,}) fl 4 fl')*‘\Q>
e Ry 1E N \R,

for n=0,1,2,...,®, where

{z’w,(x; a, by for re N,
b) =
h(v; a, b) Ho{v; a, b)* for re N,,

=o, R,=lr,...,7"4
R.=Z', N,={jeZz:jz0}.
Then (7) and (8) may be used in the compact form
Sp=Spa ¥ Foy* Sy,

This yields complete reduction of S to vacuum expecta-
tion values of T, products,

S= 2 TI*F, *S..

JON, §CT

More explicitly this reads

S = M (f; [ faSlMNKp),
psf , PP
where
Py=tPo (Mo NYx{M N R e kY =0
for different (j, 2}, (', %)< P},
Kp= U ({tudkb.
(J+R)EP

Note that, in the * product formalism, the usual im-
plicit definition of the connecled paris S; of the S matrix
is given by

S=exp*S;.

Since

5 nersewr( 2 F),

JON,ICJ jien,
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we have

Se=In*S=1n*S.+ > F,.
iGN,

Thus we finally obtain!? the following theorem.

Theoven: 1: Let z(v, ») be a causal multiplier in

C(R). Letn, n' be positive integers with u +2' 2.
Finally, let @, ..., $, @y, -, G o C(RY). Then the
reduction formula
S (fy, - Iz Saas ooy Fom)
=™ Hm --.  lim [dxy o dx
ay,by e Gpant Brapr =t
Ky Ky QI X ) [T

X (pik (‘\‘1; ay, bl) e (p:('\‘n; ”m bn)(p-l (‘\'nah n+ls bn*l)

Xovew @-n'('\'mn'; Qpyntsy bn+n')

holds, the order of the iterated limits being arbitrary
Remark: As usual, the truncated vacuum expectation
values of the T, products are defined by

<Q\ Tz('\Als tety ‘\‘n) \ Q>T

Zn,-(-l)"‘(l—l)! 2. T «(@IT

1= McP () JEM

) ),

i

( ]1)"*3'\‘ij

-

where M={J,,...,J,} € P,(n) iff it is a partition of
{1,...,n} into ! (nonempty) disjoint ordered subsets J,
with the ordering in each J=(j, ..., j,,) being the nat-
ural relative ordering of integers.

C. LSZ asymptotic condition restricted to essentially
nonoverlapping asymptotic states

Up to now, within the Wightman framework, ® the 1LSZ
asymptotic condition can only be proved in the form
(AD) if / .. is replaced by its subset of essentially non-
overlapping states?®®

Definition 2: The state ® ¢/ ,, is called essentially
nonoverlapping iff it is a (finite) linear combination of
ingoing resp. outgoing v-particle states (»=10,1,2,--+)
with p-space wavefunctions f (py, - - ., P,) vanishing to-
gether with all their derivatives at points where at least
two of the arguments py, ..., p, coincide,

But we immediately realize that all considerations
and results of Sec. 3, Part B still apply to the case of
this restricted form of the asymptotic condition provided
that all states corresponding to p-space wavefunctions
of the form

Fu o p)=gp(wy, o)
n=2,3,<--

@z, (0, ),

are essentially nonoverlapping for every arrangement
V1, 7g -+ 0f{1,2,3,-..}aswellas of {-1,-2,-3,---}.
The results of Sec. 3, Part A remain valid even with-
out any additional restriction on the asymptotic states.
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4. CAUSALITY OF THE SCHWARTZ SPACE S (R')

A. Characterization of causal multipliers in  S(R?)

As discussed in Sec. 2, Part A, causality of the test
space is related to the asymptotic (4 —+ =) behavior of
functions of type (2) stemming from their intimate con-
nection with smooth Klein—Gordon solutions. For gen-
eral ¢(x;?) this behavior may be derived from the
representation®

)= @nAP)F (), FeSRY, feS®Y,

for which we have
Qx; =i [, dx"vlx - X3 f(x"). (9

Since for smooth Klein—Gordon solutions we have the
physically plausible inequality??

vit¥] Ax) | < AL +lix = »(I¥) for xe RY, yeR*\Y,
(9) implies®

IvIF @ ] < [ o, dxlv I [9(x = x)F 3 Ax) |

X

SA [, dx (LIl = x7IM)

xmax{ [9(x = x)|, |ag(x - x ) |}
sATQ+NE =" x=-9IY)
for x e R, yc R*\W. (10)
By simple multiple partial integration with respect to
p in (2) we also have the inequality®
[ X0t |l [ D@ (x; ) [ < Ay 0 (1 +11E11), (11)
valid for arbitrary xc R*, tc R!, acZ}, and n,vc Z,.
Here we adopt the usual notation
z,=N,u{0}, zi=z,xz,xzZ,xZ,, D* zjla‘xo(a,)“’.

Inequalities (10) and (11) are suifficient to prove the
following useful criterion for conditions (i) and (ii) of
Definition 1.

Theorem 2: Let k, be a multiplier in (R, i.e.,
k,e(,(R®), with

lim  max u’|D¢D%k,(x,y)| =0 ()

et (x,V)EGC, (1)

for all ¥ Z, and a, Be Z}, where

G ={(x,v) e R®: (x = 9)2> 1, +{x*~ % > 0},
Then

limk,(x, VA, Yot (x; 1) =0

tozw
holds in C (R*"2)) for arbitrary he(C (R*"™") and ¢
eC(RY.
Proof: We prove Theorem 2 for the “=" sign only,
the proof for the “+” sign being analogous.

Since no restriction was imposed on the tempered
test function z and since partial differentiation as well
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as complex conjugation does not change the required
properties of k_, it is clearly sufficient to show, e.g.,

lim max max x|
t o YCR4M (x,y)E RS

x| k_(x, y)h(%, »)D@(x; )| =0

for arbitrary re Z,, acZt Ask_c(/,(R® and

e S(R*'™)), an even stronger statement is obtained if
one or both of the factors %_, # are dropped. Thus, in-
troducing the notation

x+t=(x"+4,%) for xc R, teR!,

and defining the four regions [s=(2r +2)]
Gy (1) ={(x, v) e R%: 1"~ x <[ ¢] %,
Go(t) ={(x, ) € B [x°=t]=[¢]
Gy(t) ={(x,y) € RO 3" = x*> [¢[%, (x =y +[t]9%= 0},
Gy ={(x, ») e R®: y0 = X" |15,
-y +[t[92<0, [« —t[<|t]%

fulfilling

G () U ---UG,(t) =R®,

we only have to prove the four relations:

lim max max llx1I”| R(x, ¥) D% @(x; 1) |= 0, (12)
t=-e XERY" (x,9)C Gy (F)

lim  max IxlI"| D% e(x; )| =0, (13)
t~=% (£, 9)C G, ()

lim  max [IxlI"|k_(x, »)D%(x; H|=0, (14)
teew (x,9)EC5(H)

lim max max |lx|I"| (X, v)D*o(x; H)|=0. (15)

t=-= XcRYT (x,v)EC ()
Proof of (12): (12} is just a consequence of the fact
that by virtue of (11)

max  max (1+ ]| (1+]|y0=¢]™)

FCRAN (x,y)EG (1)
X |IxlI"| (%, ) D @(x; )]
cannot increase faster than {/!* when / — - =, whereas

min (14 [y°]") (2 + ¥ 1]
x,)E Gy (t)

increases like 1#]”*! because of
max{ |v?], [x*=t{}= (|7|- |t]%/s in G4() for t<0.
Pyoof of (13): This relation holds because

max  |x%— ¢ "D/ D g(x; 1) ]

X 9IEC ()

cannot, again due to (11), grow faster than [#|” when
t -~  whereas

min  [x0— | /s

(x9IEC(t)
will increase like 1#17*1,
Proof of (14): Inequality (11) shows that

max llxlI"| DZ o(x; 1)|

(x.v)eca (t)

can be majorized by A + Bl?|” with suitable constants

H.D. Doebner and W. Liicke 143



A, B independent of /. Therefore (14) is an immediate
consequence of our assumptions on %_ because

Gy~ G.(]1]%9).

Proof of (15): Since WiI” can be majorized by a finite
linear combination of expressions of the type

Sl = v ] e

(3, 73, 73 being nonnegative integers not greater than 7),
it is sufficient to prove

lim max max [/ +lx—v+ ]S

o= XCRY (,3)E G (1)

XAy, VID%@(v; 01 =0 (18)

instead of (15). Using inequality (10) we get the
inequality

A+ DO+l =+ o e
X(1+ v = v+ [£18D7 | Ay, VD2 olx; 1) |

<AL+ IODRE, O TS A N = (0= 20+ 1], I

for all (v, v)e G (1), ¢ R', where A is a suitable con-
stant independent of (v, v) and /. Because (%, 1) is an
element of S(R*™’), the maximum value of the right-
hand side can not increase faster than i/:3@") for
{(x, ) € G,(/) when ! ——. The inequality
min  max{|v'[, [x"= O+ [/ ]}

L YIEG(t)

>{f]/2=|f1° for =0
shows that the increase of

min (1 [v0D (v + [ 1]50)
(¥, ¥)E Gy it)

is at least as |/{ when / —~~, Thus (16) must be valid
and the proof of Theorem 2 is complete. =

B. Construction of Poincare-invariant causal multipliers
in S(R®)

By Theorem 3 we may easily construct a causal multi-
plier in §(R®) which is also Poincarée invariant:

Choose a, b 0 and ¢ < (/,(R") with ¢(g)=1forg>a
and @(q) =0 for ¢~ b. Then z(x,v)=6(x" = v)((x - )3
is a Poincare invariant multiplier in §(R®) with support
contained in V,. Therefore we only have to check condi-
tions (i) and (ii) of Definition 1. Theorem 3 tells us that
both conditions are fulfilled if {(C) holds for k.(x, v)
=z (v, v) as well as for &, (x, V) =1~ 2z,(v,»), {z.(v, )
=z,(x, v}=2(x, v})). But (C) is trivially fulfilled since in
both cases k,=0 in G,(a). Thus z(x, ) is a causal
Poincaré invariant multiplier in S(R®).

5. CONCLUSIONS

We have seen that a rigorous version of Toll’s reduc-
tion formalism is already a consequence of Hepp’s rig-
orous version of the LSZ asymptotic condition. Al-
though this leads to primitive domains of analyticity
even larger than those derived by locality, there are
serious difficulties in trying to enlarge these domains
for derivation of dispersion relations.
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Complete reduction of the whole S matrix by the new
reduction formalism showed that for a calculation of the
S matrix we need only know the #-point Wightman dis-
tributions at arguments v, ..., x, with large (imelike
separation, e.g.,

(x;=x)% p for j#k, 0<u fixed.

From this point of view the axiom of locality seems
very far removed from any direct physical interpreta-
tion concerning the S matrix. Up to now, we have not
been able to give a satisfactory analysis of what our
results precisely imply. We have the feeling, however,
that they indicate some macrocausality property —per-
haps even of the type investigated by Chandler,
Iagolnitzer, and Stappzs—as a consequence of micro-
causality of the asymptotic field to which the interpolat-
ing field is to converge in some well specified way by
the ISZ asymptotic condition. It should be worthwhile
to further analyze this problem.

We conclude with the remark that our results may
appear surprising for the following reasons:

(1) If the cluster property holds, then by Haag’s
asymptotic condition' for nonoverlapping states (in con-
nection with a lemma by Ruelle on smooth Klein—Gordon
solutions'!) one can show that for a calculation of the
S matrix it would be alternatively sufficient to know the
vector valued distributions A(y) - - - A(x,)Q at arguments
with large pairwise spacelike separation.

(ii) For the usual T products Hepp proved?’ that the
off-shell extrapolations

N (pF - mAe| TPy, + o os Das = Prsts - v r = D) |

of the S matrix are C* in all the variables pj- w,, si-
multaneously within some neighborhood of the origin
when integrated over p, ..., p, With nonoverlapping test
functions f;{p,) € J(R?). I this were also the case for
the T, products, then, by Theorem 1, the S matrix
would be trivial, Actually, there is no analogous proof
for the T, products.
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Graded Lie algebras: Generalization of Hermitian
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Hermitian representations play a fundamental role in the study of the representations of simple Lie
algebras. We show how this concept generalizes for classical simple graded Lie algebras. Star and grade
star representations are defined through adjoint and grade adjoint operations. Each algebra admits at most
two adjoint and two grade adjoint operations (we list the various possibilities for all classical simple graded
Lie algebras). To each adjoint (grade adjoint) operation corresponds a class of star (grade star)
representations. The tensor product of two star representations belonging to one class is completely
reducible into irreducible representations belonging to the same class. This property is very useful since in
general the finite-dimensional representations of classical simple graded Lie algebras are not completely

reducible.

1. INTRODUCTION

Much work has been done lately on the classification
of graded Lie algebras. All simple graded Lie algebras
are now known.'~* An important part of the simple
graded Lie algebras are the so-called classical simple
graded Lie algebras: For them the odd part of the
graded Lie algebra is completely reducible into one or
two irreducible subspaces. The classical simple graded
Lie algebras are the spl(n,m) (n>m = 1), spln,n)/z,
(n=2), osp(2p,m) (p,m>1), bln) (n>3), and d(n)/z,
(n> 3) series and the exceptional algebras whose Lie
algebras are sl(2) xG,, sl(2)xo0(7) and s1(2) xs1(2) xs1(2),
respectively.? In this paper we shall deal mainly with
the classical simple graded Lie algebras.

A natural question is: Do the representations of sim-
ple graded Lie algebras have properties similar to those
of simple Lie algebras? Such a possibility could be ex-
pected at least for the classical simple graded Lie
algebras because in this case the underlying Lie algebra
is reductive (semisimple times Abelian). An indication
that this is not the case comes from a theorem by
Djokovic¢ and Hochschild® which states:

The only graded Lie algebras for which all finite~
dimensional rvepresentations are completely veducible
arve the divect pvoducls of osp(2p,1) algebras and semi-
simple Lie algebras.

This theorem singles out the osp(2p,1) algebras as
possible candidates for our analogy. As will be shown,
however, in this paper and through an example in the
next one,® the properties of the representations of these
algebras are different in several aspects from those of
simple Lie algebras.

We are still left with the problem: Do the representa-
tions of the classical simple graded Lie algebras have
some common properties? As will be shown the answer
to this question is rather negative.

In the present paper we generalize the concept of
Hermitian representations. (Remember that the finite-
dimensional representations of the compact simple Lie
algebras are equivalent to Hermitian representations.)
In this way we not only try to get a better insight into
the properties of the representations of graded Lie al-
gebras but also to deal with one consequence of the
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Djokovié—Hochschild theorem: The tensor product of
two irreducible representations is in general not com-
pletely reducible. We show that it is possible to find
classes of representations for which complete reduc-
ibility holds.

We first define the generalization of the usual adjoint
operations for graded Lie algebras (see Sec. 2). For the
even generators this is done in the usual way. For the
odd generators this can be done either through a trivial
generalization [see (2.8)—(2.11)] leading to an adjoint
operation or through a specific new procedure [see
(2.14)—(2.17)] leading to a grade adjoinl opevation. To
adjoint (grade adjoint) operations correspond sfar (grade
stiar) representations. One then shows that every star
(grade star) representation in a graded Hilber! space is
completely reducible. The tensor product of two star
(grade star) representations can be made a star (grade
star) representation by choosing a suitable scalar pro-
duct. There is, however, a crucial difference between
star and grade star representations: Whereas the scalar
product on the tensor space will be positive definite in
the former case it will be indefinite in the latter (i.e.,
the tensor product of two grade star representations
will no longer be a representation in a Hilbert space).
Thus the tensor product of two star representations is
always completely reducible but this is generally not the
case for grade star representations.

In Sec. 3 we examine the possibility of defining other
“generalized adjoint operations;” it turns out that for the
classical simple graded Lie algebras we are essentially
left with the possibilities considered in Sec. 2, namely
the adjoint and grade adjoint operations. There is, how-
ever, a major difference between the adjoint operations
for simple Lie algebras and the adjoint (grade adjoint)
operations for classical simple graded Lie algebras,
namely the latter are “not uniquely defined” (more
precisely, if we choose any adjoint operation for the
even generators one can define in general several adjoint
(grade adjoint) operations for the odd generators). This
will also be evident from Sec. 4 which deals with the
explicit construction of adjoint (grade adjoint) opera-
tions, Since to each adjoint (grade adjoint) operation
corresponds a class of star (grade star) representations
we have also to discuss the problem of the equivalence
of the various classes. This is done in Sec. 5.
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Our results are summarized in Sec. 6 where we list
for almost all the classical simple graded Lie algebras
[the (¢, 0,, 0,) and the spl(2,2)/z, algebras have not
been studied] the possible classes of representations.
It turns out that [perhaps with the exception of certain
splin,n)/z, algebras] we can have at most two classes
of star and two classes of grade star representations.
Some algebras, however, have no star and/or no grade
star representations. The problem of constructing ex-
plicitly the various classes was not considered. In the
subsequent paper® we shall consider in full detail the
examples of the osp(2,1) and spl(2,1) algebras.

2. STAR AND GRADE STAR REPRESENTATIONS

To begin with let us describe the background which
led us to define the star and grade star representations.
It is a classical theorem by Weyl that all finite~dimen-
sional representations of a semisimple Lie algebra are
completely reducible. This important theorem is not
true for simple graded Lie algebras. In fact® all finite-
dimensional representations of a simple graded Lie al-
gebra L are completely reducible if and only if L is
isomorphic to one of the algebras osp(2p,1), p>1.

Because of this result it is natural to look for other
criteria which imply complete reducibility. In classical
group theory there is a simple means to ensure com-
plete reducibility: One demands that the representation
space should be a Hilbert space and that the representa-
tion should be unitary. The corresponding requirement
for a representation of a real Lie algebra to be com-
pletely reducible is that the Lie algebra should be rep-
resented by skew-Hermitian operators.

Finally, let L, be a complex Lie algebra and let
Q@ — @' be an adjoint operation in L,, i.e., a mapping
of L, into itself which satisfies

(aP + bQ)* = a* P* + b*Q*, 2.1)
[P,Q] =[g*, P], (2.2)
@)=, (2.3)

for all P,Qc L, and for all complex numbers a,b. (The
asterisk denotes complex conjugation.) It is well known
that

LE={Qec L, |@*=-q} (2.4)

is a real form of L, and that, conversely, every real
form LE of L, determines in a natural way an adjoint
operation in L; such that (2.4) is valid.

Now let p be any representation of L, in a finite-
dimensional Hilbert space. Then the restriction p® of
p to LE is skew-Hermitian if and only if

(@) =p(@) (2.5)

for all @<= L, and the representation p is completely
reducible if and only if p® is completely reducible. A
representation with the property (2.5) will be called a
star vepresentalion.

We remind the reader that this is a well-known con-
cept in the theory of (associative) star algebras. Fur-
thermore, we note that in the mathematical literature
it is customary to consider conjugations of L, instead
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of adjoint operations. A conjugation of L, is a mapping
7 of L, into itself which satisfies

T(aP+0Q) =a*1(P) + b*7(Q), 2.17)
[P, =[7(P), 7(Q)], (2.2')
T3HQ) =@, (2.3")

for all P,Qe< L, and all complex numbers a,b. However,
it is obvious that 7 is a conjugation if and only if — 7 is
an adjoint operation.

In the present work we try to generalize the concepts
of an adjoint operation and of a star representation to
graded Lie algebras. It turns out that because of the
grading the Eqs. (2.1)—(2.3) may be generalized in
essentially two different ways. Similarly (and connected
with this fact) for a linear operator acting in a graded
Hilbert space there is a natural modified definition of
the adjoint operator [see Eq, (2.12)].

Let us now give the details. Suppose that V=V, @V,
is a finite-dimensional graded vector space with even
subspace V, and odd subspace V,. We assume that on
V there exists a nondegenerate Hermitian form, de-
noted by a bracket (!}, such that V, and V, are orthogo-
nal with respect to this form, i.e.,

(v, | vy ={0}. (2.6)

At the present stage we would gain nothing by de-
manding that { | ) should be positive definite. Neverthe-
less, if (| ) is positive definite then we call V a graded
Hilbert space.

As is well known for any linear operator A in V the
adjoint operator A* (with respect to { |)) is defined by

(A*x |y) =(x | Ay) 2.7
for all x,yc V.,

Now recall that there is a natural procedure to con-
vert the vector space of all linear operators in V into a
graded Lie algebra, denoted by pl(V). The well-known
rules for the adjoint operator imply that

The adjoint of an even (resp. odd) element is even

{(resp. odd), (2.8)
(@A + bB)* = a* A + b*B*, 2.9)
(A,B)* =(B*,A"), (2.10)
(A=A, (2.11)

for all elements A, B of pl(V) and all complex numbers
a,b.

Definition 1: An adjoint operation in a graded Lie
algebva L is a mapping A— A* of L into itself which
Salisfies the conditions (2.8)—(2.11).

On the other hand, a well-known rule of thumb says
that in going from normal Lie algebras to graded Lie
algebras it is natural to make a change of sign at every
place where “two odd objects have been interchanged.”

Suppose, then, that A is a homogeneous (i.e., even or
odd) linear operator in V of degree o . We define the
grade adjoint operator AY of 4 by

Scheunert, Nahm, and Rittenberg 147



(At fyy = (= Do(x [ Ay) (2.12)

for all homogeneous elements x,yc V of degrees £,1.
One should note that this definition depends on which of
the subspaces V,,V, is even and which is odd.

In the special case where ( . ) is positive definite let
us give the grade adjoint operator also in matrix nota~
tion. Choose an orthonormal basis ¢, ..., €ur Cpasen s
€pem Of V suchthate,,..., ¢, 15 a basis of V; and
€hpyr ooy €, 15 2 basis of V. If A is any linear opera-
tor in V and if ; 9) is its matrix (written in block form)
with respect to our basis, then the matrix of A is equal
to (g: %), where the plus sign denotes the normal
Hermitian conjugation of a matrix.

Obviously, we have At = A+ if A is even. 1t is easy to
check that
AB) = (- 1)e8pt A (2.13)

for all homogeneous linear operators A, B of degrees
&, 3. Furthermore, for the graded Lie algebra pl{V})
we derive the following rules:

The grade adjoint of an even (resp. odd) element

is even (resp. odd), (2.14)
(aA + pB) = a* At + p* 5, 2.15)
(A,B = (-1)2%gF A%, (2.16)
@aht=(-1)e4, 2.17)

for all homogeneous elements A, B of pl(V) with degrees
a,8 and for all complex numbers a, . Note that because
of condition (2.14), Eq. (2.16) is equivalent to

(A,Bf = -(A" BY. (2.16")
Definition 2: A grade adjoint operation in a graded

Lie algebra L is a mapping A— A of L inio itself

which salisfies the conditions (2,14)—(2.17).

Definition 3: Lel L be a graded Lie algebra equipped
with an adjoint (vesp. grade adjoint) operation, and lel
V be a graded veclor space as described above. A stay
represenlation (vesp. a gvade stay vepresentation) of
L in V is a graded vepvesentalion p of L in V which
satisfies

plA") =p(A)*, [resp. pah) =pa)f

Jor all elemenis Ac L.

(2.18)

As explained above we expect the following proposi-
tion to be valid.

Proposition 1: Every star (resp. grade star) rep-
vesentation p of L in a graded Hilbert space V is com-
pletely veducible.

Pyroof: The argument is standard. Let U be a graded
subspace of V which is invariant under the representa-
tion p. We have to find a complementary invariant
graded subspace U’ of V, i.e., an invariant graded sub-
space U’ of V such that V is the direct sum of U and
U’. Evidently there is a natural candidate for U’,
namely the orthocomplement U* of U in V,

U*={xe V|(x]y)=0 forall ye Ul. (2.19)
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It is easy to check that U* is graded. Furthermore,
V is the direct sum of U and U* (since ( | ) is positive
definite) and the star (resp. grade star) property of p
implies that Ut is invariant.

Next we shall discuss tensor products of representa-
tions. Let p,p’ be two graded representations of a
graded Lie algebra L in some graded vector spaces V,
resp. V'. Then the tensor product p® p' of p and p’ is
the graded representation in V& V' defined by

(p2 p AN &) = (p(A)x) Bx" + (= 1)*x 3 (p" (A)x),
(2.20)
for all homogeneous elements Ac L, xc V, x"c V' of
degrees, respectively a,t,&%.

Suppose now that p and p’ are star representations.
We denote both the Hermitian form on V and that on V’
by the same symbol { i ) and define as usual a Hermitian
form on V2 V' by

(x®x'|p® v = (x| px’ Jv"y,

for all x,ye V and x’,y’ ¢ V’,

(2.21)

Then it is easy to check that the fensor product p3 p’
is a star vepresentation, too. Note that if V and V’ are
graded Hilbert spaces, then V® V’ is also a graded
Hilbert space. Hence in this case we can use Proposi-
tion 1 to prove the complete reducibility of p® p’.

Let us now consider the tensor product of two grade
star representations p and p’. In that case we define
(in agreement with the rule of thumb mentioned above)
the Hermitian form on V2 V’ by

(x@ ' [y 27 = (= 1) [ [y,

for all homogeneous elements x,v< V and x’',v" ¢ V’ of
degrees, respectively, £,7,&",1".

(2.22)

Once again it is easy to see that the lensor product
pS p' is a grade star vepresentation with respect to the
Hermitian form (2.22). However, even if V and V' are
graded Hilbert spaces, the Hermitian form defined in
{2.22) is not positive definite and hence Proposition 1
cannot be applied in this case. Nevertheless, the form
(2.22) can be useful to reduce a given tensor product
of grade star representations.

One might suspect that the definition (2.22) is not
appropriate. However, as will be shown in the sub-
sequent paper,® there exists an irreducible grade star
representation p of spl(2,1) in a Hilbert space V such
that p® p is not completely reducible. In this case
there cannot exist any positive definite scalar product
on V& V with respect to which p® p is a grade star
representation.

3. GENERALIZED ADJOINT OPERATIONS IN THE
CLASSICAL SIMPLE GRADED LIE ALGEBRAS

Let L=L,® L, be a graded Lie algebra with Lie al-
gebra L, and odd subspace L,. We are going to discuss
generalized adjoint operations in L. As shown in Sec.
2 there are at least two possible definitions of such an
operation (see Definitions 1 and 2). In order to see
whether there are other “reasonable” possibilities we
shall list four properties which every generalized ad-
joint operation should have., Of course, the adjoint and
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grade adjoint operations as defined in Sec. 2 meet these
requirements. It will turn out that for the classical
simple graded Lie algebras there are “essentially no
other possibilities.” Moreover, our discussion will
provide the means for the construction of all generalized
adjoint operations.

Our four conditions are the following:

(I) A generalized adjoint operation is additive and maps
L,into L, i=0,1.

According to (I) a generalized adjoint operation is
completely determined by its restrictions to L, and to
L.

(I1) The restriction of a generalized adjoint operation
to L, is an adjoint operation of the Lie algebra L, i.e.,
it is a mapping @ —~ @* of L, into itself which satisfies
Egs. (2.1)—(2.3).

(III) The restriction of a generalized adjoint operation

to L, is a bijective semilinear mapping ¢ of L, into it-
self, i.e., it satisfies

o(alU +bV) =a*o(U) + b*o(V), (3.1)
for all U,V e L, and all complex numbers a,b.

Finally, the adjoint representation of L, in L; should
be compatible (in some sense) with the adjoint operation
@ — @ in L, and the mapping 0. We shall demand that a
generalized adjoint operation acts on the commutator
of an even element @ with an odd element U like a nor-
mal adjoint operation, i.e.,

(IV) We have
o«Qﬁ U>) = <Q+, Q(L(»a

for all elements @ = L, and Ue L,.

(3.2)

As we have mentioned in Sec. 2 the real subalgebra
LF={Qec L] =-¢} (3.3)

is a real form of L,. The existence of a mapping o:

L, — L, which satisfies the conditions (III) and (IV) is
then equivalent to the requirement that the adjoint vep-
resentation of L, in L, should be self-conjugate (with
respect to L), i.e., that it should be equivalent to its
complex conjugate representation (with respect to L%).
In particular we conclude that 02 commutes with the
adjoint vepresentation of Ly in L,.

In the following we assume that we are given an ad-
joint operation in Ly and a mapping ¢ of L, into itself
which satisfy the condilions (I)—(IV). To exploit these
conditions we construct a new graded Lie algebra L,
whose Lie algebra and odd subspace are again L,, resp.
L., but whose multiplication {, ). is defined by

(P,Q>~:<P7Q> if P:QEL():
<Q,U>~ _<U5Q>~:<Q3U> ingLo’ UELI’
U, V)e==(0" 1), 01 (V)* it U,Ve L,.

It is easy to check that Z is indeed a graded Lie algebra.
Let us define a mapping

w:L-*z

(3.4)

Il

(3.52)
by
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w+U)=-@*+0o(l) ifQeL,, Ucl,. (3.5b)

Then it is easy to see that w is a bijective mapping
which satisfies

w(aA +bB) = a*w(A) + b*w(B),
(3.6)
w4, B)) ={w), w(B).,

for all A,Be L and all complex numbers a,b. In parti-
cular L is simple if and only if L is simple.

From now on we shall assume that L is a classical
simple graded Lie algebva. (These algebras have been
studied in Refs. 1 and 2; a simple graded Lie algebra
is called classical if the underlying Lie algebra is reduc-
tive.) Disregarding the possibility L =T'(0,, 0,,0,) for a
moment, we know from Ref. 2 that the product mapping
L, XL,— L, of a classical simple graded Lie algebra is
determined up to a factor once the Lie algebra L; and the
adjoint representation of L, in the odd subspace L, are
given., By construction both items agree for L and L,
hence we conclude that there exists a nonzero constant
t such that

<U7V>~:‘Il<U7V>1 (3.7)
i.e., such that
U, V=t {oU),o(V), (3.8)

for all U, Ve L,.

The case L =I'(0,0,,0,) is more complicated because
of the parameters 0, 0,, 0, and because of the auto-
morphisms of L,=s1(2)xs1(2) xs1(2) which interchange
the three Lie algebras sl(2), We shall not go into the
details here but state without proof that in this case
Eq. (3.8) is valid if (for example) the adjoint operation
in Ly=s1(2)Xs1(2)xsl(2) maps every factor sl(2) into
itself and if, furthermore, the parameters 0,,0,,0; are
real,

The result (3.8) is very agreeable; it says that an
adjoint operation in L, and a mapping o: L, —~ L, which
satisfy the conditions (I)—(IV) automatically act on the
anticommutator of two odd elements as they should.

As a consequence of (3.8) we note that
<U’ V) = 'll 2<02(U); oz(V)>’
for all U,Ve L.

(3.9)

It is obvious that the mapping o (if it exists at all) is
not completely fixed by the conditions (III) and (IV),
since its “normalization” is completely arbitrary up to
now, We shall use this remaining freedom to redefine
0 in such a way that an adjoint or grade adjoint operation
in the sense of Sec, 2 emerges. To this end, recall that
L, is either irreducible (under L,) or it decomposes
into the direct sum of two irreducible subspaces. We
consider both cases separately.

Case (A) L, is irreducible

Then 02 is a scalar multiple of the identity

o2 = s, (3 . 10)

with some nonzero complex number s. In fact s must
be real since
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$2= 0202 = 0020= 050 =s*0% = g*g . (3.11)
The reality of s follows also from the relation
s2t?=1 (3.12)

which is equivalent to Eq. (3.9).

If s >0 (resp. s <0) the adjoint representation of L,
in L, is called veal (resp. quaternionic).’

Evidently the mapping ¢ is only fixed up to a nonzero
factor. Introducing

5:00 (3.13)

with a nonzero complex number c it is easy to see that
in the real (resp. quaternionic) case the number ¢ can
be choosen in such a way that

(U,Vy*=(G(U),5(V)) and 62=1 (3.14)

(resp. (U, Vy*=-(o(U), O(V) and G2 =~ 1),

for all U,V L,. In this way we have obtained an ad-
joint (resp. grade adjoint) operation in L. Note that the
number ¢ and, therefore, the mapping o are fixed up
to the sign,

Case (B) L, decomposes into the divect sum of two
irveducible subspaces 1,12

L,=Li& L% (3.15a)
recall that in this case
(Ly, LY =(Lf, L) ={0}, (L},LH=L,. (3.15b)

From our list of classical simple graded Lie algebras?®
we know that the representations p;, and p, of L, induced
in L1, resp. L?, are inequivalent except in the case L
=spl(2,2)/z,. This special case is more complicated
than the others and will be disregarded. Hence we may
suppose that p, and p, are inequivalent.

Since we assume the existence of the mapping o, i.e.,
since we assume that the adjoint representation of L,
in L, is self-conjugate, there exist the following two
possibilities (a) and (b):

{(a) The vepresentations p, and p, ave self-conjugate.
In this case it follows that

oLYy=L:, o(L?)= (3.16)
Let
GL:Li—-Li, G,

(L2~ L2 (3.17)

be the mappings induced by 0. Because of the irreduc-
ibility of p, and p, it follows that

0‘?:3“ 03:52 (3518)

with some nonzero veal numbers s,,s,, and condition
(3.9) is equivalent to

$18.[1]2=1. (3.19)

From this equation we conclude that s, and s, are either
both positive or both negative, i.e., that the representa-
tions p, and p, are either both real or both quaternionic.

The mappings 0, and 0, are only fixed up to a nonzero
factor. Let us introduce the new mappings

-~

61:()10‘, T, = Cy 0y (3.20)
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with nonzero complex numbers ¢,,C, and let us combine
0 and 0 to a mapping G of L, into itself. Then it is
easy to see that we can choose ¢, and ¢, in such a way
that in the real (resp. quaternionic) case we have

(U, M*=(3(),6(V)) and d2=1
A (3.21)
(resp. (U, V)*==(3(U),d(V)) and 62=—-1),

for all U,V e L,. In this way we have obtained an ad-
joint {resp. grade adjoint) operation in L. Note that in
this case a free phase factor ei* (¢ real) is left: Our
conclusions remain unchanged if we choose e’%¢, and
€% ¢, instead of ¢,, resp. c,.

(b) The represenialion p, is equivalen! to the complex
conjugate of p, and vice versa,

In this case our assumptions imply

o(LY=L: olL®)=L}; (3.22)

let

ot Li—~L% o,:L%—~L! (3.23)

be the mappings induced by 0. Since p, and p, are ir-
reducible we conclude that

0,0,=s, 010223* (3.24)

with some nonzero complex number s, and Eq. (3.9) is
equivalent to

[st|=1. (3.25)

Here again the mappings 0,,0, are only fixed up to a
nonzero factor. Introducing the new mappings

-~

0, =6,0p, 0,= 60,

(3.26)
with some nonzero complex numbers ¢, ¢, and combining
01 and U to a mapping 0: L, — L, it is easy to check that

the numbers ¢y C Can be chosen in such a way that

(U, Wy =£(0(U).5(V)) and d2=+1, (3.27)

for all U,V < L,. Note that both choices of the sign are
possible, i.e., that we can construct an adjoint opera-
tion as well as a grade adjoint operation in L. Further-
more, there is still a free nonzero real parameter d
left: Our conclusions remain unchanged if we choose
¢, dand ¢, d instead of ¢, resp. c,.

Our results may be summarized as follows:

If a mapping ¢: L, — L, which satisfies the conditions
(II) and (IV) exists at all, then we may suppose that

(V) (U, W*=x(o(U),a(V)), forallU, Ve L, (3.28)
and, furthermore, that
(VI) o0?=x1, (3.29)

Stated differently, we may then suppose that the ad-
joint operation in L, and the mapping ¢ define an adjoint/
grade adjoint operation of the graded Lie algebra L.

As we have seen, the mapping o is not uniquely de~
termined even if we demand that the conditions (V) and
(VI) should also be satisfied. This is in part obvious: If
o satisfies the conditions (III)—(VI), then ~ o does as
well.

In the case where L, is irreducible there is no other
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freedom. On the other hand, if L, decomposes into the
direct sum of two irreducible subspaces

L=LioL? (3.30)

[see (3.15a) and (3.15b)], then there is a free parameter
left.

This latter nonuniqueness is connected with some
trivial automorphisms of our algebra. In fact, let g be
any nonzero complex number. We define a linear map-
ping ¥, of L, into itself by

h(U)=gU, if UelL},
1 (3.31)
3, (U,) = = U, if U,eL?.

Then it is easy to see that ¥, combined with the identity
mapping of L, onto itself yields an automorphism ¥ of
the graded Lie algebra L.
Consequently, the mapping
o' =y, 0 oyt (3.32)

also satisfies our conditions (III)—(VI). Moreover, if we
are in Case (B),(a) then the mappings 0,, 0, are changed
into

01’ = (g/g*)U” 02’ = (g*/g)Og ’

whereas in Case (B), (b) the mappings 0,, 0, are re-
placed by

(3.33)

o/ =(/]g|He, o/ =|g|%a,. (3.34)

The Egs. (3.33) and (3.34) define what we call a one-
parameter family of adjoint or grade adjoint operations.
Note that the scalar factors appearing in (3,33) [resp.
(3.34)] are phase factors (resp. are positive). Hence
whereas the change of sign of 0 can be achieved via
(3.33) this is not possible using (3.34).

With the change of sign of the mapping ¢ and with the
procedures described in (3.33) and (3.34) we have re-
obtained exactly the free parameters which were men-
tioned in the discussion above. “Normally” the adjoint
{(grade adjoint) operations belonging to a one-parameter
family (i.e., 0 and 0’) should be equivalent. In Case
(B), (a) there is no additional freedom, whereas in
Case (B), (b) we are left with the change of sign of the
mapping o, With this understanding we have in Case (A)
two adjoint or two grade adjoint operations, in Case
(B), (a) there is essentially one adjoint or one grade ad-
joint operation, whereas in Case (B), (b) there are
essentially two adjoint and two grade adjoint operations.
We shall come back to this result in Sec. 5.

4. CONSTRUCTION OF ADJOINT AND GRADE
ADJOINT OPERATIONS IN THE CLASSICAL SIMPLE
GRADED LIE ALGEBRAS

In view of the results derived in Sec. 3 we are now
ready to construct all possible adjoint and grade ad-
joint operations in the classical simple graded Lie al-
gebras (with the exception of the two algebras spl(2,2)/
2z, and, partly, I'(v,,0,,0,), which, however, can be
treated separately).®

In fact, given any adjoint operation in the Lie algebra
L, (or, equivalently, the corresponding real form LE of
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L,) we have to decide Whether the adjoint representation
of Ly in L, is self-conjugate with respect to L¥ or not.
Hence all that we need is the following information:

(1) Which are the real forms of the (complex) semi-
simple Lie algebras?

(2) Given an irreducible representation of such a real
form, determine the complex conjugate of the
representation.

(3) Suppose that an irreducible representation of a
real form is self-conjugate; is the representation real
or quaternionic?

The answers to all these questions are well known and
are contained in the tables of Ref, 7.

Furthermore, the following additional remark is need-
ed if L, has a (necessarily one-dimensional) center,
i.e., if L is one of the algebras spl{xn, m) with n#m or
0sp(2p,2). Recall that in this case L, decomposes into
two irreducible subspaces

L =LioL? (4.1)

and that there exists a unique element E in the center of
L, such that

(E,U)=U, if U,elL},
1 1 1 1 (4.2)
(E,Uy=-U, if U,eL?.

Evidently the adjoint operation in L, maps the center
of L, into itself, i.e., E* must be proportional to E.
As a consequence of Eq. (3.2) it is then easy to see that
either E*=E and we are in Case (B), (b) or else E*=—-E
and we are in Case (B), (a).

Assuming that the real form L¥ is compact we can
say even more. In fact, for the algebras spl(n,m) with
n#m and max{n,m) = 3 the representations of sl(x)
Xsl(m) in L} and L are not self-conjugate (but one is
the complex conjugate of the other); hence an adjoint or
grade adjoint operation on L {extending that on L,) exists
only if we are in Case (B), (b) and if E*=E. On the
other hand, for the algebras osp{2p,2) and for spl(2,1)
[which is isomorphic to osp(2, 2)] both definitions E*=E
and E* =~ E are possible,

We shall not pursue the problem of constructing all
adjoint {grade adjoint) operations in full generality but
restrict our attention to some interesting cases. In the
following we shall assume that the veal form LE is
compac!. Note that in all other cases it is impossible
to find star or grade star representations of L in a
Sfinite-dimensional Hilbeyvt space.

Now it is easy to prove the following lemma.

Lemma 4.1: Lel L, be a complex semisimple Lie al-
gebra and let LE be a compact real form of Ly. A finite-
dimensional irveducible represeniaiion of L, is self-
conjugate with vespect to LE if and only if it is self-
contragredien!. More precisely: The irreducible rep-
resentation is real (vesp. quaternionic) if and only if
il is orthogonal (resp. symplectic).

Using this lemma as well as the results of Ref. 2, the
case where the odd subspace L, is irreducible [Case
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(A)] can be settled immediately. For the orthosymplec-
tic algebras osp(2p,m), p,m=1, m#2, as well as for
the two exceptional graded Lie algebras whose Lie al-
gebras are respectively s1(2) XG, and s1(2) xo(7) there
are two grade adjoint operations. On the other hand, for
the (f,d) algebras d(n)/z,, n> 3, there exist two adjoint
operations, Finally, it is easy to see that for the al-
gebras #{n), n> 3, there exist no adjoint and no grade
adjoint operations.

Next we have to consider the case where the odd
subspace L, decomposes into two irreducible subspaces
[Case (B)]. Contrary to the abstract argument given
above we shall now use a different approach and con-
struct the adjoint or grade adjoint operations explicitly
in matrix notation [this method applies equally well in
Case (A)].

Let us first consider the general linear graded Lie
algebra pl(z,m), n,m > 1. Recall® that the elements of
pl(n, m) are the (n + m )X (n +m) matrices, written in
block form

(A B
“\¢c D)
with A an arbitrary nX» matrix, B an arbitrary nXxXm

matrix, C an arbitrary m X»n matrix, and D an arbitrary
m Xm matrix,

X 4.3)

The Lie algebra L, of pl{n, m) consists of the “diag-
onal” block matrices (¢ 2), and the odd subspace L,
consists of the “off-diagonal” block matrices £ 2). The
adjoint operation in L, will be choosen to be the normal
Hermitian conjugation of a matrix, i.e.,

A0\ fA* 0
(A9)=(2). ",
Let d be any nonzero real number. Then
0 B 0 dcC*
0<C 0>_(a_13* 0 > (4.5)
defines an adjoint operation in pl(n,m), whereas
0 B 0 -do)
O(c o): (d"lB* 0 (4.6)

defines a grade adjoint operation in pl{n,m). (Here again
the plus sign on the right-hand side denotes the normal
Hermitian conjugation of a matrix.)

Note that corresponding to the two possible signs of
d the Eqs. (4.4) and (4.5) [resp. (4.4) and (4.6)] yield
two one-parameter families of adjoint (resp. grade
adjoint) operations.® In particular, choosing d=1 in Eq.
{(4.5) we obtain the normal Hermitian conjugation in
pliz, m). On the other hand, the choice d=zx1 in (4.6)
leads to the grade adjoint as defined in Sec. 2; more
precisely, if d=1 (resp. d=-1), then the first » rows
and columns (resp. the last m rows and columns) be-
long to the even subspace.

Let us now discuss the special linear graded Lie al-
gebra spl{n, m) which is the subalgebra of pl(z,m) de-
fined by the equation

Tr(A)=Tr(D).

By restriction the mappings given in (4.4) and (4.5)
[resp. (4.4) and (4.6)] define adjoint (resp. grade ad-

4.7

162 J. Math. Phys., Val. 18, No. 1, January 1977

joint) operations in the algebra spl{r,m) [and, if n=m,
by going to the quotient, also in the algebra spl{n,n)/z ;
recall that z_consists of the scalar multiples of the
2n X 2n unit matrix].

Suppose now that »=2p is even and recall that the
orthosymplectic graded Lie algebra is the subalgebra
of pl(2p,m) defined by the equations

tAG+GA=0, tD+D=0, C='BG, (4.8)
where G is the 2pX2p matrix
0 1
- b
G (—l 0) 4.9)

and I, is the pXp unit matrix,

Then the adjoint operations (4.4), (4.5) do not map
the algebra osp(2p,m) into itself. On the other hand, the
grade adjoint operation (4.4), (4.8) maps the algebra
osp(2p, m) into itself if and only if d=%1, thus defining a
a grade adjoint operation in osp(2p,m).

The cases m = 2 require special attention since in these
cases the odd space L, decomposes into two irreducible
subspaces. One can show that with the definition (4.4)
we are in Case {(B), (b) described in Sec. 3; there exist
two one-parameter families of adjoint operations and
two one-parameter families of grade adjoint operations®
in osp(2p, 2) which satisfy (4.4). On the other hand, for
the algebra osp(2p,2) we could equally well define the
adjoint operation on the Lie algebra by

A0 (A 0
0D 0 -D*
(recall that E* =+ E). With this definition we are in

Case (B), (a) and obtain a one-parameter family of grade
adjoint operations.

4.10)

Finally, let w=wm > 3 and consider the subalgebra
d(n) of pl(n,n) defined by the conditions

A=D, B=C, Tr(B)=0. (4.11)

Note that d(n), z, is the (f, d) algebra. Evidently the ad-
joint operation (4.4), {4.5) maps the algebra d{n)

into itself if and only if d=+1, thus defining an adjoint
operation of d(u) and, by going to the quotient, of the
(f,d) algebra. On the other hand, the grade adjoint op-
erations (4.4), (4.6) do not map d(n) into itself.

5. STAR AND GRADE STAR REPRESENTATIONS
WHEN L, 1S DECOMPOSABLE

As we have seen in Secs. 3 and 4, when the odd sub-
space L, decomposes into two irreducible subspaces

L,=L®L? 6.1

there is a free parameter in the adjoint, resp. grade
adjoint, operations (apart from the freedom in choosing
the sign of the mapping ). Let us assume that we fix
the parameter and, therefore, a certain mapping o. In
this way we define a class of star, resp. grade star,
representations. For another choice of the parameter
(mapping ¢’) we get another class of representations.
It turns out that there is a natural transformation [see
Eq. (5.2)] which associates with every representation
of the first class a certain representation of the second
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class but it is not obvious that all the representations
belonging to one class are equivalent to those belonging
to the other. We have not studied the problem in full
detail but we have shown that for the spl{n,m), n#m,
and osp(2p, 2) algebras the original and the transformed
representation are indeed equivalent.

In the following discussion we use the notation of Sec.
3. To begin with, we recall that two adjoint, resp.
grade adjoint, operations which belong to different
values of the free parameter are connected by an auto-
morphism # of the algebra L [see Eqs. (3.32)—(3.34)].
Suppose now that p is a star, resp. grade star, rep-
resentation of L with respect to the adjoint, resp. grade
adjoint, operation given by the mapping ¢ and which
acts in a vector space V equipped with a nondegenerate
Hermitian form (| ). Then it is obvious that

(5.2)

is a star, resp. grade star, representation of L with
respect to the adjoint, resp. grade adjoint, operation
given by ¢’. In this sense we are allowed to restrict
our attention to a special adjoint, resp. grade adjoint,
operation out of the one-parameter family.

p=poyt

It will be useful to look at this result from a different
viewpoint. We note that it is not obvious a priori whether
the representations p and p’ are equivalent. Neverthe~
less, there is a class of algebras for which this is easy
to prove. In fact, assume that L is one of the classical
simple graded Lie algebras for which L, has a (neces-
sarily one-dimensional) center, i.e., one of the al-
gebras spl(n,m) with n#m or osp(2p,2). Then L, is
automatically decomposable and there exists a unique
element E in the center of L, such that

(E,Up=U, if U el
(5.3)
(E,Up=-U, if U,ecL?,
Recalling that adE is the linear operator in L defined
by

(adE)(A)=(E,A) forall AcL 5.4)

we See that adE is the generator of the (complex) one-
parameter group of automorphisms ¢. Stated different-
ly, if (with the notation of Sec. 3)

g=explh), (5.5)
then

i = exp(hadE). (5.6)
Defining the linear operator

H=exp{hp(E)) (5.7)
in the representation space V, we conclude that

p'(A) =H"p(A)H, (5.8)

for all A« L. Therefore, p and p’ are equivalent.

On the other hand, defining a new Hermitian form
(1Y onV by

(x| =(H x| H ), (5.9)
for all x,ye V, it is easy to check that p is a star, resp.

grade star representation of L with respect to the ad-
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joint, resp. grade adjoint, operation given by the map-
ping ¢’ and with respect to the new Hermitian form
¢

The results of this section indicate that for the study
of star and grade star representations it should “normal-
ly” be sufficient to fix the free parameter in the adjoint,
resp. grade adjoint, operations arbitrarily.

6. CLASSES OF STAR AND GRADE STAR
REPRESENTATIONS

As was shown in Secs. 3 and 4, in a classical simple
graded Lie algebra L =L, ® L, there exist in general
various adjoint and/or grade adjoint operations which
all belong to the same adjoint operation in the Lie al-
gebra L,. To every one of these adjoint (grade adjoint)
operations belongs a class of star (grade star) repre-
sentations of the algebra L.

At this place we have to include a trivial remark on
grade star representations. Let V=V &V, be a graded
vector space as in Sec. 2, i.e., equipped with a non-
degenerate Hermitian form { | ) such that (V,!V,) ={0}.
We convert V into a new graded vector space V' by
demanding that V=V, and V] =V, should be the even,
resp. odd, subspace of V'.

Suppose now that we are given a grade adjoint opera-
tion in L, described by a mapping 0:L — L,, and let
p be a grade star representation of L in V with respect
to 0. Then it is obvious that p is also a grade star rep-
resentation of L in V’ with respect to the grade adjoint
operation in L described by the mapping - 0.

It depends on the circumstances whether the redefini-
tion of the grading of V is adequate or not. If this re-
definition is convenient, then our remark implies that
the classes of grade star representations which belong
to o, resp. -~ 0, coincide. In the present work we
distinguish between these two classes of representations,

In the following we shall always assume that the ad-
joint operation on L, defines a compact real form L¥ of
L, and, furthermore, that the star and grade star rep-
resentations act in a graded Hilbert space.

For each class of star representations the tensor
product of two representations belonging to the class is
completely reducible into irreducible representations
belonging to the same class. This statement is generally
not valid for classes of grade star representations. As
is shown in Ref. 6 for example, the osp(2,1) algebra
admits two classes of grade star representations for
which the tensor product is always completely reducible
but the spl(2,1) algebra has grade star representations
such that the tensor product is not completely reducible.

Using the results of Secs. 3—5 we can summarize the
situation as follows:

(a) The splin,m), n>m=1, n+2, algebras have two
classes of star representations and two classes of grade
star representations.

(b) For the spl(n,n)/z,, n=> 3, algebras we have con-
structed two one-parameter families of adjoint opera~
tions and two one-~parameter families of grade adjoint
operations. To all these operations there may cor-
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respond a class of star, resp. grade star, representa-
tions. Since Sec. 5 does not apply in this case we do

not know whether the free parameters are really relevant

or not.

(c) The osp(2p,m), p,m=1, m+2, algebras have two
classes of grade star representations. In the case of
the osp(2p,2), p=>1, algebras we have two distinct
possibilities depending on the definition of the adjoint

operation in the Lie algebra (see Sec. 4). For the choice

(4.4) one has two classes of star representations and
two classes of grade star representations, for the other
choice (4.10) one has one class of grade star repre-
sentations. [Recall that spl(2,1) is isomorphic to
osp(2,2).]

{d) The b(n), n=>3, algebras have neither star nor
grade star representations.

(e) The d(n)/z,, n>3, algebras have two classes of
star representations.

(f) The exceptional simple graded Lie algebras whose
underlying Lie algebras are sl1(2)XG, and s1(2)xo(7),
respectively, have two classes of grade star
representations.
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We have left out from our study the spl(2,2)/z, and
the I'(0y, 0,, 0;) algebras (see Sec. 3 for the reasons).
Let us stress that our conditions for the existence of the
various classes of representations are only necessary.
It may turn out that some of them are actually empty or
that two different classes contain equivalent
representations.
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We illustrate through the examples of the osp(2,1) and spl(2,1) algebras the differences between the
properties of the irreducible representations of simple graded Lie algebras and simple Lie algebras.

1. INTRODUCTION

In this paper we present a detailed study of the finite-
dimensional irreducible representations of the osp(2,1)
and spl(2,1) graded Lie algebras. These algebras are
strictly simple: They are simple and have a nondegen-
erate Killing form.' We have choosen to study these
algebras because they have a small number of genera-
tors and because the underlying Lie algebras are s1(2)
(call it isospin), respectively s1(2)xgl{1) (call it isospin
and baryon number), which have many physical applica-
tions and are well known. These examples will also
illustrate the importance of star and grade star repre-
sentations defined in the preceding paper.? As will be
shown, the properties of the irreducible representations
are quite different from those of ordinary simple Lie
algebras.

The Casimir operators are defined as in the case of
ordinary semisimple Lie algebras. Let X, be the
generators of our graded Lie algebra, given in some
matrix representation. If the commutation relations are

<XIJ-,XI¢>:CZ,)VXUJ’ (1-1)
where
<Xu)Xv>:XLAXV_(—1)m"XVXu’ ‘1-2)

and where m,n< {0, 1} is the degree of X,, resp. X,,

then one can define a trace metric form?
Lu=TriyX, X,) (1.3)

(y is a diagonal matrix with eigenvalues +1, resp. -1,
in the even, resp. odd, subspace).

The metric form is nondegenerate in our examples,
It is easy to show*™® that

K= Gayggenng, X710 e X 72X, (1.4)
where

Qorogeoy =Tr(YX, X, 00 X, ), X°=g""X, (1.5)
are Casimir operators, i.e.,

(K., X, |=0. (1.6)

In the examples we study, the number of independent
Casimir operators is the same as that of the underlying
Lie algebra: One in the case of osp(2,1) and two in the
case of spl(2,1).

The osp(2,1) algebra was studied in some detail in
Ref. 5 where it was shown that the Casimir operator
uniquely determines the irreducible representations and
that we have complete reducibility. We shall show that
the irreducible representations are equivalent to grade
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star representations. This observation has an interest-
ing application when one computes the Kronecker prod-
uct of two irreducible representations. If the state vec-
tors for each representation separately form a Hilbert
space, when one decomposes their product into irreduc-
ible representations, the state vectors of the various
irreducible subrepresentations are not orthogonal, One
can, however, define a bilinear form which is invariant
with respect to the product of the given representations,
and the state vectors are orthogonal with respect to this
form. In this way we give explicit expressions for the
Clebsch —Gordan coefficients which are fixed up to an
overall sign for each irreducible subrepresentation.

We next study the irreducible representations of the
spl(2,1) algebra. It turns out that the eigenvalues of the
two Casimir operators do not always specify the irre-
ducible representations, This happens when the eigen-
values of the Casimir operators are both zero. In this
case an interesting relation between the “isospin™ and
the “baryon number’” content of the irreducible repre-
sentation appears.

In the case of the spl(2,1) algebra we do not have
complete reducibility, as it shown by examples. We
show, however, that one can define two classes of star
representations® and inside each class one has indeed
complete reducibility. The Clebsch—Gordan series for
each class are also given.

We think that the examples presented give an insight
into the basic differences between the properties of the
irreducible representations of simple Lie algebras and
simple graded Lie algebras.

2. |IRREDUCIBLE REPRESENTATIONS OF THE
osp(2, 1) ALGEBRA

Let us first recall that all finite-dimensional repre-
sentations of 0sp(2,1) are completely reducible®” and
that the irreducible representations of osp(2,1) have
been constructed in Ref. 5. In this section we shall give
a more detailed discussion of these representations.

A. Definition of the irreducible representations

The even part of the osp(2,1) algebra is sl(2), We
denote by @,,, m=1,2,3 the usual generators of s1(2)
and call them isospin. The odd generators V, are sl(2)
spinors. Defining as usual @,=Q, £iQ,, the commuta-
tion relations of our algebra read as follows:

[Qs, Qi] =% Q&y [Q¢ > Q-] = 2@3,

[Qa: Vg]:iévﬂ [Qu Vz]:O, [Qu V;]: Vt’

(2.1)

(2.2)
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{v,, v.}=x49,, {v,, Vi=~1q,. (2.3)

The irreducible representations of this algebra are
characterized by a quantum number ¢ which takes the
values ¢=0,3, 1, 3, +-+. The eigenvalues of the
Casimir operator

KZ:QQO +V+V-—V-V, (2.4)

are qlg +%).

The representation corresponding to g =0 is the
trivial one-dimensional representation. Suppose now
that ¢ = . Then the ¢ representation contains two iso-
spin multiplets which belong to isospin ¢, resp. ¢ - %,
and which are denoted by 1q,q,q,), resp.!q,q9 -%,q9;
the first quantum number characterizes the representa-
tion and the second and third quantum numbers give the
isospin and its three component, With a convenient
normalization of the state vectors the g representation
is defined as follows

Qle,9,99 =4519,9,499,
@la,0~%,95) =asla,0-3,45),

Q.19,q,a:) =V (@Fa:)q 95 +1)[q,q,q: £ 1),

. (2.5)
Q*‘q,q-i,%):\/@—l/z*q;)(q +1/2iQJ

x]‘l:q‘%:q3i1>,
V.04,q,0:) =F5Vq7q51a,a ~5,q5£5),

Vig,q —%,q.) ==5Va ¥1/2%q,]q,9,q;5%3).

To simplify the notation we use the same symbol for an
element of our algebra and for the linear operator
representing it.

In the following it will be necessary to know which
subspace of the representation space is defined to be
even or odd. In the present case one of the isospin mul-
tiplets generates the even subspace and the other gen-
erates the odd subspace; however, it is completely up
to our choice which of these multiplets is considered to
be even, resp. odd. If the ig,q,q,) multiplet has degree
rc {0,1}, then the |g,q —%,q;) multiplet has degree
A +1 and the states will be denated by

\4,q,a3, 0, resp. |q,q =}, g5 +1). (2.6)

[Recall that an even (resp. odd) vector is said to have
degree 0 (resp. 1) and that degrees are added and multi-
plied modulo 2. |

B. Grade star representations

We shall now discuss whether the g representation of
osp{2,1) may be considered as a star or grade star
representation as explained in Ref, 2. Since we shall
require that the generators @, are represented by
Hermitian operators the adjoint operation in s1{2) should
satisfy

&n=@Q-

As shown in Ref. 2 there is no (normal) adjoint opera-
tion in osp(2,1) which is consistent with (2. 7). However,
(2.7) may be extended to a grade adjoint operation of

(2.7
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osp(2, 1) in just two different ways, namely®

ViexV, Vi=:V,. (2.8)
Suppose now that ¢ > 5 and that the |¢,¢,¢5 multiplet
has degree A, Let us assume that the g representation
is a grade star representation with respect to a non-
degenerate Hermitian form (denoted by a bracket {1)).
Then (2. 7) implies that the two isospin multiplets are
orthogonal and that the restriction of (| ) to an isospin
maultiplet is proportional to the well-known positive
definite scalar product. The latter statement means
that there exist real nonzero constants g¢,% such that

@s0, 43,1 4,4,a5, ) =20, o,
(2.9)
4,q '%,43’)\ +11q’q -2,44, 2 +1>:héa3a§'

1t follows that the conditions (2.8) are fulfilled if and
only if

h=x{(-1)'g. (2.10)

We conclude that every g representation is a grade star
representation with respect to a suitable positive
definite scalar product on the representation space pro-
vided that the sign in (2. 8) and the degree of the isospin
multiplets have been choosen such that

+(-1)=1. (2.11)

If this condition is fulfilled, then our state vectors are
orthogonal and of equal length with respect to the
appropriate scalar product.

C. Tensor products of irreducibie representations

In this subsection we shall give the Clebsch—~Gordan
coefficients for the tensor product of two irreducible
representations of osp(2,1). To begin with we recall
that an odd generator V acts on the product of an even/
odd state |f) of the first representation with an arbi-
trary state .g) of the second representation like

vl Hel)=imelg | Hsv]o).

Hence we have to specify once again which subspace of
our irreducible representation is even and which is odd.

(2.12)

We shall consider the tensor product of a ¢ represen-
tation with a ¢’ representation. From Ref, 5 we know
that this tensor product decomposes into the direct sum
of the p representations with

pelg+a,a+q =5, a+q -1,..., lg-q'l} (2.13)

Using the well-known recoupling techniques for product
representations of s1(2) it is straightforward to compute
the Clebsch—Gordan coefficients.

To formulate our results we shall first introduce
some notations. Let us consider the two isospin multi-
plets lq,q =%, g5, A+1)and I¢’, ¢’ =3, q4, A’ +1). The
usual coupling of these multiplets to a state with iso-
spin ¢” and three component ¢; will be denoted by

(4, a0 =%, 0" =23q", 455, A +1)
:((]"‘lé, (/"%: T3» (/3"(,[”,0;’))(],([ _}2> Gy, X +1)
& lq" (1,"% (lgl, )l‘+1>,

’
1

where (g =%, ' =%, s, 4lq”, q3) is a Clebsch~Gordan

(2.14)
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coefficient of s1(2). The other possibilities are treated
similarly: The first and second quantum numbers give
the representations of osp(2,1), whose tensor product
is considered, the third and fourth quantum numbers
denote the isospin of the two isospin multiplets which
are coupled to a state with isospin ¢” and three com-
ponent ¢, finally in the last place we give the degree
of the product state (in our example this degree is equal
o A+14+X"+1=x+)\" mod 2).

Furthermore, we denote the states of the p subrepre-
sentation of our tensor product by (q, q'ip, b’y sy W)
The first and second quantum numbers indicate the
representations whose tensor product is considered; the
remaining four quantum numbers specify the state: It
belongs to the p subrepresentation, its isospin and three
component are respectively p’ and p;, and its degree is
equal to .

The osp(2,1) Clebsch-Gordan coefficients are then
given by the following formulas.

Suppose first that

pela+a,a+q' -1,...,la~-q'|} (2.15a)
Then
|a, @30, b, P3s X +27)
1 7’ ’
=V aT VP T F g, 050, 0% b, pay A EA)
~(-DgF+q =bla,qa’5a-%,a' =%; P, b3y X A0},
{2.15b)
1(1’ q,;p’p_%;psa)\+7\,+l>
1
=(=0 g tVpFa=dla, a5 q, 0"~ 50 - 5,
Doy A+ +) + (=P Fg—q7
x|g, q'59-%, g3 p -5, bsy A+A +1)L (2.15¢)

Of course, if g=¢’ and p =0, Eq. (2,15¢c) has to be
omitted.
On the other hand, if
pefg+a' =%, g+q'=%,..., lg-q’|+5), (2.162)
then

|4, 4" £, by Py, XHA7+1)
1 7 ’ ’ 1
=V AT VPTa-a F1/2la, a5 a5 07 =35
Py Dy AT+ (=1 Vp Fg =g F1/2

X|q, a3 a =%, a's by D3y A A" +D)}, (2.16b)

la,a'; by D=5, by A +17)

1
=—(—1)’f—2=—1;{vq +q'-p+1/2]q, q% q, ¢

P =%, Pay AN = (=1)VPp +q +q +1/2

X|g, @'sa~%, ¢’ =%;p =%, by A 10} (2.16c)
In the next subsection we shall comment on the

normalization of the states lq, q’; p, p’, p3, W.
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D. Invariant bilinear forms for the ¢ representations

From Egs. (2.15) we conclude that the tensor product
of a g representation with itself contains the trivial one-
dimensional representation. Hence it is evident that
every ¢ representation admits an even (with respect to
the grading) invariant nondegenerate bilinear form, 3 It
is easy to construct this form directly; let us denote it
by (! ). From sl(2)-invariance we derive that the two
isospin multiplets are orthogonal with respect to (| ) and
that

(q, q5 35 A\qs 45 935 A)=a(-1)" 603:"’3’
@y =%, 2 X +1]q, g =%, g3 A+1)=b(=10""2735
(2.17)

with some nonzero constants a,b. It turns out that this
form is osp(2,1)-invariant if and only if

b=(-1)a. (2.18)
In the following we shall choose
a=1, b=(-1), (2.19)

We shall now make use of the following general
remark.

Suppose we are given any graded Lie algebra L and
two graded representations of L in some graded vector
spaces V, and V,. Assume, furthermore, that there
exists an L -invariant bilinear form ¢, on V,, i=1,2,
We define a bilinear form ¢ on V,® V, by

P, ® x5, ¥ ®y,) =(=1)2" ¢1(xy, ¥1) (s, ¥2)
(2.20)

if x,,v,€ V; and x,, y, € V, are homogeneous (i.e., even
or odd) elements of degrees, respectively, &, 7, £,
M. Then it is easy to check that this “product form” ¢
is invariant with respect to the tensor product of the
given representations.

Let us apply this remark to the tensor products stud-
ied in subsection C. As expected, the p subrepresenta-
tions are orthogonal with respect to the product form.

Furthermore, the product form induces on every p
subrepresentation the bilinear form defined by Egs.
(2.17) and (2.19) apart, possibly, from a sign. By this
latter property our Clebsch—Gordan coefficients are
fixed up to an overall sign for each p subrepresentation
(provided we demand that they should be real).

3. IRREDUCIBLE REPRESENTATIONS OF THE
spl(2, 1) ALGEBRA

A. Construction of the irreducible representations

The even part of spl(2,1) is s1(2) xgl(1). We denote
by @,,, m=1,2,3 the usual generators of s1(2) (call it
isospin) and by B the generator of gl(1) (call it baryon
number).

The odd generators V,, resp. W,, carry baryon num-
ber +3, resp. -3, and are sl(2) spinors.

If we define

U=V, U=V, U=W, U=W, 3.1
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the commutation relations of our algebra read as
follows:

(@ @ ]=7€n, @y [@m» B]=0,

(@n, Uy 1=372,Us, [B,U,]=%6,U,, (3.2)
{Ua, Ut = (CT)4 5@, = (CO, B,
where the 4 X4 matrices 7, (f, € are defined by
™ 0 0 C 1 0
= y C= , €= (3.3)
o c 0 0 -1

7™ are the usual Pauli matrices and C =i7% is the charge
conjugation matrix

01 0 -i 1 0 01
71: 5] TZZ': 3 Ta— » C: .
10 i 0 0 ~1 -1 0
(3.4)

One can show that the algebra spi(2,1) has just two
Casimir operators K, and K,

[Ki,B]:[Ki)Qm]:[Kh Uuz]:O,

where (3.5)
i=2,3, m=1,2,3, «=1,2,3,4,
and their expression is [see (1.4)]
K,=Q*-B*+5UCU,
(3.6)

K,=BK, +sBUCU +LUQETCU + & UeTCUR.

In the following we shall classify the states of a rep-
resentation according to their isospin and baryon num-
ber. Therefore, we shall first rewrite the commutation
relations (3.2) appropriately. Introducing as usual

Q.=Q,+iQ, (3.7
we obtain
Q5 Q.)=2Q,, [9.,0.1=2Q,,
[8,0.1= (B, @,] =0, (3.8)
[B,V.]=3V,, [B,W.]=-3W,,
(s, V=25V, [Qs W]=23W,,
@ Vi)=Y, (@ WI=W,, 8-9)
(Q., V.]=1[Q., W.]=0,
v, vi=1{v, vi=0,
{w,, wl={w,, wi}=0,
(3.10)

{Vi’ W&} =%Q,,
{Vu W:}: ~Q3B.

From the commutation relations it is evident that the
substitution

Qi_'Qiy

defines an automorphism of our algebra.

B*_B’ Vi» Wu W:h_. V* (3.11)

Let us now construct all finite-dimensional irreduc-
ible representations of spl(2,1).

Suppose we are given any irreducible representation
of our algebra, acting in some vector space [/. For
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simplicity we denote an element of our algebra and its
representative (which is a linear operator in |/) by the
same symbol. As is well known we can decompose [/
according to isospin; let ¢ be the maximal isospin con-
tained in |/ and define

V={oecl/|Q@p=qlg +1)¢, Q,0=q0ol (3.12)

Evidently B maps [/’ into itself, hence |/’ contains an
eigenvector ¢, of B; let us denote the corresponding
eigenvalue by b. Then

QZ‘PO:Q(CI"'I)(%: QsPo=qbo, BPy=bd,. (3.13)

Note that ¢=0,%,1, - -+, but that # may be any complex
number.

Since our representation is supposed to be irreduc-
ible, the vector ¢, must be cyclic, i.e., applying
arbitrary polynomials in the generators to ¢, we must
generate the whole space [/,

According to the choice of ¢ we have
V.po=W,$,=Q.4,=0,
furthermore, the commutation relations (3,10) yield
Viaw?=0, {V,Wl=-0Q. (3.15)

Using the commutation relations once again it is now
easy to see that the vectors

QTdy, QTV.d,, QTW.o,, QTW.V.d,,

with integers m >0

(3.14)

(3.16)

generate the representation space /.

As a consequence of (3.14) one can prove that

Q.V.W.tog=—=(q =b)b,, QW.V.dy=-(q+b)dg,

3.17)
whereas

Q.Q_Do=2qb,.

It is now obvious that our representation contains
a multiplet with isospin ¢ and baryon number b, at most
one multiplet with isospin ¢ ~% and baryon number
b+ %, at most one multiplet with isospin q - 2 and bary-
on number b— 3, and at most one multiplet with isospin
g -1 and baryon number ». The states which belong to
these quantum numbers as well as to the eigenvalue ¢,
of @, will be denoted by

]b,q’qa\)’ \b+l§, q‘lé» 437,
. (3.18)
lb_%’ q-z, Q3>) 11): qg-1, (13>,

respectively.

One can now use the commutation relations (3. 8)—
(3.10) to construct the representation explicitly. To
facilitate the discussion we shall employ the Wigner—
Eckart theorem for sl{2), To do this we assume that our
states are normalized according to the usual conven-
tions, e.g.,

Qs!b;qu3>:‘]3|b;Q;qa>;

(3.19)
Q.10,9,45) =V{g7a)g £q, *1)|b,q,95+1).
Then the Wigner —Eckart theorem yields
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V.lb,q,q5) =2 Vg Fqs |b+3, g ~%, 055,

W,b,q4,q5)=+BVgFqs |b~%, g -3,

Vilb+%, g1, q5)=0,

W.lb+%, g=%, a0 =vVa2qs T1/2|b,q,q,£%)
£0VgFqs-1/2|b, g =1, qy%3%),

V.|o~%, =%, a5)=¢Vqxq, +1/2|b, q, g5 %)
£0Vq¥q, =172 |b, g -1, q;33),

W.lb=%, g~3%, ) =0,

V.|b, q-1,q,)=1Vq2d5]b +5, 4 -5, 45 £3),

Wb, q-1,q)=w/q%qs|b-%,a-%, d3%3),

q:%2),
(3.20)

where @, 8,...,7,w are some numbers which are in-
dependent of g, but which may depend on b and q.

The commutation relations (3. 8) and (3.9) are then
satisfied. Let us now first consider some degenerate
cases,

(a) Suppose that
V_g=W.pg=0. (3.21)

Then @_d,=0 and, therefore, ¢ =0. Conversely, if
q =0, then our representation is the trivial one-dimen-
sional representation of spl(2,1),
In the following we may assume, therefore, that ¢#0.
(b) Suppose that
V.po#0, W.¢,=0. (3.22)

Then our representation contains the multiplets lb,q,%}
and 1b+%,q —%,q, but not the multiplets | -%,9 -3,95
and |b,q -1,q,). With the appropriate definitions

]b_%aq_%’QS): ‘b7q—19q3>:0’

B=b=t=L=T=w=0 (3.23)

it is easy to see that (3.20) defines a representation of
spl(2, 1) if and only if

(3.24)

The equation b =g may also be read off from (3.17).
Note that the remaining free parameter (choose for
example @) reflects the fact that the relative normaliza-
tion of the two isospin multiplets is not fixed. Represen-
tations with different choices of & are equivalent.

ay=1, b=gq.

This representation will be called the {¢,q) repre-
sentation; it is readily shown to be irreducible of dimen-
sion 49 +1., However, we would like to stress that both
Casimir operators K, and K, are zero in this represen-
tation. Thus the eigenvalues of the Casimiv opevrators
do not specify the ivreducible vepresentations.

(c) Suppose similarly that

V.po=0, W.p#0. (3.25)

Then our representation contains the multiplets |b,q,q5
and b -3,q —3,q,) but not the multiplets |5 +5,¢-1,qy
and |b,9 —1,¢, . With the appropriate definitions

’b +%,q-—%,q3> = ’b,q _1’q3>=07
Cf::'y:é:g:T:w:O, (3'26)
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it is easy to see that (3.20) defines a representation of
spl(2,1) if and only if

&:1,

The equation b = —¢g may also be obtained from (3.17).
Note that the remaining free parameter (choose for
example B) reflects the fact that the relative normaliza-
tion of the two isospin multiplets is not fixed. Repre-
sentations with different choices of B are equivalent,

b=—q. (3.27)

This representation will be called the (~g,q) repre-
sentation; it is irreducible of dimension 4¢ +1 and {once
again) the Casimir operators K, and K; are zero.

{(d) Suppose now that

V.¢o#0, (3.28)

but that W_V_¢, or V_.W_¢, (and, therefore, W_V_¢, and
V_W_¢,) are scalar multiples of @.¢,. This latter con-
dition is fulfilled if and only if the multiplet /6,9 -1,4qy
is not contained in our representation. Using (3.15) it
is easy to see that this is the case if and only if g=%.
With the appropriate definitions,

W_y#0,

b, =1,95)=0, 8=({=T=w=0, (3.29)
we derive that (3.20) defines a representation of
spl{2, 1) if and only if

ay +Be=1, ay-Be=2b, (3.30)
i.e., if and only if

ay=3z +b, Pe=3-D. (3.31)

Note that in this case we have two free (nonzero)
parameters o and 8 which are due to the freedom ih
normalizing the three isospin multiplets independently.
Representations with different «, 8 are equivalent. Since
these representations fit quite well into the general case
we postpone their discussion to that place.

{e) We are now ready to discuss the general case in
which our representation contains all four isospin multi-
plets. As we have seen we may suppose ¢ =1, Then
Egs. (3.20) define a representation of spl(2, 1) if and
only if

ae+§T7=0, (3.32)
By +6w=0, (3.33)
Q‘}/+B€:1, 05+ﬁ§:0, CY)/“'GT:l,
3.34

Be+tiw=1, O67+fw=1, y7+ew=0, ( )
ay +Be=1, Q"y—BE:b/q, ab+pr =0,

L . L (3.35)
ay+061=1, aylg+3)=-0tr(g-3)=0b+3,
8€+§w:1) -55(0”*%)‘*‘50)((]*%):1)-%,
0T +fw=1, —-dT+fw=b/q, yT+ew=0.

It is easy to compute the general solution of these
equations. In fact, choosing three arbitrary nonzero
constants «, 8, 6, the Eqs. (3.32)—(3.35) are fulfilled if
and only if

ad 1 g+b 1 qg-b
¢="F’ Y4 2q’ TF 2q’ 5.36)
;.Lla=b __Ba+d '
T8 2q ° “YTTad 29
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The three free parameters a, 8, 6 reflect the fact that
the relative normalization of our four isospin multiplets
is not fixed. Representations with different o, 3, 6 are
equivalent.

The cases ¢ =3 are included if we choose 6=0 and
define T=w=0. The equations for Z,y,€ in (3. 36) are
then valid [see (3.31)].

If b+ +g then the representation which we have ob-
tained will be called the (b, q) representation; it is
irreducible of dimension 8¢ and the Casimir operators
K, and K, take the values

K,=q¢*>-b*, K.,=blg*-b?). (3.37)

Recall that g=3, 1, 3, - - - and that b is an arbitrary
complex number.

Next we remark that our construction works in the
cases b=ztgq, too, but the nominators ¢ ¥b appearing in
(3.386) lead to several complications, In fact, in this
case the representation is not irreducible, since the
states |b¥3,9-%,99 and |b,q -1,9,) span an invariant
subspace which carries the ({7 —3),¢ - 3) representa-
tion. On the other hand, the vector ¢,=1xq,q,q) is
still cyclic. It is now easy to show that there is no sub-
representation which is complementary to the
(tlg =3),9 ~3) subrepresentation. Hence we have ob-
tained a sequence of representations of spl(2,1) which
are not completely reducible,

In the next subsection we shall show that even the
tensor product of two irreducible representations is not
necessarily completely reducible,

We conclude this subsection with a remark on the
action of the automorphism (3.11) on a representation
given by (3.20). It is obvious that this automorphism
maps the representation (3.20) into a similar one whose
quantum numbers are

b'=-b, q'=q, (3.38)
whose isospin multiplets are
67,a",49"=1b,4,49,
1b'+3,q'-3,49"=b%3,4-3,0, (3.39)
63a"~1,a9 "= |b,9 - 1,4y,
and which belongs to the parameters
a'=g, p'=0, y'=¢ =y,
(3.40)

8'=¢, '=0, T'=w, w'=T.
B. The product of two irreducible representations is not
necessarily completely reducible

To prove the statement in the title we consider the
product (0,5)®(0,%). The states are denoted according
to the following table:

state
1.rep.|2.rep.| B l Q,
a b 3 0
£, 7. 0| 3
£ . 0 |-3
a b -3 0
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We choose a=f=y=¢=1/v2 in (3.20) and get the
matrices representing the odd generators

0 010 0 -1 0 0
V__1_0001 V__1_0 0 0 0
*“y2\0 0 0 O) "-Tyzilo 0 0 1§

0 0 0O 0 0 0 O

(3.41)

00 0 O 0 0 0 O

1{1 0 0 0 1{o 0 o0 0
W:— | — —
*EOOOO’W-ﬁlooo

001 0 0 -1 0 O

Next we recall that an odd generator U acts on the
product of an even/odd state |f) of the first representa-
tion with an arbitrary state | g) of the second repre-
sentation like

ulnelg=wme || HeUlg).

To define the product of our representations we have,
therefore, to make a choice which states in the first
representation should be considered as even (resp.
odd). There are two possibilities which will be treated
simultaneously using the convention that the upper
(resp. lower) sign is valid if we choose £, £ (resp. a,a)
to be even and hence a,a (resp. £,,£.) to be odd,

(3.42)

Then it is easy to check that the states

1
t,@n, £8n, J—E—(Eﬁ n.+£.8n),
1

73 (a®n»i£+®b)7

(a®n_+£.®0),
(3.43)

- 3

= (@®n.:£.00), =@eneeh),

2
L @eF-asb)
V2

span an invariant subspace corresponding to the repre-

sentation (0,1); the normalization parameters are

Q’:ﬁ:;é:l/ﬁ.

The remaining states are combined as follows:

(@a®n.7£.®0b),

=

1
)\+_~——,_2 (a®n+¢g,®b), A= 5

p:a@b,

- 1 P S 7
V= @I FE8D), N=7z@®n.FE50),

78 (3.44)

=3(a

S
Il

b

b¥E,®n_ £ 8N, +a®b),

)
® =i

{=5(a®b+£,EN_FE.®n, +a®b).

It is easy to prove the following statements:

(I) The eight vectors (3.44) span an invariant sub-
space and { is a cyclic vector for the corresponding
representation,

(II) The states x,,A_,p,s (resp. X, r_,p,s) span an
invariant subspace which corresponds to the representa-
tion defined in Sec. 3 A(d) and whose quantum numbers
are b=35, g=3 (resp. b=-35, g=3). The normalization
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parameters are @ = 8= ¥1, Recall that this representa-
tion is not completely reducible; in particular s is in-
variant, i.e., it is mapped into zero by all generators
of our algebra.

C. Star and grade star representations

We have seen that in general the product of two
irreducible representations is not completely reducible.
In order to find out if there are classes of representa-
tions for which we have complete reducibility we look
for star and grade star representations as explained in
Ref. 2,

In the following we shall require that the generators
@, and B are represented by Hermitian operators.
Hence the adjoint operation in s1(2) xgl(1) should satisfy

Qn = Qs (3.45)

In the normal adjoint case the appropriate extensions
of this operation to spl(2,1) are then given by®

B'=B.

U =Dy U, (3.46a)
with
p=+f ® €\, (3. 46b)
-C 0
whereas in the grade adjoint case we have
Ut =Dy, U, (3.47a)
with
p=:{% € (3.47b)
c 0
These equations are equivalent to
ViesW., Vi=zW, (3. 46)
Wi=2V, W.=%V,
{normal adjoint)
- F_
Vi=sw, Vi=zw, (3.47)
Wi=1V, W=xV.

(grade adjoint)
We shall now answer the following question,

Suppose we are given one of the (b, q) representations
which have been constructed in Sec. 3 A. Is it possible
to find a nondegenerate (but for the present not neces-
sarily positive definite) Hermitian scalar product (de-
noted by a bracket { | }) on the representation space such
that the representation is a star representation (resp. a
grade star representation) with respect to one of the
adjoint (resp. grade adjoint) operations defined in (3.46)
[resp. (3.4T)]>

As an example we consider a (b, ¢) representation with
b#q, —q; g>3, and try to convert it into a star repre-
sentation; the other cases are treated similarly.

To begin with we exploit (3.45). It is easy to see that
these equations are fulfilled if and only if

(I) b is real,
(I1) any two different of our isospin multiplets are

orthogonal,
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(111) the restriction of { | ) to an isospin multiplet is
proportional to the well-known positive definite scalar
product.

The last statement means that there exist real non-
zero constants g, g,, 2., g; such that

(b,4,q5[b,4,99 = 26,05,

(b+3,q-%, a5lb+5, 9%, 93)=2.0,,,

(b-%,q-%,q:]b-%,9-%,45) = 2.0, (3.48)
(b,q-1,q5]6,9 -1, 43) =£:5, 43

The conditions (3.46) are then fulfilled if and only if

Bg =¥e'y,

Lo =tw*g..

™
ag. =Yg, (3.49)

6g,=F7"g,,

Because of (3.36) the solution of these equations is

.1 b+g
g+_ |d|2 2q g}
L b-g 50
g.== lﬁ,2 2q & (3. )
1 b2_q2

1z £

5H = ’ ad ‘ 2 4q2
with an arbitrary nonzero real number g.

[In the cases ¢ =3 one has to drop the last equation in
(3.48), the third and fourth equation in (3.49) and the
last equation in (3, 50). ]

Hence our problem always has a solution (which is
unique up to a real factor). However, we would like to
get a positive definite scalar product, i.e., we would
like to require that g, g,, g_, g, should be (strictly) posi-
tive. This is possible if and only if £+ >¢q.

The necessity of this latter condition is easily under-
stood. From (3,46) and the commutation relations we
infer that

V.V VIV, =2 (B -Q,). (3.51)

If our scalar product is positive definite the left-hand
side is a positive (semidefinite) operator which implies
+b=2q.

Assuming that the condition +b >¢ is fulfilled it is
natural to arrange that our state vectors are normalized,
i.e., that

g=g.,=g.=g,=1. (3.52)
This will be the case if we choose g=1 and
_ b+(1 1/2 b—q 1/2
a_(;t % ) y B=0=|x Zq) . (3.53)

(In the cases g =% we choose of course 6=0,)

Without further comments we shall now describe our
results concerning star and grade star representations
of spl{2,1). The scalar product in the representation
space will always be supposed to be positive definite.

We first look for the two classes of star representa-
tions S* corresponding to the two signs in (3.46). The
S* class is composed of the (b, q) representations for
which b is real and +b = g. Choosing
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a=1 or B=1, if tb=gq, case (b) or {(c),

Sec. 3 A,
[ btgq 1/2 N b-q 1/2
""(* Zq) Pt )
1/2 _ 1/2
case (e), Sec. 3 A,
(3.54)

our state vectors will be orthogonal and of the same
length with respect to the appropriate scalar product.

ifxb>qg=1%,
case (d), Sec. 3 A,

if+b>g=1,

As was stressed in Ref. 2 the product of two repre-
sentations belonging to the S* class is completely re-
ducible into (irreducible) representations belonging to
the S* class.

The Clebsch—Gordan series are
(b,9)®(b",q')
=+, lg—g' NG +b, lg-g'l + 1)@
®b +b’,q +q7)
Gb+d,|qg-q'| +1)® - B (b +b',q +q' =1)
BBb+b +5,|g=q'| +3) D B +b' +3,9 +q' =})
Db +b -5, |g—q'| +5) @ - DB+ =1,9+q -}),
i (3.55)
+b>qg2%, +b'>q'23,
In the case g =g’ the first term on the right-hand side
li.e., (b +d’,1g —q’1)] has to be dropped. If g=3 or
q' =% the third line on the right-hand side is empty,
(xq,9)®(",q’)
=(xq +b',[qg=q')®(xq +b',|q ~q"
D(rqg +b',q9 +q')

+1)P -

+5) B D(2qg +b 5,9 +q — 1),
(3.56)

®(xq +b'+3, |g-q'
if
g=0, xb'>q'=5.
If ¢ > g’ the first term on the right-hand side [i.e.,
(tg +b’, |g —q’|)] has to be dropped,
(tq,9)®(2q’,q")
=(+q+q',q+q)®(2q2q’' ¢}, lg-q'[+3) @ -
(3.57)

The Clebsch—Gordan series (3.55)—(3.57) may be
obtained just from the isospin and baryon number con-
tent of the product representations. In particular they
are independent of which subspace in the (b,q)}, resp.
(xg,q), representations has been defined to be even or
odd.

®(xqtq'ty, g+q'-z), forallq,q’>0.

Note, furthermore, that the properties of the § class
can be read off directly from those of the $* class and
vice versa by applying the automorphism (3.11). In fact,
this automorphism interchanges the two possible adjoint
operations given in (3. 46).

Let us next comment on the grade star representa-
tions and try to convert a (b, ¢) representation with b#gq,
-¢; g2 3%, into a grade star representation. An argu-
ment which is completely analogous to that given above

162 J. Math. Phys., Vol. 18, No. 1, January 1977

yields the equations [corresponding to (3.50)]

_ x 1 g+b
g-«—i("l) ]le 2q 8',
1 -b
g.=(-1) Ak ——qzq g5 (3.58)
1 b2_q2

g1=‘lj;5]—z—z?—g,

with an arbitrary nonzero real number g. Here A ¢ {0, 1}
is the degree of the isospin ¢ multiplet of the first rep-
resentation. The last equation in (3.58) has to be
dropped if g =3.

It is now evident that our Hermitian form can be
choosen to be positive definite if and only if g=3 and
-1 <b <%, If this is the case we have to arrange,
furthermore, that the sign in the grade adjoint operation
(3.47) and the degree A satisfy

+(~1)=1, (3.59)

This result yields a counterexample which is interesting
for the general theory of grade star representations. We
have shown that the (0, 3) representation is a grade star
representation with respect to a positive definite scalar
product. On the other hand, the tensor product of the
(0,%) representation with itself is not completely re-
ducible (see Sec. 3 B). Hence® there cannot exist any
positive definite scalar product which converts (0, 3)
®(0, ) into a grade star representation.

The (¢,9) and (-gq,q) representations can be converted
into a grade star representation provided that condition
(3.59) is satisfied. In fact, these representations are
then star representations and grade star representations
with respect to the same positive definite scalar prod-
uct, It is evident from (3.57) that in this case the tensor
product of two irreducible grade star representations
is not decomposable into irreducible grade star repre-
sentations. Let us recall, furthermore, that the (q,q)
and (-g,q) representations are those which are not
characterized by the Casimir operators. Presumably
all these pathologies are connected somehow.

From the results derived above we conclude that con-
sidering grade star representations of spl(2,1) is
almost useless.

1V.G. Kac, Funct. Anal. Appl, 9, 91 (1975); W. Nahm, V,
Rittenberg, and M. Scheunert, Phys. Lett. B 61, 383 (1976);
P.G.O. Freund and I. Kaplansky, J. Math. Phys. 17, 228
(19786).

M. Scheunert, W. Nahm, and V. Rittenberg, J. Math. Phys.
18, 146 (1977).

3W. Nahm and M. Scheunert, J. Math. Phys. 17, 868 (1976).
4The proof is trivial and is based on the observation that
Tr(y{4,B)) = 0 (which is the generalization of Tr(l4,B])=0).
In order to prove Eq. (1.6) all we have to do is to bring X,
under the trace sign.

A. Pais and V. Rittenberg, J. Math, Phys. 16, 2062 (1975).
®N. Backhouse, J. Math. Phys. 18, (Feb. 1977),

'G. Hochschild, 111, J. Math, 20, 107 (1976); D.Z. D‘jokovié
and G. Hochschild, Iil. J. Math. 20, 134 (1976); D.Z.
Djokovié, J. Pure Appl. Alg. 7, 217 (1976).

8See Egs. (2.8)—(2.11) and (2,14)—(2.17) of Ref. 2 for the defi-
nitions of the adjoint and grade adjoint operations. The star
and grade star representations are defined in (2. 18).2
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Solitons, pseudopotentials, and certain Lie algebras

James Corones
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It is shown that there is a common algebraic structure in the pseudopotentials of equations solvable by the
generalized Zakharov-Shabat eigenvalue problem. It follows that an arbitrarily large number of
prolongation variables can be associated with these equations and that a recently developed geometric

interpretation of solitons can be given for each of these equations.

1. INTRODUCTION

The idea of a pseudopotential was introduced into the
study of nonlinear partial differential equations by
Wahlquist and Estabrook.! It has previously been shown
that the simple pseudopotential2 associated with the
Korteweg—de Vries (KdV) equation and several other
equations that have soliton solutions define a Lie alge-
bra.??® For the KdV equation this observation was also
made in Ref. 4 where the algebra was identified and
used in a geometric interpretation of solitons.

In this note it is shown that there is a common alge-
braic structure in the linear pseudopotentials (see Ref.
3 and below) associated with equations soluable by the
inverse scattering method via the generalized Zakharov—
Shabat eigenvalue problem.® It is shown that the
Zakharov—Shabat eigenvalue problem corresponds to a
2X2 matrix representation of this structure. Higher
dimensional representations correspond to new eigen-
value problems and associated isospectral flows,

The results of this note show that an arbitrarily large
number of prolongation variables, in the sense of Ref.
1, can be associated with the equations soluable via the
Zakharov—Shabat problem, That this might be possible
is suggested, for KdV, in Ref. 1 in connection with a
new infinity of conservation laws for KdV. Here the new
prolongation variables are defined by seeking higher
dimensional representation of the algebraic structure.
In addition the results show that the geometric construc-
tion of Ref, 4 can be applied, using the same algebraic
structure, to all equations, treated via the generalized
Zakharov—Shabat problem.

2. DEFINITIONS

In a previous paper, Ref. 2, the classical definition
of the set of all pseudopotertials associated with a given
scalar evolution equation was given. Here an (obvious)
extension to pairs of coupled equations is needed. Hence
consider

(1a)
(1b)

¢t:K1(¢’ lvb’ ¢x’ lpm " .)5
Z/)t :K2(¢’ b, s Py ** '),

where K, and K, are functions of ¢ and its first m +1
spatial derivatives as well as ¥ and its first [ + 1 spatial
derivatives. Let S be the set of ¢ and its first spatial
derivatives and ¥ and its first / spatial derivatives. The
set of all pseudopotentials associated with system (1)

is the set of all functions ¢*(x,#), I=1,...,%, n arbi-
trary such that
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(2a)
(2b)

qi:Fi(S, qiy e :qN;x’ t),

=G, q" ..., q", %, 1)
are integrable subject to constraint (1),

A subset of (2), of special interest, is defined as
follows, Let § denote an n component column vector.
The set of all linear pseudopotentials associated with
(1) is the set of all n vectors § (n arbitrary) such that

7.=F(©)g, (3a)
4:=G(S)g (3b)
are integrable subject to constraint (1). Here f‘(S),
G(S) are nXn matrix functions on S.

Now suppose F(S) and G(S) have a definite structure.

In particular suppose
j

F©O)= 2, a'(9)x,

13

(4a)

oo
N

G(S) =,

1

bi(S) X, (4b)

n
-

where the af and b’ are scalar functions and the X* are
constant matrices such that

J
[Xr,Xs]: Z; Crstp, (5)
=

where the bracket denotes the matrix commutator.
Since the X are used to specify § via the first order
system (3), Eq. (5) is interpreted as defining a Lie
algebra,

3. CONNECTION WITH INVERSE METHOD

It happens that the case when three generators are
present and they satisfy

[X1:X2]2X3; (63)
[x}, X% = - x*, (6b)
[x?, x3] = x1 (6¢)

is of particular interest. In this instance it is readily
seen that the scalar functions a* and b%, =1, 2,3 must
satisfy

a} +a'b® - a®b? =b}, (Ta)
at+a’h! - a'b3 =b?, (Tb)
al+a'b? — a*bt =p3, (Tc)

if the system (3) is to be integrable.

A specialization of system (7) has been fully investi-
gated in Ref. 5 in connection with the generalized
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Zakharov—Shabat eigenvalue problem. To see this it
is only necessary to let

al=-i@¥+¢), (8a)
ad=y-9, (8b)
a’=-21, (8c)
(ib' - b%)/2=B, (8d)
(@t +bY)/2=C, (8e)
ib%/2=A. (81)
It then easily follows that
A, =¢C -yB, (9a)
B, +2\B=¢,- 2¢A, (9b)
C, - 2iAC =, + 2PA., (9c)

This set of scalar equations has been used in Ref. 4 to
find equations that are soluable by the inverse scatter-
ing method via the Zakharov—Shabat eigenvalue prob-
lem. The infinity of nonlinear partial differential equa-
tions that can thereby be solved include, for example,
the KdV, modified KdV, and nonlinear Schrddinger
equations.

To this point no representation of (6) has been used.
The derivation leading to (9) used only the algebraic
properties of the X*. The 2X2 matrix representation
of su(2),

; (01 1/0 -1 (1 0
X1:'zl'<1 o)’ X2:§(1 0>’ Xsf‘iz(o _1>’ (10)
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satisfies (6). It is easily checked that the standard
generalized Zakharov-~Shabat eigenvalue problem
follows by using (8) and (10) in (4).

The algebra of the linear pseudopotentials considered
above can be identified as su(2). However, the various
connections® between the (real and complex) Lie alge-
bras suf2), so{3), and sl{2, R) make other identifications
possible. The application to the inverse scattering
method suggests the su(2) identification. It is not dif-
ficult to show that simple pseudopotentials have an
algebraic structure specified by (6) (with the appropriate
definition of the bracket, see Refs. 2 and 3). In this
case the sl(2, R) identification seems appropriate,

Finally, it should be noted that the key results above
do not depend on (1) being evolution equations. All the
equations considered in Ref, 4 yield the same algebraic
structure. This is clear from {7), (8), and (9).

lH.D. Wahlquist and F.B, Estabrook, J. Math, Phys. 16, 1
{1975).

%3, Corones, J. Math, Phys. 17, 756 (1976).

35. Corones and F. Testa, to appear in the Proceedings of the
NSF Workshop on Contact Transformations, Vanderbilt Uni-
versity, September 1974,

‘R. Hermann, Phys. Rev. Lett, 36, 835 (1976).

°M.J. Ablowitz, D.J. Kaup, A.C. Newell, and H. Segur,
Stud. Appl. Math. 53, 249 (1974).

bw. Miller, Symmetry Groups and Their Applications (Aca-
demic, New York, 1972).
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Classical electrodynamics is reconstructed in discrete space-time, then combined with Regge’s discrete
version of general relativity. Quantization using path integrals is considered briefly.

1. INTRODUCTION

By using what might be described as a “geometric
interpretation” of Maxwell’s equations we will show that
electrodynamics can be transferred, in a natural way,
from continuous space—time parametrized by coordi-
nates to a discrete version of space—time which re-
quires no coordinates but retains some of the geometric
structure of continuous space—time. Then we will com-
bine this result with a formulation of general relativity
proposed by Regge! and obtain a discrete, coordinate-
free model incorporating both electrodynamics and
gravitation.

One of the motivations of this work is simply that it
provides an interesting way of looking at interacting
electrodynamics and gravitation. Another is the familiar
suspicion that a fully satisfactory cure for the ultravio-
let divergences of relativistic quantum field theory will
eventually require some form of discrete space—time.
Thus it seems useful to see what discrete theories sug-
gest themselves as natural extensions of existing con-
tinuous theories. Finally, the theory we will construct
may also have some practical value. The dynamical
equations we will obtain are algebraic rather than dif-
ferential and are therefore convenient for solution by
computer. % The solutions gotten in this way should ap-
proximate solutions to the differential equations of the
continuous theory, but the theory we will derive is not
simply the result of replacing space—time by a lattice
of points and derivatives by finite differences. Instead,
the discrete theory retains geometric features of the
continuous theory, and we expect that as a consequence
it will approximate the qualitative behavior of the con-
tinuous theory more efficiently.

The theory we will describe is classical; the extent to
which it might be quantized using Feynman path inte-
gration will be discussed briefly toward the end of this
paper.

2. CHAINS, BOUNDARIES, AND COBOUNDARIES

We will begin by describing an interpretation of some
operations which can be performed with arbitrary anti-
symmetric tensor fields on four-dimensional curved
space—time. Then we will apply these ideas to electro-
dynamics. Most of the definitions we will use are famil-
iar notions of differential geometry.® For convenience
we will assume space—time is topologically trivial. The
extension of our results to nontrivial topologies will be
fairly obvious.
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A four-dimensional manifold can support five differ-
ent sorts of covariant tensor fields antisymmetric in all
indices: scalar fields, vector fields, and antisymmetric
tensor fields with two, three, or four indices. Antisym-
metric tensor fields with five or more indices vanish
identically. We will call each such field an n-chain,
where » is the number of its indices. By exterior
differentiation we can map the set of n-chains into the
set of (n +1)-chains, That is if we represent an arbi-
trary n-chain by f"'), exterior differentiation by V, and
the components of /' in a coordinate basis by fi7...,.,
we have

0
[Vf(O)]u, — éFf(O)’

3 ?
[Vf(“]uvzé}ﬂ M= el

2.1)
d d d
[V Pun=550 - 555 fxzx)—a_xx AR
2 d G d
[V Plune =55 Ro = 55 il =55 Fille = 55730

Each 7** is mapped to 0 by this operation. On the other
hand, by taking divergences, each n-chain can be
mapped to an (n — 1)-chain. Representing the divergence
operator by — A and converting it to a form convenient
for use on antisymmetric tensors we have

[AF @]t it = = (= g)1/2 T g e,
X

2.2)

where the quantity g is the determinant of the covariant
metric tensor g,, which we choose to have signature
(+---). The result of A acting on any 0O-chain is de-
fined to be 0. Definitions (2.1) and (2. 2) yield the
identities

vvfim=o, (2.3)
AAf™ =0, (2.4)
for all £,

Next let us define an invariant inner product between
pairs of n-chains

n 1 oty n
(f( ’fh(")>=,ﬁ fd4x(_g)1/2f(n)u1 u"hf‘1)°°.u". (2.5)

It follows that if all the chains we consider are required
to vanish sufficiently rapidly at «, the operation Vis the
adjoint of A:

<f(n-1) lAh(n)>___ (Vf(n-1) \h(")>' (2. 6)
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This relation is a version of Stokes theorem.

But at each point in space—time an n-chain withn =1
may be considered the tangent to an oriented n-dimen-
sional surface. Thus the full z-chain may be thought of
as a formal superposition of n-surface tangents each
weighted with an appropriate coefficient. This picture
can be extended to include n =0 by considering a point
to be a 0-dimensional surface and defining the tangent
to a point to be a real number, Consider the n-chain,

n 21, giving the tangent to a single oriented n-dimen-
sional surface = parametrized by the map v; = x*(v;),
where 7 runs from 1 to »,

f(")“'l“'”" (Z):(_g)-i/Zﬁdny 5(4)[2 _x(y)]

B(x*1 e v aghn)
Ay eme v,

The multiplicative factor (- g)'/? is necessary to make
7' a tensor and

a(xul cen x“’ﬂ)

CISTRERS )
is the Jacobian of the map (y;,...,v,)~ &*!, ... %" ™
For a point x we will choose the correspondingf‘“’ to be

f(O)(z) :(—g)'1/26(4)(2 _x).

If we now evaluate [Af ]*1""*#»-i for the tensor f
the surface T, we find we have obtained the (n — 1)-sur-
face tensor of the boundary of £. For example, for a
tensorf‘z’ representing a 2-surface parameterized by
vy and ¥y, both running from 0 to 1, we have

(n)

[Af(Z)]v(Z)

3 1 1
:—(—g)-l/za_ﬂ_f f dyldygé(“[z—x(y)]
z 0Jo
X(ax“ ox®  ax¥ ax“)
vy 9y, 0¥y ¥y

35'V(z - axV
—( 1/2[ f dyldyg( [ay1 x(9)] o

_66(4)[z—x(y)] ax” >

AP 3y

-1/2 ! ) 9%
=(-g) dy; 5[z - x(y)]
o 31 dyy0

. ! ax*

+(—g)“2f dy, 5¥lz - x ()] 3 ]
Q y2 y1=l

+ (- g)'“zf1 0dy1 59z - x(y)] X

+(—g)‘”2j: Odyg 8z - x(v)]

Thus we will refer to A as the boundary operator and
its adjoint ¥V as the coboundary operator.

Finally let us examine the action of the inner produce
on the tensor f"" of a single surface Z for which the
number, s, of linearly independent spacelike tangent
vectors is the same at all points, Now the inner product
we have defined actually gives infinite norm for a sur-
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face of 0 thickness and dimension less than 4. However,
by giving the surface a small thickness greater than 0
and then compensating for this thickness with an appro-
priate normalization, a useful finite result can be ob
tained. Lety,...,y, parametrize Z and let y,,4,...,¥,
parametrize a family of nearly identical copies of Z dis-
placed from each other slightly in the direction ortho-
gonal to . Define the proper (4-n)-dimensional measure

of the region ' swept out by v,,(,...,V, at fixed
Viyen .,y to be m (),
m (B :f ay ., -
o
. 1 A ™ M) gL kT
(4—1’!)' a(yn¢1"'y4) a(ym-l"'y/l)
1/2
Xg”'rnl”nﬂ. * ’gu4v4l ’ (2‘ 7)
and require m‘*""(Z’) to be the same for all y;,..., ¥,

For n=4, m‘*™(S’) is defined to be 1. Then the normal-
ized n-surface tensor
U-n)

f‘"’“v““nm:x(—g>"2fd4y ol "‘(”]%

A= [(4=n)tmy (]2

.. x“4) a(x”mi Ve xV4) 1/2

a(x”mi R
a(ym . -y4) g“ml"ml' ) .g“4“4

a(ym»l e y4)

yields the value

(f(n) }f(n)>_\__(_ 1)5717(")(2),

where, for n=1, m™(Z) is the proper n-measure of T
given by an expression of the same form as (2.7), and
the proper 0-measure of a point is defined to be 1.

The preceding ideas can be applied to electrodynamics
immediately. The electromagnetic field F is a 2-chain
and therefore corresponds to a weighted superposition of
two-dimensional surfaces; the vector potential A is a
1-chain and therefore a superposition of lines. Max-
well’s equations are

VF=0, AF=0 (2.8)

and state that both the boundary and coboundary of the
electromagnetic field vanish, and the relation between

FandA4,
F=VA, (2.9)

states that F is the coboundary of A. An action integral
which yields (2, 8) is

A =(VA|vA)
if (2.9) is taken as the definition of F.

(2.10)

3. ELECTRODYNAMICS IN A SIMPLICIAL COMPLEX

We will now replace continuous space—time with a
form of discrete space—time which can be equipped
with a natural set of n-chains, a boundary operator, an
inner product, and a coboundary operator, and these in
turn will allow us to reconstruct electrodynamics.® The
mathematical designation for the discrete space—time
we will describe is a “simplicial complex.®”
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Let S, be a set containing at most a countably infinite
number of elements. For convenience we will take S, to
be either the integers or a proper subset of the integers.
For eachn=1,...,4 let S, be a set of (n +1)-tuples of
elements of S,. We require that if {¢y,...4,,}, n=1, oc-
curs in S,, then each subset of {i;, ..., %} is an element
of some S,,, m <n. From every element of S, form all
possible distinct ordered (n + 1)~tuples. These will be
written [4,, ..., 4] and may be thought of as oriented n-
surfaces. Each will be called an n-simplex. By allowing
n-simplexes to be formally multiplied by arbitrary real
numbers and then forming finite sums of such quanti-
ties, the collection of n-simplexes can be turned into a
vector space. A vector in this space will be called an n-
chain and written ¢, If [j(,...,jn.1] iS 2 permutation of
[i,...,%5], we assume

[ji’ “ee ’jml]: (" I)P[ily csey im-l]’
where P is 1 for an odd permutation and 0 otherwise.
Each ¢ can be written in the form

( ) ( - . . .
' = 22 MGy et lils oyt (3.1)
Uigrenering 1€ U,

where ¢™ (4,,...,%,,) is a real number and the set of
oriented simplexes U, contains exactly one (arbitrarily
chosen) ordering [74,...,7.:] for each

{ii, CECIE in+1}€ Sn-

A boundary operator A taking any c¢'® into some ¢
can be defined as follows. For an individual n-simplex
assume

(n=1)

n+ ~
A{il) sy inol]zjz}("' l)j’l{ih sevy ij! e )ind]! (3- 2)
where the symbol {, indicates ; has been omitted and the
result of omitting i from the 0-simplex {7] is 0. The ac-
tion of A on an arbitrary n-chain is gotten from (3. 2) by
requiring A to be linear. It follows that

AAC(")ZO (3.3)

for ali c¢'™.

Next we will construct an inner product {ct™ [d) on
n-chains. For any individual z-simplex assume

<[i1: e ’inﬂ.]l[ib e )in#1]>=“(i1> R (3-4)

where W(4,...,4,) is a real number; for each pair of
simplexes differing in the set {i,,. .., 4, from which
they are formed assume

([ib' '7ino1]|[jly--"jn+1]>=0- (3-5)

For any 0-simplex [7], u(?) is chosen to be 1. Forn
21, u(y,...,14, ) can be either positive or negative,
but for convenience we exclude p(iy,...,%,4)=0. Those
n-simplexes with negative measure may be thought of as
containing an odd number of linearly independent space-
like vectors. The inner product between arbitrary n-
chains is gotten from (3. 4) and (3. 5) by requiring
'™ 1d"™) to be linear in each of its arguments. The
coboundary operator V can now be defined as the adjoint
of A with respect to the inner product. Equation (3. 3)
combined with the restriction p(é,...,%,,)#0 for all
(43, ..., 4l € U, implies
vvc(n) =0
for all ¢™,

siml)’

(3.6)
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Finally we must impose a number of constraints on
the structure of the simplicial complex to insure that it
adequately approximates a curved four-dimensional
space—time governed by a metric with signature
(+ - ~~). First we need a pair of “topological” require-
ments: each (n - 1)-simplex must occur in the boundary
of at least one n-~-simplex, forn=1,...,4, and each
3-simplex must occur in the boundary of exactly two
distinct 4-simplexes. These conditions imply, roughly
speaking, that the complex will not have any isolated
regions of dimension lower than four, any boundaries,
or any “joints” which would require a space of dimen-
sion higher than four for a local embedding. The signi-
ficance of the two conditions we have just given can be
pictured more clearly by considering the effect of cor-
responding requirements on a complex composed only
of 0-, 1-, 2- and 3-simplexes, It can be proved5 that if
these conditions are fulfilled then there is necessarily
some curved, continuous four-dimensional space—time
which can be covered with the simplicial complex in such
a way that each 4-simplex is assigned to a unique singly
connected 4-volume, each 3-simplex assigned to a
unique singly connected 3-volume and so on.

We will also need a second set of constraints which
are “metric,” Consider a single 4-simplex [4,...,%;]
and all the 3-, 2-,; 1-, and 0-simplexes which can be
formed from subsets of {i;,...,45}. Let us embed this
collection of simplexes in flat Minkowski space by as-
signing each 0-simplex [ j] to a point p(j), each 1-sim-
plex [j,7,] to a straight line p{j,7,) running from p(j,)
to p(j,), and so on. If p*(4) are the Minkowski space
components of p(j), each n-simplex can be assigned to
an n-indexed antisymmetric surface tensor by the
relations

M* (1,72 =p* (5a) = p* (451),
MU (G e Tet)
=M e Gnet Tty )
= MU (G Gy e ety Tret)DM PR (G, 5)
o0 = MU (G Gaats oo Tt FdMER(G 4, o)

Then let the function N{j, ..., j.4) be given by

N(]i,"-’]ml):n_!M“i un(]l!"-ijml)

x Mvi.'w"(jty s ,]'M)Tlulvl ce nu"uni

where 7, is the Minkowski metric., From N(j,...,7m1)
define a signed proper n-measure for each n-simplex

by
. . N( j 3o .'H )

By ’]noi)—m .
It follows that for each n-simplex, [ (4;,...,jn) ] can
be expressed as the absolute value of a homogeneous
polynomial of degree 2 in the set of 1-measures
p(j1,75). Let us abstract this set of equations and use it
to determine each [ (j{,... i), #=2, in (3.4) from
the set of u(jy,7,) in (3.4). In addition, since the embed-
ding we have made is in flat Minkowski space with sig-
nature (+- ~ - ), the quantities p(ji,...,j,) in (3.7)
fulfill a set of inequalities. For example, the 4-measure
pléys ..., 45) must be negative, and if three 1-simplexes

3.7
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with positive measure form the boundary of 2-simplex,
then the measure of the 2-simplex must be negative.

Let us also abstract this set of inequalities and impose
them on the measures in (3. 4). Once the various metric
constrains we have just described are imposed, the sim-
plicial complex’s inner product (<« | +++) acting on 1-
chains becomes the discrete version of the metric tensor
g4, of curved continuous space—time,

We can now construct electrodynamics on the simpli-
cial complex simply by reinterpreting each of the quanti-
ties in Egs. (2.8), (2.9), and (2.10). If F is a 2-chain
on the simplicial complex, A the complex’s boundary
operator, and V the coboundary operator, then Eqs.

(2. 8) become the simplicial complex’s version of Max-
well’s equations. If A is now a 1-chain on the complex,
(2.9) is again the relation between the electromagnetic
field and potential. Using the complex’s inner product

(2.10) becomes a satisfactory action integral, We have

54 =(VbA|VA)+(VA|V5A)

=2(Y5A|VA)=2(6A |AVA) =0, (3.8)
but since we assumed none of the (i, ...,4,) in (3.4)
are 0, (3.8) implies

AVA =0. (3.9)

Using (3.9), (3.6), and (2.9) we obtain (2. 8).

4. ELECTRODYNAMICS AND GENERAL RELATIVITY

A formulation of general relativity on a simplicial
complex developed in Ref. 1 can be described as follows.
The metric tensor of continuous space—time g, is re-
placed by the inner product of the simplicial complex
acting on the set of 1-chains, while the curvature tensor
R, .5 is replaced by a symmetric bilinear form
Rlc*®, c®’] on the set of 2-chains of the simplicial com-
plex. Using the inner product on the set of 2-chains, the
bilinear form R[c‘??, ¢'¥’] can be related to a linear oper-
ator R on 2-chains:

R[C(Z) C(Z)r] — (C(Z) IRC(Z)'>.
If {4,7,k]* is the dual to the 2-simplex [4, j, k] given by
the linear map

(i,7, k¥ : ¢ —=([4,7, k]| c®),

then, in obvious notation, R has the diagonal form

R= 2

[ 4 RIE Y,

NN N NN
RG,j, R G5h)

b

where R(i, j, k) is a real number which can be expressed
as a function of the values of the inner product on the
set of 1-simplexes, p(é,7). Using R or R(Z,j, k) the ac-
tion integral of general relativity becomes

r®) = 5 (li,j,#1|R[,4,%])
i, 51 8IE U,
= 2, R@G,jRWG,j k). (4.1)
U,4, RIE U,

Einstein’s equations are gotten by requiring

3Tr(R)
su (i, §)
for all [4,7] < U;.
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An action for interacting gravity and electrodynamics
can now be obtained simply by adding (4. 1) to the action
for electrodynamics in Sec, 3,

A=TrR)+ (VA |VA). (4.2)

If we vary this with respect to A, Maxwell’s equations
(2. 8) are reproduced again. Varying with respect to
w(i,j) for all [i, j]= U, we obtain the interaction version
of Einstein’s equations. The first term on the right side
of (4.2) yields

5TrR)
o (Z,7) 1,4, #IEU,

SR(i’,i', k' P
——6%#;)—1 MRS

o ouE’, 7', k")
R ’ ’ ’ 7. 4 .
@,5',k )—*—L—Gu(z,j) , (4.3)
but it is shown in Ref. 1 that the first term on the right

side of (4. 3) vanishes. In addition, the “metric” con-
straints imposed on the complex in Sec. 3 give

16 (4,4, k)% = |20 (1, )2 (4, k)% + 20 (4, B2 (4, k)°

+ 2

[i',j'.k‘]EU2

+2u 0, R, 5) - G, 0) - w(, k)t - (i, k)Y
(4. 4)
and p(7,7, k) has the same sign as the argument of the
absolute value. The second term on the right of (4. 3)
becomes

STrR) _ x

— = R(i,7, k)i, j
8uli, 1) " ti,4,0E U, 75 k) (@, 7)

bl R+ 0 k) - p )]

T(@,7, k)] ' (4.5)
Varying (VA | VA) with respect to u(i,j) yields
5(vA 1vA)
o (i, 4)
b (Alaf, 7, kD<Al j R ]1A)
T oudi,7) Li*, 4,01 1CU, w(i’, 3’ k")
_ vAlli,j, k') (i, j,k'11VA) . .
= [g,j,kl]EU.z{ '8H(i,]’,k’)al I.L(l,])
X [, B+, k)R- u(i,j)zl}
+2<A I[#,7])<[%, 7] 1avA) _ (4.6)

w77

Using Maxwell’s equations and combining (4.5) and
(4.8), the interacting version of Einstein’s equations
for the simplicial complex can be written

z,4, k1IR3, 5, k'])

[i.J.k']EUz{

(n,j,&"]
[, k' N VAN VA 1[G, 4, 1)
TG, R

X [w( BN+ G, k)= p, )] =0 @.7

for each [i,7] U where the sum is carried out over k',

Solutions to (4.7) can be interpreted as approximate
solutions to the differential equations of continuous in-
teracting gravity and electrodynamics by a straight-
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forward extension of methods described in Ref. 1.
Roughly speaking, each 4-simplex is mapped into flat
Minkowski space, then continuous fields are constructed
from corresponding discrete quantities by smoothly in-
terpolating each from the simplexes on which it is de-
fined onto the remainder of Minkowski space. The de-
tails will not be given here.

5. QUANTIZATION

The theory described so far is classical. We will now
consider quantization using a Feynman path integral.

If the simplicial complex and its inner product are
assumed given, the electromagnetic field by itself can
be quantized without great difficulty. For convenience
let us restrict the set of points S; on which the complex
is based to be finite, The various other requirements on
the complex, given previously, remain unchanged.

The first candidate for an n-point function is the
integral

T[A(ZD]I) °ee A(lm]n)]

_ [ [ dAG, /)] exp((VAIVA)) Tl AGy,j,), (5.1)
[1,1]CU1 1=1

where A(7,j) is defined by (3.1). But if A is an arbitrary
0-chain, Eq. (3.6) implies the action (VA |VA) is invari-
ant under the gauge transform

A'=A+V, (5.2)

The orbit obtained by applying all such transformations
to a fixed A has infinite volume. Therefore, (5.1)
diverges. This difficulty can be corrected by an adapta-
tion of the work of Fadeev and Popov. ®

Since the complex is finite the subspace of 1-chains,
¢, which can be expressed in the form VA is finite
dimensional. Let the set of 1-chains ay,a,, »-- form a
linearly independent basis for @ and let
ay,a,...,A,A,, --- form a linearly independent basis
for the entire space of 1-chains. There are many differ-
ent ways Ay, A, - - can be chosen. Each possible
choice is equally good for our purposes. An arbitrary

1-chain ¢‘!’ can be written in two distinct forms
M= 22 6,55l (5.3)
L, /1€ Uy
1 — Z; C(“(k)Ak‘f’E C(l)l(k)a (5' 4)
k k

The relation between the two sets of coefficients is a
linear transformation

VG, ) =20LG,j k) eV (k) + 20 LG, 5|k P (R),  (5.5)
R R

where
L@, j|k)=u, i) ([4,5]]A,),
(6,51 k) =, NN, 1] ap).

If D is the determinant of the linear transformation
(5.5), the integral in (5.1) can be rewritten

Dg[fdA ]H[fdA'(kz) exp[zE A(I)A ()
1

1'2
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><<VA,IIVA,2>]5 [Z 2t 24 )
m=11 p

+ L iy o Ip)A'(p)]. (5.6)
»

The coefficients A’(k) do not appear in the argument of

the exponential in (5. 6) since each a, fulfills Va, = 0.

Therefore, the integrals over dA’(k) in (5.6) diverge.

We now simply omit these integrals and set each A'(k)

in the remainder of (5.6) to 0. This procedure is equiva-

lent to a choice of gauge in canonical quantization of

continuous electrodynamics. The n-point functions

we obtain will then depend on precisely how the set

A ,A,y, - was chosen, but if the #n-point functions for

A are used to construct z-point functions for quantities

such as VA, which are invariant with respect to the

gauge transform (5.2), the result can easily be shown

independent of the choice of A, A,, *++. Our replace-

ment for (5.6) is now

];I[fdA(k exp[z 2 Al

1)A@LNYA, VA, ]
11,12

m=1

X1l [ZL(zm,ym! )A(p)].
This expression is still not finite, however, since the
equation

22 A()AVA, =0

[
has nonzero solutions and therefore the matrix (VA, /
VA12> has 0 as an eigenvalue. This further dlfﬁculty

can be circumvented by introducing a small “photon
mass” € extremely close to 0.

Our final result becomes

T[A(ih il) e A(in’jn)]

—_—I;I[fdA(k)]exp{ i2 A()A

11

><[<VA;I ’VA12>-€2<A11 ‘A12>]}

x 231[2 LG, lp)A(p)].
m=1] p

This is a Gaussian integral and can be expressed using
the inverse matrix M,,1,,2 defined by

Z) My, [VAkz IVAk3> - EZ(A,:Z lAlz3>] = Oy,

For example, if the vacuum to vacuum amplitude is
T =0 [dA(k)exp)i 22 A(l)A(,)

k '11’2

x [(VAt1 IVA,Z) - €2<A11 IA12>] )
then the normalized 2-point function becomes

T[AGy,51)AG,, i) /T

kZ) L(luhlkt)L(iz,lekz)Mklkz
172
The question which remains is whether path integra-
tion can also be used to quantize the simplicial com-
plex’s metric, given by the collection of 1-measures
K (2,7), or the complex’s topology, described by the sets
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Sg, ... 54 If the complex’s topology is fixed, we would
expect that the set of u(i, ;) could be quantized since
path integral quantization has been carried through, at
least formally, for the metric of the continuous theo-
ry. %" Quantization of the discrete theory may actually
be simplified to some extent by the absence of frame
dependent quantities. Once a path integral has been put
together its behavior could perhaps be determined using
methods similar to those Wilson® has applied to conven-
tional field theories on a lattice. Quantization of the
complex’s topology, however, is a more difficult ques-
tion. I hope to return to this subject elsewhere.

After this work was completed, I was informed that
a similar formulation of Maxwell’s equations on a sim-
plicial complex has been discussed by Sorkin. ? Sorkin’s
version is dual to the construction given here in the
sense that fields in the present paper are represented
by linear combinations of simplexes while Sorkin’s
fields are functions over the set of simplexes.
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Is the Wick square infinitely divisible?
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We derive a sort of Lévy—Khintchine formula for the Wick square of the Euclidean free field in two and
three dimensions and use it to show that the Euclidean Wick square is infinitely divisible. On the other
hand, by analyzing the truncated four-point function we prove that the relativistic Wick square is not

infinitely divisible in any space-time dimension.

1. INTRODUCTION

In a recent paper! it was shown that any field can be
decomposed into (indecomposable) prime fields and an
infinitely divisible field. A field was shown to be infinite-
ly divisible if and only if its truncated n-point functions
are conditionally positive definite, If the generating (or
characteristic) functional E(f) exists, this is equivalent
to E(f)!/" again being a characteristic functional for each
natural n.

Clearly, the free and generalized free fields are in-
finitely divisible since all the truncated n-point functions
vanish except the two-point function. In the following we
investigate the Wick square as another possible candi-
date. It turns out that in the Euclidean case (in two and
three dimensions) it is infinitely divisible, whereas in
the relativistic case (in any dimension) it is not.

This lends support to the conjecture that the relativis-
tic free and generalized free fields are the only infinite-
ly divisible fields satisfying all Wightman axioms. With-
out the cluster property, however, there are a host of
such fields. For example, if W=(1,W,,W,,0¢-) is any
Wightman functional then W= exp(W - 1) is infinitely
divisible and satisfies all Wightman axioms except
clustering. !

2. INFINITE DIVISIBILITY OF THE EUCLIDEAN
WICK SQUARE

Let Hy=— A +m?, where A is the two- or three-dimen-
sional Laplacian. The characteristic (generating, ex-
pectation) functional E(f), f€ /), of the Euclidean Wick
square of a free Euclidean field with mass m is given by

E(f)="{(expli: ¢?: (5]

= exp{- 3 Tr(In(1 - 2i7H;!) + 2ifH ) (2.1)
The matrix identity detA = exp(Tr InA) implies
exp(TrInA™' B) =exp{TrInB - TrlnA)
and thus we obtain
E(f)=exp{- 2 Tr((H, - 2if) - InH, + 2ifH;']}.  (2.2)

It suffices to show that the exponent is conditionally
positive definite,? i.e., 3 XA, InE(f, = f;) = 0 if T, =0,
To do this we use the identity®

- 1Inz =f0° dg—g{exp(— z£) - exp(- &)}

valid for Rez > 0. Thus, with H;' =[5 dfexp(- Hy£), one
gets

E(f) = expl: fO” £ de Trlexp(— Hyk +2itf)
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— (1 +2itf) exp(- Hy£)]} (2.3)

Let K,(x,y) be the kernel of exp(— H;¢). Note that K,(x,y)
> 0. By the Trotter product formula? one has

expl— Hok +2i(f; ~ /) El(x,9)
=lim [ dxy oo dx, Ky %, %)

x expi2il £, (xy) — 7, (x,)J&/n} = o<
XK g jn®no1,y) expl2il £, (9) = £;(0)]E/n}.

Now, the integrand is positive definite in (Z,j) since the
Kg/o's are positive. Equation (2.3) then shows® that InE
is conditionally positive, and thus E is infinitely
divisible.

An alternative proof can be based on finite-dimension-
al approximations of E(f).

Remark: Equation (2. 3) resembles a Lévy—Khintchine
decomposition of the Euclidean Wick square. The indi-
vidual components also determine Euclidean fields. In
general, however, they cannot satisfy T positivity®’ or
Osterwalder—Schrader® positivity by the result of the
next section. Their truncated n-point functions, i.e.,
the #-point functions of the integrand in Eq. (2.3) can
be calculated from the Dyson series

expl(~ Hy +2if)£]
:,,Zjofotdti foﬁdtzo oo fot"-ldt,,exp(— b H,) (26f)

X expl— (Enq = t,)Ho] (24f) <« » (2if) exp[- (£ - t)H,].

After removing the first two terms the series converges
absolutely in trace norm since exp(- tH,)f is the Hilbert—
Schmidt. Integrating over dﬁ/‘g’ leads to the truncated »n-
peint functions of the Euclidean Wick square with con-
vergence in trace norm if max|f}<m? This justifies,

a posteriori, the previous steps.

3. THE RELATIVISTIC WICK SQUARE IS NOT
INFINITELY DIVISIBLE

We consider the Wick square of a relativistic gen-
eralized free field ¢(x) in arbitrary space—time dimen-
sion d. We denote (2, ¢ (x{)¢p(x,)R) by Wix, - x,). We as-
sume that the support of the Lehmann spectral function
p(m?) has the lowest upper bound M? < ®, We will show
that the truncated four-point function of : ¢>2 : {x) is not
positive definite.

By elementary calculation we get
1
wWi x)
=Wy =% )Wy — x W (x5 — 20) W, — /)
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+ Wixg — %)W lxy — x5)}

+ Wiy = x()Wx, = 2)Wlxg — x5) Wxy — %5)
=:UR)+V(x). (3.1)
The Fourier transform of U

Z’(P):f {6(by +a1 +q1)0(py — a1 +43)0(p3 + a5 ~ q3)

X&(py— q2—qa) +3(p1+ q1+93)5(py— g, +q,)

.
><5(P3'ng-43)5(1’4-42-‘14)}I?W(qf)dqi 3.2)

vanishes whenever p} > M? or p3 > M°. This is important
because U by itself is positive definite. Indeed, for &
« S(RY),

Un*oh)=|| fdxidxzh(xhxz)W(xz—xl)
X 1l olxg): Q2= 0.

Now LakefNEND(IRd), j positive on K,.: ={pl I pl <e},
suppf =K., f{~p)=f(p) and define

2ip)i=Fp-a), i=1,..., 4.
Choose’ ¢ =M, and

a,=(V2 + V5, =3,0,++)M,

ay=(V2+V5, 3,0, «++)M,

ag=(2V5, 0, - + )M, @, =(2Y2,0,+++)M.

This implies

suppg; © Vaiy (3. 3a)
and
as - suppW+K, N a; — suppW + K, = ¢. (3. 3b)
With g =g,@ g, +Ags® gy, Ac R, we get by (3. 3a)
HWi(g*®g) = WHgf®gt® g,® gy)
+2 ReV(gi® g0 g;®g,)
+NV (g2 g1 ® g3® g). (3.4)

We remark that
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Vigiogtog,9g,)
:f fdvdwfV(v)VNV(w)ff(u +v—a2)}(u +w—a3)ﬁ7(u)du

X [ flu’ +w—a)f (0 + v —a )W) du (3.5)
is positive, because the integrand is nonnegative, and a
neighborhood of the points!®

u:(\/_ﬁ_, -2,0, '°')M, u’:(ﬁ,l,o, °°°)M;
v=(2,=1,0,« )M, w=(5,2,0,c00)M
contributes to the integral,

On the other hand,

Vigragrog,28,)
:ffdvdwﬁ/(v)ﬁ/(w)]f}(u +v-—c13)f~(u +w - a,)

X W) du |2 (3.6)

vanishes by (3. 3b). Hence for sufficiently negative 2
the right-hand side of (3, 4) becomes negative.
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Universitit Gottingen.
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We give the general solution of multiterm linear homogeneous recursion relations with nonconstant
coefficients, by introducing a new class of special combinatorics functions based on the partition of an
interval into classes. This provides power series solutions, whenever they exist, of ordinary linear

differential equations, of any order, with polynomial coefficients.

. INTRODUCTION

The purpose of this paper is to solve multiterm linear
recursion relations with nonconstant coefficients. This
provides power series solutions, whenever they exist,
of linear differential equations, of any order, with poly-
nomial coefficients. Applications to the nonrelativistic
Schridinger equation with polynomial type central po-
tentials will be published elsewhere.!

Whenever the solution of an Nth order ordinary linear
differential equation with polynomial coefficients can be
expanded in a power series, the differential equation
can be transformed into a multiterm linear recursion
relation. Since, in general, the resulting recursion
relation has nonconstant coefficients, the usefullness of
this type of transformation has up till now been restrict-
ed to cases where the resulting recursion relation is a
two-term one.

For linear recursion relations with constant coeffi-
cients, general solutions exist already, and are ob-
tained via the roots of the associated characteristic
equation. Z On the other hand, for the case of noncon-
stant coefficients, the usual approach is to guess the
solution and, then, prove it by mathematical induction.
This is reasonably easy for two-term recursion rela-

tions, but becomes unfeasible for multiterm relations.®

The general solution presented here for multiterm lin-
ear recursion relations with nonconstant coefficients,
is in terms of special combinatorics functions. These
functions, rather functionals, are constructed from
products of the coefficients with their arguments evaluat-
ed at a number of discrete points, determined by the
partition of a certain interval into classes. The relation
of a combinatorics function to the partitions of an inter-
val, is analogous to the relation of the nth order term
in a scattering cross section to the corresponding
Feynman graphs.

The partitions of an interval into classes are related
to the partitions of the subintervals, differing from it
by one summond, by an abstract linear recursion rela-
tion. This can be most easily and concretely seen by
considering a variation of the “postage problem” of com-
binatorics theory?®:

Given an unlimited number of 3¢, 5¢ and 8¢ stamps,
what are the different ordered arrangements leading
to a total of mg?
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The totality of ordered arrangements each of which
adds up to m¢ can be separated into three sets, accord-
ing to whether they end by a 3¢, a 5¢, or an 8¢ stamp.
Thus,

{2 stamps) = m} ={{> (stamps) = m - 3} + 3}
U{{E(Stamps) =m ~ B} + 5}

U{{>Astamps) = m - 8} + 8}, (1.1)
where {2 )(stamps) =m} is the set of all stamp arrange-
ments, each of which adds up to m¢, and{’(stamps)
=m — k} + k means that a k¢ stamp is added to the right
of each arrangement in the set { (stamps) = - &} thus
bringing up the total to m¢.

The above Eq. (1.1) is essentially an abstract linear
recursion relation, and with a proper choice of mapping
can be represented by a four-term linear recursion
relation. The proper mapping in general, is shown in
Fig. 1, and in the special case discussed above is ob-
tained by the following rules:

(1) Corresponding to each k¢ stamp an arbitrary func-
tion f,(x) is introduced.

(2) Each arrangement of stamps is represented by a
functional F(m) formed as a product of the functions
fe(x) in the following manner:

THE REPRESENTATION OF PARTITIONS
8 s+oq,
Single Element g™ (s+aqy)
o H N $2

+ = g, (%) fa, (s, )

My 8, S *3 SatMy
Partition 9 ay ay ay nad

Sum of Two
Elements

Fe{m,mp)= fg.(l.) 'q’(lg) 'g!(lg) foz(lq)

Union of Two Partitions
m sz my m, s Y mg

ol Tl aul o]

Fq(ml-'“z) + Fé(mlvmz)

FIG. 1. The partitions of an interval (m,,m,) into n parts are
represented by the functionals F2(m,, m,). The functions f, (x),
corresponding to the partitioning subintervals a,, are k
arbitrary.
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(a) For each k¢ stamp in the arrangement, there is
one corresponding £,(x) function in the product.

(b) The argument x, of the function f, corresponding
to the nth stamp in the arrangement is equal to the sum
of the first » stamps.

(3) The set{Y(stamp) =} is represented by a func-
tional C(n1) formed as a sum of the functionals F(m)
corresponding to the arrangements in the set.

The above mapping transforms the addition and union
operations of Eq. (1.1) into multiplication and addition
respectively as shown in Fig. 1. Thus Eq. (1.1) is
transformed into

Clm) = C(m = 3)fy(m) + C(m = 5)f5(m) + C(m - 8)fy(m),
(1.2)

which is a four-term linear recursion relation with
arbitrary nonconstant coefficients. In Secs. 1II and III,
we will formulate these intuitive ideas rigorously.

11. PARTITIONS AND COMBINATORICS FUNCTIONS

If one is ready to proceed intuitively and sacrifice
rigor and precision, the solution of linear recursion
relations can be arrived at rather fast and in a simple
manner. Nonetheless, our choice is to develop the sub-
ject with a certain amount of mathematical rigor and
precision of language. It is our belief that such an ap-
proach will facilitate further development of the theory.

A. Partitions

In this section we will establish the language relating
to the partition of an interval into parts. * The parts
available for the partition form a basic set, 4, of
subintervals:

(2.1)

In all subsequent work, whenever we mention the parti-
tion of an interval into parts, it is to be understood that
these parts belong toA.

A={ay,...,ay}, 0<ay<ay<---<ay.

An interval (my, m,) can be partitioned into n parts
belonging to the set A/ provided that there exists a set
of nonnegative integers,

p:{pl, . vspN}" (22)
satisfying
N
25 aipy=my=my. (2.3a)
in
The number of parts, #, is given by
N
n‘.—_zp{. (2. 3b)
i

When m,=my, Eq. (2.3a) can still be satisfied provided
the p,’s are all zero. This leads through Eq. (2.3Db) to
n=0. Thus, ar intevval of length zevo can be partitioned
info zevo parts.

The infinite set of real numbers M that can be parti-
tioned into parts belonging to 4 will be denoted by /) :

/n—’—{Man, } (2.9

Furthermore, corresponding to each real number M we
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form the set A/(M) given by
/V(lﬂ):{{nl’ Ra, "'}1 Me/h y
o, Mgm,

where »n; ¢ V(M) if and only if M can be partitioned into
n; parts. It is evident that when M &/ no partition is
possible, by construction of /i, and consequently the
set V(M) is empty.

(2.5)

The distinct partitions of M </ into a given number of
parts nc V(M) will be labelled by an index ¢g. We denote
by 4,,(M) the n-dimensional vector whose components
are the positive subintervals §; of the (ng)th partition:

A (M=(8,8;...,5), g=1,..., mx®) (2.6a)
where

M E/n N YIGN(M), 6,‘ €}4, (2. eb)
and

228, =M forg=1, ..., ¢ual®. (2.6c)

LN

Here ¢, (n) is the number of distinct partitions of M
into n parts. According to the above definition, there
is a one to one correspondence between distinct parti-
tions (ng) of M and distinct vectors A (M). Whenever
the interval (m,, m,) cannot be partitioned intc » sub-
intervals belonging to A, then, gm,(n) =0, and the vec-
tor &, (m,—m,) does not exist.

Let /) (M, n) be the set of vectors corresponding to all
partitions of M into » parts,
DM, n)={a, (M), ..., &, (M} (2.7
andD(M) the set of vectors corresponding to all possible
partitions of M:

DOD =46, () neNO; =1, ..., qnuln)},  (2.8)
Z)—(M): v DM, n). (2. 8b)
nEN (M)

Since there is a one-to-one correspondence between
distinct partitions and distinct vectors 4, the set of
distinct partitions of M into # parts is isomorphic to
(M, n), and the set of all distinct partitions of M is
isomorphic to J(M). Furthermore, we denote by

D%, (M, n) the set of all n-dimensional vectors 8,,(M)
whose ath component is @,. We also denote by J /(M)
the set of all vectors 4, irrespective of their dimension,
which have a, as their first component. Finally, the set
of all vectors 4, which have @, as their last component,
will be denoted by J7, (M).

Let A "(M, n) be the subset of # containing all elements
a; not entering any partition of M into » parts, and
A’(M,n) its complement. Then,
A=A M n)UA"M,n) and A (M,n)nA"(M,n)=0.
(2.9

Similarly, let4”(M) be the subset of 4 containing all
elements a; not entering any partition of M whatsoever,
and /' (M) its complement. Then again
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PARTITIONING (5,16) INTO {3,5,8}

noq
5 1316

2 | FL(5,16) = tg(13)15016)
5 8 16

2 2 F2(5,16) = 13(8) fg(16)

( .
31 [ 5 133 ] F5160 t011303) 1518)
F2(5,16) = 3(8) t5{13)45(16)

RS, 16) = 13(8)f{11) 5(16)

FIG, 2. The partitions of the interval (5,16), into the parts
{3,5,8}, and their corresponding functionals. The parameters,
vectors, and sets related to these partitions are given in
Table T, and the corresponding combinatorics functions in
Table IL.

A=A'MDUA"M) and A'(MA"M)=¢.  (2.10)

With each possible partition, (rg), corresponding to
the vector &, (m, - m,) we associate the set of (n+1)
numbers, {s;, s, ..., S,}, given by

S;=8;1=0;, Sy=my, S,=m, (2.11a)
or, explicitly,
i
So=my, S;=my+2 0,
k=1
forn=1and 1sisn, (2.11b)

In the special case where 1, =m,, leading to =0, the
set of s-numbers contains only one element, s,. From
the set of values {so, ..., S, corresponding to a parti-
tion, (nq), of (my, m,), we construct the vector

an(ml’mz) :(809 ey S,,),

vy Gmax(?) - (2.12)

nelN(m,—~my), g=1,..

As an illustration, we show in Fig. 2 the partitions

of the interval (5, 16) into the parts {3, 5, 8. The cor-

responding parameters, vectors and sets are given in
Table I.

B. Combinatorics functions
1. Special combinatorics functions

With the partitioning subintervals® (@, ..., ay), ele-
ments of the set 4, we associate a set of N functions
conveniently denoted by f,,, ..., f,y. Furthermore, with
a possible partition (ng) of (my, m,), we associate the
function®

Fi(my, my) = Hlfo,-(si))
4=

nelN(my=my), g=1,..., Guan), (2.13a)
where the §;, i=1,...,n, are the components of

4, (m,—m;), and the s;, which are related to the 6,

by Eq. (2.11a), are the components of 8,,(m;, m,). When
no partition of (m,, m,) into n parts belonging to A4 is
possible, then, ndN(my—my), Guu(n) =0, and, in this
case, we define
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F‘,’,(ml, mZ):O, ndN(mZ—ml). (2. 13b)

Since gug(n) =0 implies that n &/ (m, - m;) and conse-
quently, according to (2.13b), that Fi(my, m,) is zero,
it is convenient to define:

Fmy, m,) =0. (2.13¢)

It is interesting to note that, when m; =m,, the interval
can be partitioned into zero parts, i.e., #=0, in only
one way, by setting p;=0fori=1,...,N in Eq. (2. 3a).
Consequently, ¢.,.(0)=1 for the interval (m,, m,}. This
fact plays a dominant role in the theory and permits
choosing F%)(ml, my) # 0 since it is associated with a pos-
sible partition. It is convenient to normalize this func-
tion according to

Fimy, my) =1 (2.13d)
Equations (2. 13a), (2.13d) can be combined into a single
equation by introducing an interval 5,=0 and a function
fo=1. Equations (2.13a), (2.13c), (2.13d) can then be
written as

Fgl(ml! mz)
n

I fﬁi(si); nEN("lZ— ml)a q:l, vy qmax(n)’
i=0

0, n&N(my,—my), q=0. (2.14)

By summing the functions F%(my, m,) over all distinct
partitions of (my, m,) into n parts, we obtain the special
combinatorics function of the first kind:

Tmax (n)

Cylmy, mg, )= 3, FUmy, my). (2.15)
q

P

On the other hand, by summing the functions, F?%, over

TABLE I. The partition parameters, and related vectors and
sets, corresponding to the partitioning of the interval (5,16)
into the set {3,5,8}. The partitions are shown in Fig, 2.

Partition parameters

a,=3 a,=5 a;=8 N=3 m;=5 my=16 my—m;=11

Partition vectors
8,,(5,16)=(5,13, 16)
8,,(5,16) =(5,8,16)
8;4(5,16) =(5,10,13,16)
8,,(5,16)=(5,8,13,16)
833(5,16)=(5,8,11,16)
Partition sets
D(11,2)={a,,(11), Ay, (11)} 011, 3) ={844(11),, 8y5(11), By5(11)
£Dan =Pa1,2yu Ha,s)
0h11,2) ={a, (1D} k1,2 =¢ Dj11,2) ={a,(11)}
D311,3) ={ay(11), 85,11} Ji(11,3) = {A5,(1D} LB11,3) =9
{1,2} fork=0,1,2
0411,2,k)= < {1} fork=3,4,5,6,7
[0} for k=8,9,10,11
{1,2,3} fork=0,1,2
0,11,3,0) = <{1} for k=3,4
¢ for £=5,6,7,8,9,10,11

Ay (11) =(8,3)
Ap(11) =(3,9)
A3(11) =(5,3,3)
A3(11)=(3,5,3)
4A;3(11)=(3,3,5)
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all distinct partitions of the interval {my, m,), we obtain
the special combinatorics function of the second kind:

T max (M)

Colmy, my =2, 2,

n aq=0

Fi(my, my). (2.186)
From Eq. (2.14) defining F2(my, m,) it is seen that only
values of n c/N(m, - ;) will give a nonzero contribution
to the summation in Eq. (2,16). Consequently, Eg.
(2.16) can also be written as

Colmy, my) = 2
&\ tmg=my )

Using Eqgs. (2.14), (2.15), and (2.17) and the fact that
Joy=fo=1, we obtain

Cy(my, My, 1), (2.17)

C,(my, my) =Cy(my, w1y, 0) =folmy) =1, (2.18)

2. Constrained combinatorics functions

The special combinatorics functions of the second
kind were obtained by summing the functions F$ (w1, m,)
over all distinct partitions of (s, #,). In general we
can perform summations of the functions F2(my, m1,)
over a set of partitions, of (mmy, m,), satisfying certain
constraints. When the constraint is that the partitions
have »n parts, the summation leads to the special com-
binatorics functions of the first kind. The class of con-
straints we will be concerned with in this section is that
which requires the oth part in a partition to be greater
than a certain value d.

By summing the functions F%(in, m,) over all distinct
partitions of (11, m,) into » parts subject to the con-
straint that the ath part is greater than 4, we obtain the
constrained combinatorics functions of the first kind,

Ct (g, my, 0, d) = 2
"GQa (mg-my ynyd)

Fa(my, my), (2.19)

where {, (m, — my, n, d) is the subset of ¢’'s labelling
those partitions of (#71, m,) into n parts, whose ath
part is greater than d.

On the other hand, by summing the functions F%(m,, m,)
over all distinet partitions, of the interval (my, m,),
subject to the constraint that the first part is greater
than d, we obtain the constrained combinatorics func-
tions of the second kind:

52(7’”1; Wy, ) :2 E (2 20)

) Fi(my, my) .
n ate(mz-ml,n,d)

From Eq. (2.14) it is seen that values of n & N{(m, - »1,)
give a zero contribution to the summation in Eq. (2.20).
Consequently, Eq. (2.20) can also be written as
Colmy, mp, d) = 25 (2.21)
nc /) (mg-my )
Using Eqgs. (2.14), (2.19), and (2.21), we obtain the
simple but, as will be seen, crucial result

Ci(my, mg,n, d).

Colmy, my, d) = Clmy, my, 0, d) =folmy) = 1. {2.22)

Since a4, > 0 is the smallest partitioning subinterval,
the constrained combinatorics functions of the first and
second kind reduce to the special ones whenever 0 <d
< ay. Specifically, for d=0, we have
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TABLE II. Combinatorics functions corresponding to the
partitioning of the interval (5,16) into the set {3,5,8}. The
partitions are shown in Fig, 2.

Special—First kind
C4(5,16,1)=0
C1(5,16,2)=F§(5,16) + F4(5, 16)
Cy(5,16,3) = Fi(5,16) + F1(5,16) + F3(5,16)
C(5,16,n) =0 for n=4

Special—Second kind
C,(5,16)=C,(5,16,2) + C4(5,186,3)

Constrained (with j,=8=>5,>3)—First kind
cl(5,16,2,3) =Fi5,16)
cl(5,16,3,3) =Fi(5,16)

Constrained (with j,= 8=>8, > 3)—Second kind

Cy(5,16,3)=Cl(5,16,2,3) + Ci(5,16,3,3)
Cy(5,16,3) = F4(13) f3(16) +£5(10) f5(13) f3(16)

(2.23a)
(2.23p)

CY (my, my, 0, 0) = Cy Gy, my, n),
Cy(my, My, 0) =Cylimy, m1,).

According to Eq. (2.19) if ¢, (my~ my, n, d) is empty,
the constrained combinatorics function of the first kind
is zero:

C¥(my, my,n,d) =0 for Yy(my~my,n,d) =0 (2.24a)
when n g/ (n, — ), then U, (m, - my, n, d) is empty,
and thus

CY (g, my,n, dy=0 for ndN(my~miy). (2.24b)

Furthermore, if (m,, m;) cannot be partitioned, then
the set VV(my — 11) is empty and consequently n &/ (n,
— ) for any n. Hence according to Eq. (2.21)

Co(nmy, my, d) =0 for (my—my) @M . (2.25)

It is also worthwhile noting that when m, <m,, there
does not exist a set of nonnegative integers p;, i=1,...,
N satisfying Eq. (2.3a). Consequently, the interval

(my, m,) is not partitionable. Thus according to Egs.

(2. 24b) and (2. 25),

CY(my, my,m,d) =0 for m,<m, (2.26a)

and

C,{my, My, d) =0 for my<wmy, (2. 26b)

As an illustration, the combinatorics functions cor-
responding to the interval (5, 16) are given in Table II.

C. Fundamental theorems

We will now prove two fundamental theorems con-
erning the recursion relations obeyed by the constrained
combinatorics functions of the first and second kind re-
spectively. To simplify the proofs, we first introduce
four lemmas,

Lemma 1: For every a,c A’ (M, n), there exists at
least one partition, of the interval M into n parts,
having its ath part equal to a,.
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Proof: Given a positive integer o< and a partitioning
subinterval a, €4 '(M, n), we need to prove the existence
of a partition (zq) of M into n parts (8;, 63, ..., 64, ...,
5,) with 6, =a,. Since a, <4 (M, #n), then by construction
of A’(M,n), there exists at least one partition (nq’), of
M into n parts, which includes ¢, as one of its parts. Let
this part be §;=aq,. If i=q, then g=¢' and the lemma
is proved. If i #@, then the exchange of the intervals
6] and 8, leads to another possible partition of M into
n parts, since the total number of partitions is still »
and their sum is still M. The rearranged partition (nq)
is given by 6,=06 for j#i and j#a, 6,=0,, and 5,=5].
Thus 6 ,=a,, and the lemma is proved.

Lemma 2: The set of partitions of M into » parts can
be divided into nonempty disjoint subsets which are in
one-to-one correspondence with the elements of A (m, n).

Proof: Corresponding to each a, <4 '(M,n) we form
the subset of partitions, of M into n parts, whose ath
part is a,. The elements of the subset corresponding to
a, are represented by the vectors A,,= /)7 (M, n). On
the other hand the partitions of M into » parts are
represented by the vectors 4, /) (M, n). What we need
to prove is the following:

(i) The subsets [)Z‘k (M, n) are nonempty and disjoint,

Qz‘k(M, n)#Q for a,eA (M, n) (2.27
and
D% (M, n)ﬂDf,‘j(M, n) =0 fori#j (2.28)

(i) D (M, n) can be divided into the subsets [)‘;‘k(M, n),

DM, n)= U

o (M, n)
aCA " Hm B

(2.29)

(iii) The correspondence between D"‘ (M, n) and a,
€A'(M,n) is one to one.

According to Lemma 1 the subsets /J)§ (M, n) are non-
empty for a,cA’'(M,n). Thus Eq. (2. 27;2 is established,
Furthermore, if A, ¢/)% (M, ) then its oth component
is equal to a;, 5, =a;. Since the a,’s are all different,
then, for j#i, a; #a; and hence 6, #a;. Consequently,
A, ¢0;,(M,n) for any j#i. Equation (2.28) is thus
established.

Every vector belonging to /) (M, n) is made up of parts
belonging to 4'(M, n), by construction of the later. Spe-
cifically the ath part of every vector 8,, c/)(M,n) is
equal to some element a, c4'(M, n) and consequently
A, €05, (M, n). Conversely, for every a,c4’'(M,n), a
vector 4,, c/; (M, n) corresponds to a partition of M
into » parts and hence belongs to /[ (M, n). Equation
(2.29) is thus established.

Finally, since for every a,cA'(M, n) there exists a
nonempty subset Jg (M, ), and since two subsets
DM, n) ) and D3 (M ), corresponding to two different
elements of A’ (M n), are distinct (actually disjoint),
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AWM, ),

then the correspondence between the subsets )% (M, n)
and the elements a, of 4 '(M, n) is one to one.

Lemma 3: There is a one-to-one correspondence be-
tween the partitions of M into » parts and having their
ath part equal to a,, and the partitions of (M - @,) into
(n—-1) parts.

Proof: (i) Case n=1: A partition of M into one part
is possible, when M =a, for some a,= A. Since the a,’s
are all different, then there exists only one possible
partition of M into one part. Furthermore, the interval
M - a, has length zero, and thus can be partitioned into
(n~1)=0 parts in one and only one way. Consequently,
the one-to-one correspondence is trivially established
in this case.

(i) Case n> 2: Consider a partition (8, ..., 6,1, @»

Buyugs + o+ » Oy) Of M into m parts with 5, =a,. Then the
partition

(8, .o vy Opt) = (84, ..., By 1y Bauty vty ) (2.30)
is a partition of M - g, into n — 1 parts, since

n-1 n

2 0= Et‘)i>_6a:M-ak. (2.31)

iz i<

Furthermore, two distinct partitions, (ngy) and (ng,),
of M into n parts and having 6, = a, must differ by at
least one subinterval, say 0 # 6%, for some ! # @, Thus,
they will lead to two distinct partitions, (# -1, g;) and
(n-1,q3), of (M-a,) into (v - 1) parts, according to the

correspondence established by Eq. (2. 30).
Conversely consider a partition (8, 8, ..., 6,4) of
(M = a,) into (n—1) parts. Then the partition
(61, o0y On) = (61’3 ey 6&-1’ (lk’ éc’y, 0oy 67’]_1) (2- 32)
is a partition of M into » parts since
n=1
5¢—<Z 6)+ak:(M-ak)+ak. (2. 33)
_1
Furthermore, it is obvious, according to Eq. (2. 32),

that two distinct partitions of (M - a,) into (n - 1)
lead to two distinct partitions of M into » parts.

parts

Thus the correspondence established in Eqs. (2.30)
and (2. 32) is one to one.

Lemma 4: An interval (M - a,), with @, 4, can be
partitioned into (n=1) parts (= 1) if and only if the
interval M can be partitioned into n parts and
a,c A'(M,n).

Proof: The above lemma can be restated as follows:
-1 ecNM=-a,) <=ncNM and a,cA' (M, n).
(2.34)

(i) neN(M) and a, cA'(M, n): Then, by construction of
there exists at least one partition, of M into

n parts, which includes a, as one of its parts. The ex-
istence of a corresponding partition of (M - @,) into
{n~1) parts is then guaranteed by Lemma 3. Hence
n-1)ecNM~a,).

(ii) (- 1) e V(M - a,): In this case (M - a,) can be parti-
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tioned into (n — 1) parts. Then, by Lemma 3, there exist
into (n—1) parts. Then, by Lemma 3, there exist
corresponding partitions, of M into n parts, having

one of their parts equal to q,. This means that ne /(M)
and a,« A'(M,n).

Theorem 1: Given an interval (j, m), j<j;, and a set
A of partitioning subintervals, then

CiG, m, n, jy-j) = quf%(m)ci(i, M=y, n—1, 5o~ 7)

R E
(2. 35)

for m >jyand n=1,

the summation over

Pyoof: According to Eq. (2.9),

a, in Eq. (2.35) can be separated into two parts;
= X + . (2.36)
A e mein) @€ m-dn)

By Lemma 4, Eq. (2.34), if @, @4 (m —j,n), then (n-1)

&N(m - j - a,). Thus by Eq. (2. 24b), Cl(y, m=ay,n-1,
jo=7=0 for aye A (m - j,n). Consequently

> f;k(m)C}(j,m-ak,n—1,]’0—-]'): (2.37)
a4 " (m-jmy

In evaluating the sum over the elements of A'(m - j, n),
it is convenient to treat separately the cases ne /(M - j)

and n @/ (m ~ j).

(i) The case n&/N(m —7): In this case no partition, of
{j, m) into n parts, is possible. Thus, by Lemma 4, Eg.
(2. 34), no partition of (j, w — @,) into (- 1) parts is
possible either, (n~1) d/\/(m - a,-j). Consequently,
according to Eq. (2.24b), Ci(j, m,n,j,~j) as well as
Cl(j, m - ay,n-1,j,—j), for all a, C/?, is zero. Equation
(2. 35) is thus trivially satisfied.

: In this case N(w = j) #¢
We will consider the

(ii) The case ncN(m -
and, consequently, (m - j) C/Vl
cases n=1 and » > 1 separately.

(@) n=1: Then (j, m) can be partitioned into one part;
there exists an a, €4 satisfying
(2.38)

Since the a,’s are all different then m —j# a, for k+#¢
and, hence, A'(m -j,1) ={a,}. Consequently, Q;(m - j,
1, 44— j) is empty unless a, > j,—j. Thus making use of
Eq. (2.38) we have

m-j=a,

@ for m<jy,

Ualm = 4,1, o 3) :{ (2. 39)

11b for m > j.
Combining Eq. {2.39) with the defining Eqs. (2.14) and
(2.19), we obtain

C}U)ms 1)j0—j):{

0 for m < j,

. R 2.40
Fi(]’m):fat(m) fOrM>]0' ( )
On the other hand
E fak(m)ciu:m_aky n—lij()—j)
""kE;(]’(m-j,l)
=/, (M)CYG, m = ay, 0, 5y = j). (2.41)
From Eq. (2.38) we have m — @, =j. Thus, according to
Eq. (2.22)
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CiG, m=-a, 0,j5~j) =1. (2.42)
Combining Eqgs. (2.36), (2.37), (2.41), and (2.42), we
obtain

Z‘C/Afak(m)ci(i, m = ag, 0, o= ) =, (m). (2.43)

Gk_.
Comparing Eqs. (2.40) and (2.43) we find that Eq. (2.35)
holds for n=1 provided that m > j.

(b)n>2: For this case we will present the main steps
in the derivation in succession, and justify the passages
from one step to the other subsequently. Our starting
point is the definition of the constrained combinatorics
function of the first kind:

CiG, m, n, jo~j)

= 2 F2(j, m) (2. 44a)
GEQ.lm_j,n,jo-f;
= 2 Fig,m)
AmE[) (m=j ,n)
6134 =i (2. 44p)
= 2 2 Fi(j, m)
8,C 47 tm-i\m) B, Ef)g tmeiym)
61>3 -7 (2. 44c)
= L 2. 5
a4 1 tm-d ,m) f“k( )A C[)" (mei n)i=0 f5 (s4)
612797 (2. 444)
= Z f. (m) z} n-1
%A (maj,m) % Bna1 NED (m=j -ty n-1) I fs.(si))
8127~ i=0 !
(2. 44e)
2 2
ﬂkCA (m-j,n) f (m n-l,qd)<""j'“k1”'1)
61> (-J
FlaG,m-a) ) (2. 44f)
= 5 ( D)
ahg',q'_(lm-j,n) fak(m)qegl(m-j_-jak,n-l,jo.j)
Foal,m- ak)> (2. 44g)
or
C}(]) m, n!jO‘j)
= > f,,k(m)C{(j,m—ak,n—1,j0—j). (2.45)
aycA | majn)

Summing over the elements of ¢1(m - j, n, jo—7) in Eq.
(2.44a) guarantees that the summation is performed only
over those partitions, of (j, ) into n parts, whose first
part 8, is greater than j;—j. A partition (xq) of the in-
terval (j,m) can be represented by the vector &, (m —j)
whose components are the parts of (nq). Hence the
summation can be equivalently performed over the sub-
set of vectors A, belonging to [ (m - j, n), whose first
component is greater than j,-j, as in Eq. (2.44b).

The passage from Eq. (2. 44b) to Eq. (2.44c) is al-
lowed by Lemma 2 as expressed by Eqs. (2.27), (2.28),
and (2.29), with a=n. )] (m-j,n) is the subset of vec-
tors belonging to /) (m ~j, n %) which have their nth com-
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ponent equal to a,. Since the constraint 8, >jy -7 is on
the first component of the vector AW’(m —3), and since
we are considering the case > 2, then the nth compo-
nent §,=a, is unconstrained. Thus the first summation,
over the elements of A'(m ~ j, n), in Eq. (2.44c) is un-
constrained. It is rather the summation over 4,
elg,(m — j, n) that is constrained by & >jo-j.

Equation (2. 44d) is obtained by using the definition
of the function F,} as given by Eq. (2.14) and remember-
ing that we are dealing with the case nc/N(m - j).
Furthermore, fﬁn(s,,) =/f4,(m) has been taken outside the
second summation, since the nth component 5, of all
vectors 4,, entering the summation is a,, and since s,
= is the same for all partitions.

The passage from Eq. (2.44d) to Eq. (2.44e) is made
using Lemma 3, according to which there is a one-to-
one correspondence between the partitions of {j, m) into
n parts ending by @,, and the partitions of (j, m - a,)
into n -1 parts. It is worth noting that inside the second
summation in Eqs. (2.44d) and (2. 44e), the last com-
ponent of the vectors 4,, and 8,, is not needed to evalu-
ate the summonds. Thus, in going from a summation
over n-dimensional vectors to one over {n - 1)-dimen-
sional vectors, by dropping the nth component, we do
not lose any of the information necessary to evaluate
the sum,

Since we are considering the case nc/AN(m -7, and
since in Eq. (2.44¢), a,cA (m -4, n), then according to
Lemma 4, (n~1)eA(m-j—a,). Thus, using the defi-
nition of the function F,} as given by Eq. (2. 14), and
noting that s,_; = - a, for all terms in the second sum-
mation of Eq. (2.44e), we obtain Eq. (2.45f).

The summation over the subset of vectors 4,1 « Whose
first component is greater than j; - j, and which belong
to)(m=j~a,n-1), is equivalent to a summation over
the partitions (n ~ 1, ¢} belonging to Y (m —=j—a,, n~ 1,
jo=7). Thus Eq. (2.44f) can be rewritten as in Eq.
(2.44g). Finally Eq. (2.45) is obtained by using the de-
fining equation of the constrained combinatorics func-
tions of the first kind, Eq. (2.19).

Combining Eqgs. (2. 37) and (2. 45), we find that Eq.
(2.35) is satisfied for n= 2. This completes the proof
of Theorem 1.

Theorem 2: Given an interval {(j, m), j<j, and a set
A of partitioning subintervals, then

(_:2(7, m, jo—4) = E fak(m)éz(f, m - a,,,]'o—j) (2.46)
1S
A

for m > j,.

Proof: In order to achieve a better understanding of
the limitations of the theorem, we will treat separately
the four cases m <j, m=j, j<m<j, and m >j,.

(1) The case m <j: In this case C,(j, m, jo~j) =0 ac-
cording to Eq. (2.26b). Furthermore, since all a,’s are
greater than zero, then m - a, <j for all g, eA. Conse-
quently for all a,cA, C,(j, m - a,, j,—j) =0 also. Hence
Eq. (2.46) is trivially satisfied. Thus, the theorem is
also true for m <j. But, in this range of 7, the theo-
rem has no content and is of no interest.
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(ii) The case m =j: Then m - a, <j, and hence
C,(j, m = ay, jo—j) =0 for all @, ¢ A according to Eq.
(2.26b). Thus, the right-hand side of Eq. (2. 46) is zero.
On the other hand, the left-hand side is equal to one
according to Eq. {2.22). Hence, Eq. (2.46) does not
hold for m =j.

(iii) The case j<m<j,: In this case m —j < jo~7,
and hence there are no partitions of (j, m) with 6, >j, - ;.
Thus Q,(m = j,n,jo—j) =0 for all n, and C,(j, m,j,—7)
=0 according to the defining Eq. (2.20). On the other
hand, there is no guarantee that m - j — a, will not turn
out to be zero, for some a,c A, thus leading to an inter-
val which is partitionable into zero parts. This will
permit bypassing the constraint 5, > j - j, and leads to
a C,(j, m —a,,jo—7)#0. Hence Eq. (2.46) is not guar-
anteed to hold for j <m < j,.

(iv) The case m > j,: Since j < j,, and m >j, then
w —37>0, and no partitions of (j, m) into zero parts are
possible. Hence in this case n> 1.

(@) (m —7)&/h : Then (j, m) cannot be partitioned. That
is A'{m - j,n) =@ for any n; none of the elements a, of
A belongs to A’ (m — 3, n). Thus, according to Lemma 4,
(j, m - @,) cannot be partitioned into » — 1 parts for any
n. That is (m - j-a,) &/ . Thus according to Eq. (2.25)
we have C,(j, 2, jy— 7} =0 and C,(j, w - a, jo—7) =0 for
a,cA, and Eq. (2.46) is again trivially satisfied.

(8) m ~j) /M : In this case Eq. (2.46) is not trivial.

We will present the main steps in the proof in succession
and give their justification afterwards:

(_:2(7'; m, jo_j)
= 2 GG, mn,jy-j) (2.47a)
nE/V(m-j)
= 27 U fo,mClG,m=a,n-1,j,~j) (2.470)

AEAM-1) S SH

= E (fu (m) Z; C}.(]’ 7”—ak1n-15j0_j>> (2-470)
g N & nc Nim-j)
= Z’(fak(”") E C%(jym_akyn_lyjo—j)>
BN n-1)E N (mmj-ay, )
(2. 47d)
Cyli, m, jo - )
(2.47e)

= fak(m)ca(jym-ak’j()'j)-
BpEA

The starting point Eq. (2.47a) comes from the rela-

tion between the constrained combinatories functions of

the first and second kind as given by Eq. (2.21).

As we have already shown, for the case m >j, at hand,
n=1 and consequently the conditions for the validity of
Theorem 1 are satisfied. Thus using expression (2. 35)
to replace Ci{j, m, n, j,—j) leads to Eq. (2.47b).

The summations cver @, A and ne/N(m - j) are in-
dependent of each other and can therefore be exchanged.
Furthermore, f, (m) is independent of n and can be taken
outside the summation over n. We thus obtain Eq.
(2.47¢).

According to Lemma 4, (n-1)e/N(m -j - a,) implies
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that n e AV(m ~7), for a, 4. Thus

{n; =1 eNm -j,a)t {n; neNim -} (2.48)
and consequently
2 CiG,m-ayn-1,j,-7)
ne Nim=i)
= b Ci(G, m = @y n =1, jy - j)
(=1 N m=3,a5)
(2. 49a)

+ g Ci(G, m = ap,n=1,j,- 7).
n Y N(m-j-ay,)

nC N(mej)

According to Eq. (2.24b) the summation over (n-1)
¢ Nim-j-a), ne Nim -j)in Eq. (2.49a) adds up to
zero. Hence

L CiG,m=-a,n-1,j-7)
nG N(m=j)

(n=1)c N (m-j-ay)

substituting Eq. (2.49b) in Eq. (2.47¢c) we obtain Eq.
(2. 474).

ClG, m ~ ap, n=1,54- ), (2. 490)

Finally by using Eq. (2.21) another time we arrive
at Eq. (2.47e). Thus Eq. (2.46) is satisfied. This com-
pletes the proof of Theorem 2,

I, LINEAR RECURSION RELATIONS
A. Notation

The general multiterm homogeneous linear recursion
relation with nonconstant coefficients can be convenient-
ly written as

N
O =23 [y Mg, 71 gy (3.1)
k=l

where the wth term, b, is related to N terms of lower

rank, b, 4, .. +;bp,,. The numbers 4, ..., ay are posi-
tive integers assumed to be ordered:
0<a < - <ay. (3.2)

The coefficients entering the recursion relation (3.1) are
arbitrary functions of the level m. We have conveniently
denoted the coefficient multiplying the term & by

fa (m).

In general, Eq. (3.1) is valid for w >j, for some in-
teger j,. Then the corresponding initial conditions are
the values of b; , b b which we take to be

0 jo-ls ..
bjpei=Ny 1=0,1,2,. .., ay -1, (3.3)

meay?

jool -ay

B. General solution

The problem at hand is to give an explicit expression
for the coefficient b, in terms of the arbitrary func-
tions f,, (), and an arbitrary set of parameters {},; i
=0,1,2,...,ay - 1} specifying arbitrary initial condi-~
tions. We will give the solution in the form of two
theorems.

Theorem 3: The constrained combinatorics function
of the second kind C,(j, m, j, —j) is a solution of the re-
cursion relation (3. 1) satisfying the initial conditions

180 J. Math. Phys., Vol. 18, No. 1, January 1977

bjO":é"O'I’l’ l:O, 1, 2,...,(1”—1, (3.4)
provided that the rank differences @, are taken as parti-
tioning subintervals and the coefficients f, (m) as the

corresponding functions.

Proof: Let A ={ay, a,, ..
rewritten as

., ay}. Then Eq. (2.46) can be

—_ N —
cz(j, m,jo—j) :Zifak(m)cz(j, m - ak,jO—j)s m >j()'
k=
(3.5)

If for a given j, included between j; and j,— ay +1, we
set

bn=Coli, m,jo=3), F=jodo=1s..rjo—ay+1 (3.6)

in Eq. (3.5), we obtain Eq. (3.1), thus proving that

52(7', m, jo—j) is a solution of the recursion relation for
m > jg. Furthermore,

fori= 0. 3.7

For i =j,-7, this is true due to Eq. (2.22). On the other
hand, for i#j,~j the interval (j;-i,j) can neither be
partitioned into zero parts, since j;~7~-;j#0, nor can

it be partitioned into » > 1 parts having 6, > j, - j, since
jo=1-j<jy-j. Thus in this case ¢1(jy—i-7j,n,jy-J)

=@ for all n, and consequently C,(j, j,—%,7,—7) =0.
Combining Eqs. (3.6) and (3.7), we obtain Eq. (3.4).
This completes the proof of Theorem 3.

Calisjo=1,d0=3) = 8;50i,5= 8 s

Theovem 4: The general solution of the recursion re-
lation (3. 1) satisfying the initial conditions (3. 3) is given
by

dN-l

bu=21 NColjo—i,m, i), m=jo—ay+1. (3.8)
i=0

Proof: Since 52(7', m, j,~j) is a particular solution of
the recursion relation, for j,>j=j,~ay +1, then by
setting ¢ =j, - j we find that C,(j, - i, m, i) is a solution
of the recursion relation for 0< i< ay — 1. Furthermore,
the recursion relation is linear; hence b, as given by
Eq. (3.8) is also a solution. On the other hand, from
Eq. (3.8), we have

ay-!
bjo-i=_z\10 Ai'ca(io_i’,jo—i: i)
i
Jg=apy+1 _
. . . . .
= Z )‘jo-l'czoldo—l,]o—] )’
i*=ig

5 (3.9)

where we have made the change of variable j'=j, -1,

From Egs. (3.7 and (3.9) we obtain, for 0si<ay -1,
igeay el

on_,.éjo_j,'iz N fori=0,1,...,ay-1.

(3.10)

byu= 2

Ig I
This completes the proof of the theorem.
The notation used for the partitioning of the interval

(j, m) is shown in Fig. 3.

IV. CONCLUSION

The general solution of homogeneous linear recursion
relations has been presented in terms of functionals
which we call constrained combinatorics functions of
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the second kind. The practical usefulness of such solu-
tions will increase as our understanding of the prop-
erties and interrelations of these functionals is
improved.

The main results obtained can be summarized as
follows: Given the linear recursion relation

N
b =20 fo (M)bg, ™ > g, (4.1)
k=l
with the initial conditions
byt =X, i=0,1,...,ay=1. (4.2
The general solution is
aN-l
(4.3)

bm :E )‘162(7'0‘ i’ m, l)’
1=0

where Cy,(jy— i, m, i) is constructed as follows:
(i) Let j=j,—i and construct the setA ={a, a5, ..., ay}.

(i) Consider all partitions (rq) of the interval (j, m)
into parts 8, belong to 4, subject to the condition & > 1.

(iii) Corresponding to each (ng) partition (&, 5y, . . .,
6,) construct the vector 8, (j, m) = (sg, Sy, a5+ ++5 S,)
whose components are given by

$e=14, s,:j+ii6,, p=1. (4. 4)
1=
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(iv) Corresponding to each (ng) partition construct
the functional
n
Fi(, m) = llfs,(s,)- (4.5)
1
(v) The constrained combinatorics function of the
second kind is then given by the sum over all functions

corresponding to partitions of (j, m) subject to the con-
straint 6; > 7 or equivalently s; > j,,

Coli, my jo—3) =2 Z FiG, m). (4.6)
n q
>0
Finally,
EzUO‘i’ m,i)=52(7, m,jo~7). (4.7
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‘Henceforth we will use the word “parts” instead of the techni-
cal word ‘“classes,” used in combinatorics theory.
5“Partitioning subinterval” is more expressive for our purpose
than the word summond.

®This is actually a functional rather than a function.
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The lowest order quantum corrections to pure gravitation are finite because there exists an integral
relation between products of two Riemann tensors (the Gauss-Bonnet theorem). In this article several
algebraic and integral relations are determined between products of three Riemann tensors in four- and six-
dimensional spacetime. In both cases, one is left with only one invariant when R,, =0, viz,

5(—8)""(Roppy R ™ Ry, °4).

It is explicitly shown that this invariant does not vanish, even when R,, =0. Consequently, the two-loop
quantum corrections to pure gravitation will only be finite if, due to miraculous cancellation, the coefficient

of this invariant vanishes.

I. INTRODUCTION

Integral relations for products of Riemann tensors
play an important role in quantum gravity because of
the following theorem:

Theorem®; the leading k-loop divergences of the
quantum S matrix for pure Einstein gravitation in n
dimensions are of the form

k=1

_EW [d" x{=- g2 A(x),

S4#¥(k-loop, n-dim)= o

where G is Newton’s constant, (v-n) the parameter
which regularizes divergences in quantum field theory
according to the dimensional regularization scheme, ?
and

(i) A(x) is a local scalar constructed from fields
Zup(x).

(i) A(x) does not depend on G.
(iii) The fields g,,(x) in A(x) satisfy R, (g)=0.

(iv) A(x) is constructed from (3n+#% — [ - 1) Riemann
tensors and 2/ covariant derivatives D,,.

In particular, no expressions of the form R or
(D,D*Y! are allowed. The factor G*! is due to the facts
that the Einstein action is proportional to G™! and that
the graviton field &, , is related to the metric g,, by
Zuv=N,,+cGY?h,, (where c is a constant) because any
quantum boson field has the dimension of an inverse
mass. From these two facts it follows that propagators
are independent of G, while an m-~point vertex is pro-
portional to G™/2-1, From these observations one easily
proves that the leading divergence of a k-loop diagram,
expressed as a function of g, (x), depends on G as
indicated. Finally, since the S matrix is dimensionless,
A can only depend on the number of Riemann tensors
indicated. The theorem says nothing about nonleading
divergences, nor will we.

The simplest application of the theorem is the case
of the one-loop diagrams (i.e., the first true quantum
corrections) in pure Einstein gravitation in normal four-
dimensional spacetime. 3** The most general form of
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A(x) is according to (i) and (iv) given by
A:aR2+BRWR‘“'+'yR R#veo, (1)

Bvog

The Gauss—Bonnet integral identity for arbitrary g, ,,
5[ a*x(- g)l/z(Ruv ”‘“RW” €47% g ) =0, (2)

can be used to transform the last term in Eq. (1) into
the other two as follows. For nonsingular %, (x) which
vanish sufficiently fast at infinity, one may omit the 6
in Eq. (2) and one obtains, by expanding the product of
the two ¢ symbols into Kronecker delta functions,

[ @x(- /2R, ,0R*V*® ~ 4R, R*¥+R?) =0, (3)

Finally, with R,,= 0 according to (iii), it follows that
A =0, One concludes that the lowest order quantum
corrections to the S matrix of pure Einstein gravitation
are finite. Actually, the restriction R,, =0 raises some
problems about the validity of deducing Eq. (3) from Eq.
(2), which we discuss in the next section.

In this article we consider the cases of two-loop
divergences in four dimensions (n=4, k¥ =2) and one-
loop divergences in six dimensions (n=6, k=1).
Elsewhere the results obtained here will be used to
discuss the finiteness of the one but lowest order (two-
loop) quantum corrections to the pure gravitational S
matrix in four dimensions.

11. PRODUCTS OF THREE RIEMANN TENSORS

In both cases (=4, k=2 and n=6, k=1) the scalar
A in the theorem is obtained by contracting three
Riemann tensors in all possible ways. Many contrac-
tions vanish or are equal due to the symmetries of the
Riemann tensor

Ru uaB:RaBuv =
Rigpury =R

_RBauv:-chBvu’ (4)
aBluv;

For example, denoting a contraction graphically by a
bar, one proves easily from the cyclic relation

® o B:%R‘Yﬁ R (5)

val i ] I [ ]aB'

Using these relations, one finds that there are at most
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two independent invariants which we display for clarity
again in graphical notation

A‘=<Rﬁ L) 1 ”) (6)

A, =R ] R [ R l .
i l - ] l
For example, the third invariant

A3=R| RiIR | (7

] = ] ]
is related to the previous two invariants by A,= 34, +A4,.
Terms containing derivatives are of the form RDDR and
can be transformed into A, and A, after partial integra-
tion and use of the Bianchi identities when R, =0.

In six-dimensional spacetime there exists, however,
an integral velation between A, and A,, as we now
discuss. The Gauss-—Bonnet theorem in 2z dimensions
for arbitrary g,,(x) reads*

5 f dznx(_g)1/2(Rala2 B1HZ «ee B

Xeulq.,uzn)zo.

Bope1¥2ne®1® " O2n
azn-102n € (8)

Upon expanding the ¢ tensors into 5 tensors and putting
R,,=0 as in the introduction, one obtains the relation

J dex(- g)t/2(A, +24,)=0. (9)

Actually, this relation should be read in the context
of its applications to quantum field theory. When R, =0,
one expects g,,(x) to develop singularities; moreover,
it is conceivable that g,,(x) does not fall off in every
direction fast enough for the integral in Eq. (9) to
exist. In such cases, one cannot deduce Eq. (9) from
Eq. (8) by considering successive variations which
connect the given metric g,,(x) with the vacuum n,,,.
However, in applications to quantum gravity one should
interpret Eq. (9) in a perturbative sense. Each field
g,,(x) represents the sum of all tree graphs of conven-
tional Einstein gravitation with physical momenta
(p*=0) and physical polarizations (¢,,p* =¢,* =0) at the
end points.* This “on-shell” condition is formally
equivalent to R,,=0; the tree graphs are in fact the
perturbative solution of the differential equation R, =0.
Considering a given tree diagram with N external legs
leads to a divergent integral in Eq. (9) with the diver-
gence of the form 6% 3 ¥ ,p,), which (as needed) ex-
presses energy—momentum conservation. The impor-
tant result now is that the sum of all graphs with N
external legs contained in Eq. (9) vanishes “on shell.”
One can go, formally at least, from Eq. (8) to Eq. (9)
because in this perturbation expansion there are no
singularities nor does the nonconvergence of Eq. (9)
present a problem (it actually is needed as we dis-
cussed).

One concludes, therefore, that in six dimensions the
most general form of the one-loop divergences of the
S matrix is simply given by

§9%(1 — loop, 6 dim) = a4(v - 6)™* fdsx(— Y24, (x),
(10)

where the constant «; can be determined by explicitly
evaluating all tree diagrams with a given number of

183 J. Math. Phys., Vol. 18, No. 1, January 1977

external legs and with one (and only one) vertex given by
A (x).

In four dimensions, the same symmetry arguments as
before show that the leading two-loop divergences are
a linear combination of A; and 4, in Eq. (6). But here
an algebraic relation exists between A, and A, when
R,,=0, which is best derived from spinor formalism.?*®
Each Lorentz index p can be decomposed into the direct
product of two spinor indices (SO,=8U,xSU,), which
transform independently. From now on we decompose
Lorentz indices as a=(a,a), 8=(b,b), etc. Hence

u=mem, p=1,4, m=12 m=1,2. (11)

Moreover, we choose a local inertial frame at the point
considered. Any 2x2 antisymmetric tensor * is
proportional to € where €' =¢2=0, and ?=-€'=1,
With this observation, the antisymmetries of the Riemann
tensor R .4, in (aB) and (oo) lead to the decomposition

eabers

— ber: ber. abr.
R ppoo = Ao, rsEE+ By, € s 4 CQ',se i+ D ,

ab,rs

(12)

where A, B, C and D are symmetric in their first two
and last two indices. From Rz, =R, it follows that
A and D are symmetric (in the sense that A, , =4, )
while BT =C. The ten Einstein equations €** e#$R ,, =0
yield the ten relations’

B+CT=0, (A11,22 _A12,12) + (Du,zz - D12,12) =0

while the cyclic identity R, 4,,, provides one more
relation

(A11,22 "A12.12)"(D11,22‘D12,12):0- (13)

It follows that B=C =0 and that A and D are symmetric
and traceless (in the sense that ¢4, , =0) 3x3 matri-
ces [combining the two indices (ab) into one index I with
values 1, 2, 3]. As expected, one is left with ten inde-
pendent components for the Riemann tensor under the
restriction R, ,=0.

One concludes that the only nonvanishing scalars are
given by trA® and trD3, Terms like trAtrD® vanish be-
cause trA does, while tr{(A%2D)=tr(AD?)=0 as one may
verify explicitly, using Eq. (12). In particular, one
finds that A, vanishes, while A, =tr(4®+ D®). The in-
variant tr(A® - D) is proportional to €“**? R R
R,,,., and cannot occur in the leading divergences since
it breaks parity. For the leading divergences of the
two-loop corrections of the gravitational S matrix in
four dimensions, one finds thus

S4¥(2-1oop, 4dim) = a,G(v - 4)2 [ dix(- g)'/24,(x),
(14)

where the constant a, can be determined by calculating
all tree graphs with a given number of external lines and
one and only one vertex given by A,(x).

IIl. DO EXTRA INTEGRAL RELATIONS EXIST
WHEN R, = 0?

The question now arises whether the integrals in (10)
and (14) themselves vanish (as opposed to their coeffi-
cients a4 and a,.) It is believed that the only integral
identities for scalars build from arbitrary g,,(x) are
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FIG. 1. Pole diagram contributing to the Born amplitude, @
denotes the vertex E; in Eq. (17) and M denotes the vertex V; in
Eq. (18a).

the Gauss—Bonnet identities of Eq. (8). Not much seems
to be known about similar integral relations under the
restriction R, =0, presumably because, as noted
before, such integrals do not exist in the classical
sense. The question therefore is how to decide whether
the integral of A,(x) vanishes. One possibility would

be to take an exact, everywhere regular solution of
Einstein’s equations R, ,=0, to substitute it into A (x)
and to integrate (perhaps on a computer) the result—
hoping that the integral exists. No such solution is
known to us. Instead, we settled the question by doing
precisely what the integrals in (10) and (14) are supposed
to mean. That is, we replaced each field g, (x) by a sum
of tree graphs and considered all graphs with a particu-
lar number of external legs. The integrals are then
trivial, each yielding the same factor 5%(}p;), and the
question therefore is whether the sum of the finite
remainders vanish.

Due to kinematical degeneracy in the case of three
external legs, both integrals vanish, as the reader may
easily verify. We consider therefore the next case: ail
tree diagrams with four external legs with (i) one vertex,
obtained from A,(x) by expanding g,,=n,,+ «h,, (with
k*=3271G) and expanding A,(x) into powers of i,

(ii) all other vertices obtained by expanding the Einstein
action in terms of k,,, and (iii) the propagators being
the usual propagators of quantum gravity. Denoting by
E, a N-point vertex in Einstein theory and by V, the
N-point vertices provided by (-g)'/* A,(x), we have
contracting all repeated indices with i,

LE:_2K-2(_g)1/2gu5gvaRuuaB’ Ruvmﬂ :aarsﬂ_.“, (15)
P“ Vr"U:% (nunnvc T Muolve
- rz% 2 nuvnp»k-za n=dim spacetime, (16)

E3 = K(Hua - %Hnnua)[_ %hﬂu ,uhBu N2 + %h*/U,B(haB,r - ha'/,B)

+ %hﬂr(hrv, «B + hcw, vB ™~ hoxv,yB - hﬂy, va)}' (17)

In this expression only the field H is to be contracted
when E, is used to construct the diagrams of Fig. 1;
the fields h,; are already taken on-shell:

3
Va =K (kuv,vp + hvn.uo - kup,vc - huu.ua)

x (hoB,Pa—hoa,pB )(h'Bu,ay)5 (188.)
3

V‘l: 5K4hw(hﬁuva1 - hB T, u)(h‘os,oa - hctx,ps)

X (huq,uo - hua,uo - huu.uu + huo,uu)

+ 3Kq(hBu,av - th.au)(huB.ao - haB,au - haa.pB + hap,uB)
184 J. Math. Phys., Vol. 18, No. 1, January 1977

-h

a,v

X[_ %hu T(hTU,VD - th,'ra) + %(h
X(hup,f_ hm,p"h-ra,u)]‘ (18b)

Since in tree graphs the dependence on the gauge drops
out, one can choose the propagator in any gauge; the
Feynman gauge in Eq. (16) is the simplest.

+h,

vT,0 vo, 1-)

It is now a straightforward matter to calculate the
diagrams of Figs. 1 and 2. The calculations were per-
formed on a computer, using an algebraic manipulation
program.® We start with the case of four-dimensional
spacetime. The diagram in Fig. 2 is determined
entirely by the contact term V, alone, and since all four
external legs are on-shell, we have omitted in Eq. (18b)
all terms which vanish on-shell. The diagrams in Fig, 1
contain one vertex V,, one vertex E,, and one propaga-
tor P. The polarization tensors €, ,(p) of external gravi-
tons with helicities A=+2 are given by

6 (0) =€) (p),

where €:'(p) are the polarization tensors for photons
with helicities A =+1.

(19)

The results are given in the table and we proceed to
interpret them physically. Using parity invariance,
time reversal invariance, crossing symmetry, and
Bose symmetry, one finds that there are only three
independent amplitudes F(x,\ ;x,%,) for the process
Ay Ay = Mgy A,

F(2,2;2,2), F(2,2:2,-2), F(2,2;-2,-2).

In particular F(2, -2;2, -2)=F(2,2;2, 2) due to (s, u)
crossing. The results in I and II of Table I satisfy this
criterion and provide a useful check. Note that only the
total amplitude satisfies this result and not the seagull
or pole graphs separately. This is due to the fact that
only the total amplitude is gauge invariant. A second
check is gravitational gauge invariance: Replacing any
polarization tensor €,, by p,, should give zero. The
result in V satisfies also this criterion, which checks
the relative signs and constants between V,, E,, and V,.
The amplitude F(2, -2;2, 2) in III is symmetric under all
three crossing operations and should therefore be a
symmetric function of s, {, and #. It is indeed. The
same result holds for F(2,2;~2, -2) in IV, Incidentally,
the nonvanishing of III shows that in massless boson
scattering, bosons need not retain their helicities. In
Einstein theory, gravitons retain their helicities in
Born approximation, but in Ref. 9 it was noted that this
is an accident, and not true in general, as verified by
111,

(20)

In Einstein gravitation kinematical singularities
determine the Born amplitudes completely, due to the
high spin of the gravitons. In our case the vertices V,
and V, have two factors x more than the vertices E,
and E,; hence we expect a less severe restriction.
Using the general considerations of Ref. 9, one finds

PP phed
FIG. 2. Seagull diagram con-
X tributing to the Born ampli-
) 1 > 2 tudes. ® denotes the vertex V,
p,e P

in Eq. (18b).
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TABLE 1. Results for tree graphs in Figs. 1 and 2 in four dimension (x=1).

Helicities Total
considered Nonzero pole graphs of Fig. 1 Seagull graph of Fig. 2 amplitude
1 F(2, 2;2,2) a+b=—48{E%(1+32%) g=12iE¢(1 +32% 0
I F@2, -2;2, -2) e+f=—6iE3(1+ 2)° g=—3ES(1+2)* 0
11 F(2, 2; 2, -2) c+d=3iE8(z—3) (1 — 2%)? g=—3ES(1 — 2%)2 k%2 istu
{e +f=3iE¥ (= 2—3)(1 - 2)?
v F@2, 2,-2,-2) a+b=—48iE8(1+ 329 g=6iE%(11 ~1022— 2Y) ;<“_4§istu
c+d=—6iE} (1 - 2)°
e+f=—6iE 1+ 2)°
v F@2, 2,-2,-2 a+b=48E"(z* ~1) g=6iE%(1 - 2%)? 0

3 r _ pt ’
with €}, =pL Py

c+d=6iE1%(—1+3z—-22>-223+ 324 - 29)

e+f=6iE0(~1-32z-22%+22%+32%+ 2%

s=4E%, t=—2F*(1~2), u=—2E*(1+2)

Total amplitude = kb <% + —c—'%g—+ _e_:_f+ g)

that the helicity amplitudes of four massless bosons
are given by

F(Ks, )\4;)\1’ )\z)z(Stu)_l ul)uul /2 4l x-ul /2 slmillz(b

A=X—Ay, B=2g—=2y, (21)

where s, {, and # are the Mandelstam invariants and
s+t+u=0. The first factor is due to the three poles
in the exchange graphs, the » and { factors give the
singularities in the scattering angles, the s factors
determine the singularities in the CM energy, while
the remaining function ¢ is a polynomial in s, {, and u
of that degree which makes F dimensionless. Since in
our case each F is proportional to G?, one has

F(2,2;2,2)=(G*/stu)s*d,,
F(2,2;2, -2)=(G?/stu)(ut)s?
F(2,2;-2, -2)=(G%/stu)p¢,
bo=cT®+ d(Z*)? + e(Z?)?,

Th=s8"+ "+ u",

¢A :azz’
bp=bX0,
(22)

We see from the table that these constraints are,
indeed, satisfied, In particular F(2,2;2, ~2) is com-
pletely determined up to the over-all constant b =3/8i.

In the case of six dimensional spacetime the propaga-
tor acquires an extrva term :in,“,n,,, which describes
scalar exchange. However, we found by explicit
calculation that the n-dependence of the propagator
through 2/7n - 2 is completely eliminated by the n-de-
pendence of the contractions?®

Nulup =1 (23)

so that the helicity amplitudes in four and six dimensions
are equal. In fact, embedding four-dimensional space-
time into n-dimensional spacetime, the helicity ampli-
tudes are n-independent for any n, since contractions

of Eq. (23) at the E, vertex eliminate the # dependence
of the propagator, while contractions at the V, vertex
are n-independent.
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One concludes that also in six-dimensional spacetime
there are nonvanishing helicity amplitudes with one
vertex A, (x).

IV. CONCLUSIONS

The leading divergences of the gravitational S matrix
in the absence of matter are in both cases of one-loop
corrections in six-dimensional spacetime and two-loop
corrections in four-dimensional spacetime proportional
to the spacetime integral of

Al =(-g"A,(x)=(~2)"*(R R, "R, *).

This result was obtained from simple tensor algebra,
together with the Gauss—Bonnet integral identity in six
dimensions and an identity derived from spinor formal-
ism in four dimensions.

By explicitly calculating the four-point on-shell Born
graphs with one vertex given by A/ and (in the case
of one-pole diagrams) a second vertex given by the
Einstein action, we showed that some helicity ampli-
tudes vanish, while some do not. The results satisfy
the checks of gauge invariance and kinematical singu-
larities. This means that the integral of A/ over space-
time does not vanish, so that no extra integral relation
exists, even when R, =0.

These results mean that in quantum gravity calcula-
tions the coefficients of these nonrenormalizable diver-
gences have to vanish if the S matrix is to be finite.
For the one-loop divergences of the S matrix in six
dimensions the coefficient A/ [denoted in Eq. (10) by
o)} has been calculated and does not vanish.® The
results of this paper mean that there is no easy way to
conclude that the two-loop corrections in four dimen-
sions are finite, but that instead direct hard work is
needed to decide whether the coefficient of A/ [denoted
by o, Eq. (14)] vanishes.
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Comment on “New Jacobian theta functions and the
evaluation of lattice sums” by l.J. Zucker [J. Math.

Phys. 16, 2189 (1975)|

Murray Geller*

Jet Propulsion Laboratory, Pasadena, California
(Received 18 August 1976)

In a recent article by Zucker' pertaining to the eval-
uation of lattice sums, the g series

0,=2¢"/1 =g —=q° +q'* +¢*°- -+), (1)
was derived such that
922292(612)94@2), (2)

where 6, and 8, are two of the Jacobian theta functions
with zero argument, 6,(0,4) and 6,(0,q), respectively,
The comment was made that the series 6; does not
appear to have been considered by Jacobi, It is clear
that, although 6, cannot be represented in terms of a
linear combination of Jacobian theta functions of zero
argument, it is easily seen that

b5(q)=v26,(1/4,9) =V2 6,(1/4,q). (3)

Hence, the full array of addition and multiplication
formulas can be utilized to yield results involving &, and
the remaining theta functions, several examples of
which are

b5 94((14) = 6, 94(‘12)

=36,(¢""?) 6,(¢""?), (4a)
6i=20, 6,(62 - 67)
=46, 6, 03(q"), (4b)
b5 85(q%) = 05 6,(4°) — 0, 85(¢”), (4c)
and
2717301173 63 =36((¢%) 65(¢* /%) - 61(g*"®) 6,(¢°). (4d)

We note that Tolke® had earlier recognized that of the
ten products of theta functions, @ ,(z,9)0,z,q), for
i<j<4, only two were unable to be expressed in terms
of a linear combination of theta functions with the argu-
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ment nz, viz., 6,(z,q) 8,(z,9) and 6,(z,q)6,(z,q). This
led him to define the quantities

65(2,9)=28,(2,q) 0,(z,q)/6/? (5a)

es(zyq) =26,(z,9) 94(2;‘1)/9;/2 6;/2 9;/2:
from which we readily recognize that
ﬁe SZucker: 96(07 qz)’rolke' (6)

In addition, Tolke presents many formulas relating 6,
and 6, to the four Jacobian theta functions.

(5b)

Finally, the series 65 of (1) can be summed analyti-
cally for selected values of the argument q:

q :eXp(— 77/2)y
6, =T(1/4)/22/473/4=1,291 996 007 - - - , (7a)
g=exp(-m/2/2), (Tb)

0;=(V21)*/81(1/8)/[27T(1/4)]'/2=1.134229386 - - .

g =exp(-7V3/2),
8,=3/5[(1/3)P/2/2%/3 1=1.008 666 841 - - - ,

(7c)

Many other analytical summations for 6, can be obtained
by application of the multiplication formulas for theta
functions.

*This paper presents the results of one phase of research
carried out at the Jet Propulsion Laboratory, California In-
stitute of Technology, under Contract #NAS7-100, sponsored
by the National Aeronautics and Space Administration.

1.J. Zucker, J. Math. Phys. 16, 2189 (1975).
®F. Tolke, Praktische Funktionenlehre (Springer-Verlag,
Berlin, 1966), Vol. 2, Sec. 16.
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ERRATA

Erratum: The spectrum of the Liouville-von Neumann
operator [J. Math. Phys. 17, 57 (1976)]

Herbert Spohn

Fachbereich Physik der Universitdt Miinchen, Miinchen, Germany
(Received 4 August 1976)

(1) In Theorem 1, the first, the third, and the fourth
set on the right side of the equalities should in each case
be replaced by the closure of the same set.

by: Since L; is multiplication by x —y on L3(R?,du,xu,)

oL ;)= {x—y!xec(H.-),yEU(Hj)}‘

{(2) In the proof of Theorem 1, (a) should be replaced (3) I am grateful to J. Kyle for pointing out the error.
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